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Abstract. We introduce a positive character on the category of �nite di-
mensional representations of the A-double-in�nite quiver. We prove several
interactions between this character and generalized Chebyshev polynomials
�nding applications to acyclic cluster algebras.

If Q is any representation-in�nite acyclic quiver, we prove that the positiv-
ity of the cluster character of an indecomposable regular kQ-module can be
deduced from the positivity of the cluster characters of its quasi-composition
factors.

When Q is a�ne, we can deduce positivity properties of various known
Z-bases in the coe�cient-free acyclic cluster algebra A(Q).
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1. Introduction

The aim of this article is triple. Firstly, it intends to provide results con-
cerning the positivity of certain bases in acyclic cluster algebras constructed in
[SZ04, CZ06, Cer09, Dup08]. Secondly, it introduces a positive character, giving
an analogue of a cluster algebra associated to the A-double-in�nite quiver which
may be compared to [HJ09]. Finally, it investigates further properties of generalized
Chebyshev polynomials continuing the investigation initiated in [Dup09a, Dup09d].

Cluster algebras were introduced by Fomin and Zelevinsky in order to design a
combinatorial framework for studying positivity in algebraic groups and canonical
bases in quantum groups [FZ02, FZ03, BFZ05, FZ07]. Since then, cluster algebras
found applications in various areas of mathematics like Lie theory, combinatorics,
Teichmüller theory, Poisson geometry or quiver representations.
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A (coe�cient-free) cluster algebra A is a commutative Z-algebra equipped with a
distinguished set of generators, called cluster variables, gathered into possibly over-
lapping sets of �xed cardinality, called clusters. Monomials in variables belonging
to a same cluster are called cluster monomials. According to the so-called Laurent
phenomenon [FZ02], it is known that A ⊂

⋂
c Z[c±1] where c runs over the clusters

in A. An element y ∈ A is called positive if y ∈
⋂
c N[c±1] \ {0} where c runs

over the clusters in A. It is conjectured that cluster variables are always positive
elements of the cluster algebra. This conjecture, known as the positivity conjecture,
was established for cluster algebras coming from surfaces [Sch08, MSW09] (includ-

ing acyclic cluster algebras of type A, Ã,D, D̃) and for rank two cluster algebras
[SZ04, MP06, Dup09b]. It is also known that, in any acyclic cluster algebra, cluster
variables can be expressed as substraction-free Laurent polynomials in the initial
cluster [CR08].

Beyond the positivity conjecture, a problem of �rst interest is to construct Z-
bases constituted of positive elements in cluster algebras. Some bases were con-
structed in particular cases (see e.g. [SZ04, CK08, CZ06, Cer09, GLS08, Dup08,
DXX09]) but it is in general not known whether these bases are constituted of pos-
itive elements or not. It is in general not even known if the elements in theses bases
can be expressed as substraction-free Laurent polynomials in the initial cluster.

If A(Q) is the acyclic cluster algebra associated to an acyclic quiver Q, it is well-
known that the cluster category CQ (over an algebraically closed �eld k) introduced
in [BMR+06] provides a nice categorical framework for studying the cluster algebra
A(Q). The Caldero-Chapoton map was introduced in order to have an explicit
realization of this categori�cation [CC06, CK06]. It is an explicit map X? : M 7→
XM from the set of objects in the cluster category CQ to the ring of Laurent
polynomials in the initial cluster of A(Q). The element XM is called the cluster
character of M (with respect to the canonical cluster-tilting object in CQ). Roughly
speaking, XM is a generating series for Euler characteristics of quiver grassmannians
of M . The Caldero-Chapoton map induces a 1-1 correspondence between the set
of indecomposable rigid (that is, without self-extensions) objects in CQ and the
set of cluster variables in A(Q). In also induces is a 1-1 correspondence T 7→ cT
from the set of cluster-tilting objects in CQ to the set of clusters in A(Q) [CK06].
In these terms, a family of cluster of particular interest is constituted by clusters
cT such that T does not contain any regular kQ-module as a direct summand.
These clusters are called concealed clusters. Given a regular component R in the
Auslander-Reiten quiver Γ(kQ) of kQ-mod and a cluster-tilting object T in CQ, we
say that R and T are compatible if R does not contain any indecomposable direct
summand of T as a quasi-simple module. If Q is an a�ne quiver, we will say that
a cluster cT is unmixed if T is concealed or if there exists an exceptional tube T in
Γ(kQ) compatible with T .

Given an indecomposable rigid object M , the Caldero-Chapoton map provides
a closed expansion formula of the cluster variable XM in the initial cluster. Based
on a conjecture of Caldero and Keller, Palu introduced in [Pal08] a generalization
of the Caldero-Chapoton that allows to express XM in any cluster cT . In these
terms, the positivity conjecture amounts to say that XM ∈ N[c±1

T ] for any indecom-
posable rigid object M in CQ and any cluster-tilting object T . In this context, the
positivity conjecture can be restated as a problem of positivity of Euler characteris-
tics of quiver grassmannians. This positivity was in particular established for rigid
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modules over hereditary algebras in [CR08]. Nevertheless, it is known that such
positivity results may not be expected for non-rigid modules, even on hereditary
algebras [DWZ09, Example 3.5].

When Q is an a�ne quiver, various Z-bases were constructed in the cluster
algebra A(Q) [SZ04, CZ06, Cer09, GLS08, Dup08]. These bases can always be
expressed as a disjoint union of the set of cluster monomials in A(Q) and of a set
of �extra elements� in A(Q). It was observed that these �extra elements� can be
expressed using values of the Caldero-Chapoton map associated to certain non-
rigid regular kQ-modules. Since positive elements form a semi-ring, the positivity
conjecture would imply positivity of cluster monomials. Nevertheless, the positivity
of the �extra elements� is not a direct consequence of the positivity conjecture and
positivity of characters associated to non-rigid regular modules must be directly
investigated.

In this article, we prove that for any acyclic quiver, if M is an indecomposable
regular kQ-module, the positivity of XM in a cluster cT can be deduced from the
positivity conjecture as soon as the quasi-composition factors of M are rigid and
do not belong to add(T [1]) where [1] denotes the suspension functor in CQ. As a
consequence, if Q is an a�ne quiver, this implies that the �extra elements� can be
expressed as substraction-free Laurent polynomials in any unmixed cluster.

Note that we will prove positivity results using cluster characters but without
investigating directly Euler characteristics of quiver grassmannians. Instead, we
will rely on the fact that cluster characters of regular kQ-modules are governed
by the combinatorics of the so-called generalized Chebyshev polynomials [Dup09a,
Dup09d, Dup09c]. In general, generalized Chebyshev polynomials allow to express
combinatorially the character XM of a regular kQ-module M in terms of the char-
acters associated to its quasi-composition factors. If Q is a�ne and M belongs
to an exceptional tube, its quasi-composition factors are rigid and thus XM is a
polynomial in cluster variables. If M belongs to a homogeneous tube, its (unique)
quasi-composition factor is not unique rigid so that generalized Chebyshev polyno-
mials are not enough to express XM in terms of cluster variables. The di�erence
properties established in [Dup08, DXX09, Dup09c], allow nevertheless to express
XM in terms of the characters associated to the quasi-simple modules in an ex-
ceptional tube. In this article, we introduce a new family of polynomials, called
∆-polynomials, in order to express these di�erence properties combinatorially. Us-
ing these ∆-polynomials, we can establish positivity results for characters of mod-
ules contained in homogeneous tubes. This allows in particular to prove that the
elements in the generic basis (resp. Sherman-Zelevinsky basis, Caldero-Zelevinsky
basis) of the cluster algebra A(Q) introduced in [Dup08] (resp. [SZ04, Cer09],
[CZ06]) belong to N[c±1] for any unmixed cluster c in A(Q).

We will establish several properties of generalized Chebyshev polynomials gen-
eralizing the classical properties of normalized Chebyshev polynomials of the sec-
ond kind. In particular we will provide an algebraic characterizations of gener-
alized Chebyshev polynomial analogue to the well-known identity Sn(t + t−1) =∑n
k=0 t

n−2k for normalized Chebyshev polynomials of the second kind. We will
also establish some di�erential properties of generalized Chebyshev polynomials
and ∆-polynomials. This will be useful in order to prove surprising connections be-
tween combinatorics of generalized Chebyshev (and ∆-polynomials) and positivity
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in acyclic cluster algebras. In this article, we will �t to the context of coe�cient-
free cluster algebras. For this reason, in our applications to cluster characters,
we will only use the generalized Chebyshev polynomials as they were introduced in
[Dup09a]. Nevertheless all the results on generalized Chebyshev polynomials will be
established in the broader context of quantized Chebyshev polynomials, introduced
in [Dup09d] in order to study acyclic cluster algebras with principal coe�cients.

In order to prove these connections, we introduce a map M 7→ fM , called f -
map, from the category of �nite dimensional representations of the quiver A∞∞ to
the semi-ring of Laurent polynomials N[t±1

i |i ∈ Z]. The characters associated to
indecomposable representations of A∞∞ provide an analogue of a cluster algebra
associated to the in�nite quiver A∞∞. Namely, for every indecomposable represen-
tation M of A∞∞, fM is a substraction-free Laurent polynomials with denominator
vector dimM . This f -map, together with the di�erential properties of the general-
ized Chebyshev polynomials (resp. ∆-polynomials) will allow to establish positivity
properties for characters of modules in regular components containing rigid modules
(resp. homogeneous tubes).

The paper is organized as follows. In Section 2, we recall the necessary back-
ground concerning cluster categories and cluster characters and we state the main
results of the article. In Section 3, we introduce the notion of f -map on the category
rep(A∞∞). Section 4 is devoted to the study of positivity properties of Chebyshev
polynomials and ∆-polynomials. We apply these results to cluster characters asso-
ciated to arbitrary regular kQ-modules in Section 5. Finally in Section 6, we apply
our methods to bases in cluster algebras of a�ne types.

2. Background and main results

Throughout the paper, k denotes an algebraically closed �eld. Let Q be a quiver.
We always denote by Q0 its set of vertices and Q1 its set of arrows. We always
assume that Q0 and Q1 are �nite sets and that the underlying unoriented graph of
Q is connected. If Q contains no oriented cycles, it is called acyclic.

For any �nite dimensional k-algebra B, we denote by mod−B the category of
�nitely generated right B-modules, by K0(mod−B) the Grothendieck group of
mod−B and for any B-module M , we denote by [M ] its class in K0(mod−B).

Let Q be an acyclic quiver, we denote by kQ the path algebra of Q and by
kQ-mod the category of �nitely generated left-modules over kQ which we identify
with the category rep(Q) of �nite dimensional representations of the quiver Q over
k.

We �x a Q0-tuple u = (ui|i ∈ Q0) of indeterminates over Z and we denote by
A(Q) the (coe�cient-free) cluster algebra with initial seed (Q,u). We denote by
M(Q) the set of cluster monomials in A(Q).

2.1. Regular modules over hereditary algebras. Since we will mainly be in-
terested in cluster characters associated to regular kQ-modules, we shall �rst brie�y
recall some terminology and classical results concerning the structure of kQ-mod
for any acyclic quiver Q.

A connected component in the Auslander-Reiten quiver Γ(kQ) of kQ-mod is
called regular if it does not contain any projective nor injective kQ-module. A
kQ-module is called regular if all its indecomposable direct summands belong to
regular components. It is well-known that every regular component R is of the
form ZA∞/(p) for some p ≥ 0 (see e.g [ARS97, Section VIII.4, Theorem 4.15]). If
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p ≥ 1, R is called a tube of rank p. If p = 1, the tube is called homogeneous, if
p > 1, the tube is called exceptional. If p = 0, R is called a sheet.

Let R be a regular component in Γ(kQ) and M be an indecomposable object
in R. Then there exists a unique family

{
R(0), R(1) . . . , R(n)

}
of indecomposable

kQ-modules in R such that R(0) = 0 and such that there is a sequence of irreducible
monomorphisms

R(1)−→R(2)−→ · · ·−→R(n) = M.

R(1) is called the quasi-socle of M and is denoted by q.socM , R(n−1) is called the
quasi-radical of M and is denoted by q.radM . The integer n is called the quasi-
length of M . The module M is called quasi-simple if its quasi-length is equal to
1. The quotients Mi = R(i)/R(i−1), i = 1, . . . , n are called the quasi-composition
factors of M . Quasi-composition factors are always quasi-simple and moreover
τMi 'Mi−1 for every i = 2, . . . , n.

If Q is an a�ne quiver, that is of type Ã, D̃ or Ẽ, the regular components form
a P1(k)-family of tubes and at most three of these tubes are exceptional [Rin84,
Section 3.6]. If Q is wild, every regular component is a sheet [Rin78]. It is well-
known that quasi-simple kQ-modules in exceptional (resp. homogeneous) tubes are
always (resp. never) rigid and that quasi-simple modules in sheets can be rigid or
not.

2.2. Cluster categories and cluster characters. Let Db(kQ) be the bounded
derived category of kQ-mod. It is a triangulated category with shift functor [1] and
Auslander-Reiten translation τ . As introduced in [BMR+06], the cluster category is
the orbit category CQ of the auto-equivalence τ−1[1] in Db(kQ) . It is a triangulated
category and the canonical functor Db(kQ)−→CQ is triangulated [Kel05].

For any �nite-dimensional k-algebra B, any right-B-module M and any e ∈
K0(mod−B), the grassmannian of submodules of M of dimension e is

Gre(M) = {N ⊂M |[N ] = e} .

It is a projective variety and we denote by χ(Gre(M)) its Euler characteristic with
respect to the simplicial (resp. étale) cohomology if k = C (resp. if k is arbitrary).

Extending an idea of Caldero and Chapoton [CC06] and following an idea of
Caldero and Keller [CK08], for any cluster tilting object T in CQ, Palu de�ned a
map

XT
? : Ob(CQ)−→Z[c±1

T ]
called cluster character associated to T [Pal08]. We shall now review this de�nition.
Let T =

⊕
i Ti∈Q0 be a cluster-tilting object in CQ, we set

FT = HomCQ
(T,−) : CQ−→mod−B

where B = EndCQ
(T ). We denote by 〈−,−〉 the truncated Euler form on mod−B

and by 〈−,−〉a the skew-symmetrized Euler form (see [Pal08] for details).
The cluster character (associated to T ) of an object M in CQ is :

XT
M =

{
ci if M ' Ti[1] ;∑

e∈K0(mod−B) χ(Gre(FTM))
∏
i∈Q0

c
〈Si,e〉a−〈Si,FTM〉
i otherwise,

where cT = {ci|i ∈ Q0} and Si denotes is the simple right-B-module associated to
the vertex i. It is known that when T = kQ, the cluster character XT

? coincides
with the Caldero-Chapoton map introduced in [CC06, CK06] (see [Pal08, Section
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5]). In order to simplify notations, we will simply write XM instead of XkQ
M the

cluster character of an object M associated to T = kQ.

De�nition 2.1. Let T be any cluster-tilting object in CQ, B = EndCQ
(T ) and

cT = {ci|i ∈ Q0}. For any object M in CQ which is not in add(T [1]) and for any
e ∈ K0(mod−B),the e-component of XT

M is

XT
M (e) = χ(Gre(FTM))

∏
i∈Q0

c
〈Si,e〉a
i .

The interior of XT
M as

int(XT
M ) = XT

M −
(
XT
M (0) +XT

M ([FTM ])
)
.

We may now state our �rst main result :

Theorem 5.3. Let Q be an acyclic quiver and T be a cluster-tilting object in
CQ. Let M be an indecomposable regular kQ-module. Assume that, for any quasi-

composition factor N of M , N is rigid, not in add(T [1]) and int(XT
N ) ∈ N[c±1

T ].
Then,

XM ∈ N[c±1
T ] ∩ A(Q).

Using the positivity conjecture established in particular for a�ne quivers of types

Ã and D̃ in [MSW09], we can deduce the following corollary :

Corollary 6.3. Let Q be a quiver of a�ne type Ã or D̃. Then,

XM ∈ A(Q) ∩ N[c±1]

for any cluster c in A(Q) and any object M in CQ.

2.3. Generalized Chebyshev Polynomials. Generalized Chebyshev polynomi-
als were introduced in [Dup09a] in order to understand the behavior of the Caldero-
Chapoton map on the regular components of Γ(kQ) where Q is any representation-
in�nite quiver. A quantized version was introduced in [Dup09d] in order to �t to
the context of acyclic cluster algebras with principal coe�cients at the initial seed.

For every n ≥ 1, the n-th quantized generalized Chebyshev polynomial if the
polynomial Pn given by

Pn(q1, . . . , qn, t1, . . . , tn) = det



tn 1 (0)

qn
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) q2 t1


where q = {qi|i ∈ Z} is a family of indeterminates over Z and t = {ti|i ∈ Z} is a
family of indeterminates over Z[q]. Note that Pn does not actually depend on q1

but it is convenient to consider Pn as a polynomial in 2n variables.
We denote by Pn(t1, . . . , tn) = Pn(1, . . . , 1, t1, . . . , tn) the specialization at q =

{1} of the n-th quantized generalized Chebyshev polynomial. The polynomial Pn
is called the n-th generalized Chebyshev polynomial and coincides with the n-th
generalized Chebyshev polynomial of in�nite rank introduced in [Dup09a]. When
there is no possible confusion, we will abuse the terminology and say �generalized
Chebyshev polynomials� for quantized generalized Chebyshev polynomials.
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Let Q be any representation-in�nite quiver. Let R be a regular component in
Γ(kQ) and M be an indecomposable regular kQ-module in R. Then, it is proved
in [Dup09a] that

XM = Pn(Xq.socM , . . . , Xτ−n+1q.socM )

where n denotes the quasi-length of M .
We recall that the n-th normalized Chebyshev polynomial of the second kind is

the polynomial Sn given by :

S0(x) = 1, S1(x) = x,

Sn(x) = xSn−1 − Sn−2(x) for any n ≥ 2.

Generalized Chebyshev polynomials generalize these polynomials in the sense that

Sn(x) = Pn(x, . . . , x).

It is well-known that Sn is characterized by Sn(t + t−1) =
∑n
k=0 t

n−2k. In this
article, we obtain a generalization of this characterization for quantized generalized
Chebyshev polynomials. Namely, we prove that

Pn(q1, . . . , qn,
q1

t1
+ t2, . . . ,

qn
tn

+ tn+1) =
1

t1 . . . tn

n+1∑
k=1

k−1∏
i=1

qi

n∏
j=k

tjtj+1


where by convention, the empty products are equal to 1.

2.4. Bases in a�ne cluster algebras. In this section, we assume that k = C is
the �eld of complex numbers. As mentioned in the introduction, the initial aim for
getting interested in the positivity of characters of regular modules is that we want
to be able to construct positive bases in acyclic cluster algebras and we know that
if Q is representation-in�nite, we have to consider regular modules to do so.

More precisely, ifQ is an a�ne quiver, there are three known Z-bases of particular
interest in A(Q) which may be constructed using the cluster character X? and
normalized Chebyshev polynomials of �rst and second kinds.

We recall that for any n ≥ 0, we denote by Fn ∈ Z[x] the normalized Chebyshev
polynomial of the �rst kind de�ned by

F0(x) = 2, F1(x) = x,

Fn(x) = xFn−1 − Fn−2(x) for any n ≥ 2.

We denote by δ the positive minimal imaginary root of Q. It is known that given
two quasi-simple representations M and N in homogeneous tubes of Γ(kQ), the
characters XM and XN coincide (see e.g. [Dup08]). This common value is denoted
by Xδ and is called the generic value of dimension δ, following the terminology of
[Dup08].

The �rst known Z-basis, denoted by B(Q), originally appeared in [SZ04] for
constructing the canonically positive basis in the cluster algebra associated to

the Kronecker quiver (see also [Cer09] for type Ã2,1 and [Dup09c] for a general
representation-theoretic interpretation). It is given by

B(Q) =M(Q) t {Fl(Xδ)XR|l ≥ 1, R is a rigid regular kQ-module} .

We call B(Q) the Sherman-Zelevinsky basis of the cluster algebra A(Q).
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The second known Z-basis, denoted by C(Q) was initially introduced in [CZ06] in
order to construct another basis in the cluster algebra associated to the Kronecker
quiver. It is given by :

C(Q) =M(Q) t {Sl(Xδ)XR|l ≥ 1, R is a rigid regular kQ-module} .

We call C(Q) the Caldero-Zelevinsky basis of the cluster algebra A(Q).
The last one is denoted by G(Q). It was introduced in [Dup08]. For a given

a�ne quiver Q, the set G(Q) is given by

G(Q) =M(Q) t
{
X l
δXR|l ≥ 1, R is a rigid regular kQ-module

}
.

We call G(Q) the generic basis of the cluster algebra A(Q).
Initially, the notion of canonically positive bases was introduced in order to pro-

vide a combinatorial description of Luzstig's dual canonical basis (see e.g. [FZ02]).
It was observed that, if Q is not of �nite representation type, it is in general not the
case. For example, when Q is the Kronecker quiver, Lusztig's dual canonical basis
is known to coincide with the basis C(Q) constructed by Caldero and Zelevinsky
in [CZ06] (see also [Nak09] for a more general construction of C(Q) using quiver
varieties). Also, it follows from works of Geiss-Leclerc-Schröer, that the generic ba-
sis G(Q) constructed in [Dup08] coincides with Lusztig's dual semicanonical basis
[GLS08, Sch09].

Our main result concerning these bases is :

Theorem 6.1. Let Q be an a�ne quiver with at least three vertices. Let T be a
cluster-tilting object in CQ such that there exists an exceptional tube T not con-

taining any Ti as a quasi-simple module. Assume that int(XM ) ∈ N[c±1
T ] for any

quasi-simple module M in T . Then, for any l ≥ 1, the following hold :

(1) Fl(Xδ) ∈ A(Q) ∩ N[c±1
T ] ;

(2) Sl(Xδ) ∈ A(Q) ∩ N[c±1
T ] ;

(3) X l
δ ∈ A(Q) ∩ N[c±1

T ].

As a corollary, we obtain :

Corollary 6.7. Let Q be a quiver of a�ne type Ã or D̃. Let c be any unmixed
cluster in A(Q). Then, the following hold :

(1) B(Q) ⊂ A(Q) ∩ N[c±1] ;
(2) C(Q) ⊂ A(Q) ∩ N[c±1] ;
(3) G(Q) ⊂ A(Q) ∩ N[c±1].

3. A positive character on rep(A∞∞)

This section is devoted to the introduction and the investigation of a particular
map f? de�ned over the objects in the category of �nite dimensional representations
of the A-double-in�nite quiver and taking its value in a semi-ring of substraction-free
Laurent polynomials. The �rst aim of this map is to prove positivity properties for
generalized Chebyshev polynomials. Also, this map may be thought as an analogue
of a cluster character corresponding to a cluster algebra associated to the in�nite
quiver A∞∞.
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3.1. The f-map on rep(A∞∞). We denote by A∞∞ the quiver

A∞∞ : · · · // 1 // 0 // −1 // · · ·

Let rep(A∞∞) be the category of �nite-dimensional representations of A∞∞ over k.
Then rep(A∞∞) is an hereditary abelian length category. For every i ∈ Z, we denote
by Σi the simple representation associated to the vertex i and for every n ≥ 1, we
denote by Σ(n)

i the unique indecomposable representation with socle Σi and length
n. By �representation�, we will always mean �nite dimensional representation over
k. If M is a representation of A∞∞, we denote by M(i) the k-vector space at vertex
i.

The AR-quiver of rep(A∞∞) is isomorphic to ZA∞ and can be (locally) depicted
as follows :
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Figure 1. The AR-quiver of rep(A∞∞)

We denote by NZ
c the set of sequence of non-negative integers with �nite support

parametrized by Z. For every representation M of A∞∞, we denote by dimM its
dimension vector, that is, the element of NZ

c given by (dimM)i = dim kM(i) for
every i ∈ Z. The support of an element e ∈ NZ

c is the set

supp(e) = {i ∈ Z|ei 6= 0} .

The support of an objectM in rep(A∞∞) is by de�nition the support of its dimension
vector.
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Given a representation M of A∞∞ and an element e ∈ NZ
c , the grassmannian of

subrepresentations ofM of dimension e is the set of subrepresentationsN ofM such
that dimN = e. This is a closed variety in the standard vector spaces grassmannian
and it is thus a projective variety. Inspired by the theory cluster characters, we
construct a certain normalized generating series for Euler characteristics of this
variety.

We �x a family q = {qi|i ∈ Z} of indeterminates over Z and a family t =
{ti|i ∈ Z} of indeterminates over Z[q].

De�nition 3.1. The f -map on rep(A∞∞) is the map

f? : Ob(rep(A∞∞))−→Z[q][t±1]

de�ned by

fM =
1

tdimM

∑
e∈NZ

c

χ(Gre(M))
∏
i∈Z

qei
i (titi+1)mi−ei .

where mi = dimM(i) for every i ∈ Z.

Note that f? is invariant under isomorphisms.
We recall that the denominator vector of a Laurent polynomial L ∈ Z[q][t±1]

is the element den(L) ∈ ZZ such that there exists a polynomial P (t) ∈ Z[q][t] not
divisible by any ti such that

L =
P (t)
tden(L)

.

It follows from the de�nition that den(fM ) = dimM for anyM in rep(A∞∞). This is
an analogue of Caldero-Keller's denominator theorem for cluster characters [CK06,
Theorem 3].

Example 3.2. For example, for every i ∈ Z, the f -map of the simple representation
Σi is given by

fΣi
=
qi
ti

+ ti+1.

The f -map satis�es the following multiplicative property:

Lemma 3.3. Let M,N be objects in rep(A∞∞), then

fMfN = fM⊕N .

Proof. For every dimension vector e, there is an isomorphism of varieties

Gre(M ⊕N) '
⊔

f+g=e

Grf(M)×Grg(M).

Thus, if we set m = dimM and n = dimN , we get

fM⊕N =
1

tdimM+dimN

∑
e

χ(Gre(M ⊕N))
∏
i∈Z

qei
i (titi+1)mi+ni−ei

=
1

tdimM+dimN

∑
f+g=e

χ(Grf(M))χ(Grf(N))
∏
i∈Z

qfi+gi

i (titi+1)(mi−fi)+(ni−gi)

= fMfN

�

As a corollary, we obtain the positivity of the f -map.
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Corollary 3.4. For every object M in rep(A∞∞), fM ∈ N[q][t±1].

Proof. Since N[q][t±1] is a semi-ring, it follows from lemma 3.3 that it is enough
to prove the result for M indecomposable. For every indecomposable object M in
rep(A∞∞) and every e ∈ NZ

c , Gre(M) is either empty or reduced to a point. Thus,
χ(Gre(M)) ∈ {0, 1} and therefore fM ∈ N[q][t±1]. �

Remark 3.5. Note that we can obtain a combinatorial expression for the f -map
of an indecomposable object in rep(A∞∞). Namely, an element e ∈ NZ

c will be called
an interval if its support is an interval in Z. Note that elements e ∈ NZ

c such that
ei ≤ 1 for every i ∈ Z are completely determined by their support. Let I ⊂ Z be
an interval, a subset J ⊂ I is called terminal in I if J is empty or if J is an interval
such that min(J) = min(I). We write J C I if J is terminal in I. Let M be an
indecomposable representation of A∞∞, since dimM(i) ≤ 1 for every i ∈ Z, it is easy
to check that

χ(Gre(M)) =
{

1 if supp(e) is terminal in supp(M),
0 otherwise.

It follows that for every M indecomposable, we have

(1) fM =

 ∏
i∈supp(M)

1
ti

 ∑
ICsupp(M)

(∏
i∈I

qi

) ∏
j∈supp(M)\I

tjtj+1


We now prove an almost split multiplication formula analogous to [CC06, Propo-

sition 3.10]:

Proposition 3.6. Let M be an indecomposable object in rep(A∞∞) and

0−→N−→B−→M−→ 0

be an almost split sequence in rep(A∞∞). Then,

fMfN = fB +
∏

i∈supp(M)

qi.

Proof. Let ε be any almost split sequence in rep(A∞∞). Then there exists n ≥ 1 and
k ∈ Z such that ε is

0−→Σ(n)
k −→Σ(n+1)

k ⊕ Σ(n−1)
k+1 −→Σ(n)

k+1−→ 0.

We thus write N = Σ(n)
k , B = Σ(n+1)

k ⊕Σ(n−1)
k+1 and M = Σ(n)

k+1. We know that Σ(n)
k

is the representation given by

· · · // 0 // k
1 // · · · 1 // k

0 // 0 // · · ·

k + n− 1 k

Thus, using the expression given in equation (1), we get

f
Σ

(n)
k

=

(
k+n−1∏
i=k

1
ti

) ∑
IC[k,k+n−1]

(∏
i∈I

qi

) ∏
j∈[k,k+n−1]\I

tjtj+1

 .
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Since proper terminal intervals I C [k, k + n− 1] are terminal intervals I C [k, k +
n− 2] = supp(Σ(n−1)

k ), we obtain:

f
Σ

(n)
k

=

(
k+n−1∏
i=k

1
ti

)k+n−1∏
i=k

qi +
∑

IC[k,k+n−2]

(∏
i∈I

qi

)
tk+ntk+n−1

 ∏
j∈[k,k+n−2]\I

tjtj+1


=

(
k+n−1∏
i=k

qi
ti

)
+
tk+ntk+n−1

tk+n−1
f

Σ
(n−1)
k

In order to simplify notations, we set σ
(n)
k = dimΣ(n)

k .
Thus, we proved

f
Σ

(n)
k

=
qσ

(n)
k

tσ
(n)
k

+ tk+nfΣ
(n−1)
k

We get

fMfN = f
Σ

(n)
k

f
Σ

(n)
k+1

= f
Σ

(n)
k

(
qσ

(n)
k+1

tσ
(n)
k+1

+ tk+1+nfΣ
(n−1)
k+1

)
and

fB = f
Σ

(n−1)
k+1

f
Σ

(n+1)
k

= f
Σ

(n−1)
k+1

(
qσ

(n+1)
k

tσ
(n+1)
k

+ tk+1+nfΣ
(n)
k

)
.

Thus,

fMfN − fB =
qσ

(n)
k+1

tσ
(n)
k+1

(
f

Σ
(n)
k

− qk
tk
f

Σ
(n−1)
k+1

)
.

Now, since every non-empty IC supp(Σ(n)
k ) contains k, it follows that (I \{k})C

supp(Σ(n−1)
k+1 ) so that:

f
Σ

(n)
k

=
1

tσ
(n)
k

k+n−1∏
i=k

titi+1 + qk
∑

IC[k+1,k+n−1]

(∏
i∈I

qi

) ∏
j∈[k+1,k+n−1]\I

tjtj+1


=

k+n∏
i=k+1

ti +
qk
tk
f

Σ
(n−1)
k+1

.

Thus, we can compute the di�erence

fMfτM − fB =
qσ

(n)
k+1

tσ
(n)
k+1

(
f

Σ
(n)
k

− qk
tk
f

Σ
(n−1)
k+1

)

=
qσ

(n)
k+1

tσ
(n)
k+1

(
tσ

(n)
k+1 +

qk
tk
f

Σ
(n−1)
k+1

− qk
tk
f

Σ
(n−1)
k+1

)
= qσ

(n)
k+1

=
∏

i∈suppM

qi
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and the proposition is proved. �

Example 3.7. We consider the almost split sequence

0−→Σ(2)
0 −→Σ(3)

0 ⊕ Σ1−→Σ(2)
1 −→ 0,

we compute directly

fΣ1 =
t1t2 + q1

t1
, f

Σ
(3)
0

=
t21t0t

2
2t3 + q0t

2
2t1t3 + q0q1t3t2q0q1q2

t0t1t2

f
Σ

(2)
0

=
t21t0t2 + q0t2t1 + q0q1

t1t0
, f

Σ
(2)
1

=
t22t1t3 + q1t3t2 + q1q2

t2t1
.

and we check by direct calculation that

f
Σ

(2)
0
f

Σ
(2)
1

= f
Σ

(3)
0
fΣ1 + q1q2

and supp(Σ(2)
1 ) = {1, 2}.

Remark 3.8. In a recent paper, Holm and Jørgensen introduced a cluster structure
in a 2-Calabi-Yau category D whose Auslander-Reiten quiver is isomorphic to ZA∞
and asked if it was possible to de�ne a cluster algebra associated to this cluster
structure [HJ09]. We de�ned the positive character f? on the category rep(A∞∞)
independently for positivity purposes. It would be interesting to understand if the
f?-map coincides with some cluster character in the sense of Palu on the category
D.

4. Applications to generalized Chebyshev polynomials

We shall now study interactions between the f -map and positivity properties of
generalized Chebyshev polynomials and ∆-polynomials.

4.1. f-map and Chebyshev polynomials. The �rst motivation for introducing
the f -map comes from its interaction with generalized Chebyshev polynomials. This
allows to provide a substraction-free algebraic identity for generalized Chebyshev
polynomials. This identity plays a fundamental role in the study of properties of
generalized Chebyshev polynomials with respect to positivity.

Corollary 4.1. For every i ∈ Z and n ≥ 1, we have

f
Σ

(n)
i

= Pn(qi, . . . , qi+n−1, fΣi
, . . . , fΣi+n−1).

Proof. This is a direct consequence of Proposition 3.6 and [Dup09d, Theorem 1]. �

Remark 4.2. We recall that the n-th normalized Chebyshev polynomials of the
second kind Sn given by Sn(x) = Pn(x, . . . , x). It is characterized by Sn(t +
t−1) =

∑n
k=0 t

2k−n, thus Corollary 4.1 can be viewed as a generalization of this
characterization for quantized generalized Chebyshev polynomials.

Namely, quantized generalized Chebyshev polynomials can be characterized by

Pn(q1, . . . , qn,
q1

t1
+ t2, . . . ,

qn
tn

+ tn+1) =
1

t1 . . . tn

n+1∑
k=1

k−1∏
i=1

qi

n∏
j=k

tjtj+1
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where by convention, the empty products are equal to 1. For non-quantized gener-
alized Chebyshev polynomials, the identity is thus

Pn(
1
t1

+ t2, . . . ,
1
tn

+ tn+1) =
1

t1 . . . tn

n+1∑
k=1

 n∏
j=k

tjtj+1

 .

From Corollary 4.1 we deduce directly the following useful result :

Corollary 4.3. For every i ∈ Z and n ≥ 1,

Pn(qi, . . . , qi+n−1,
qi
ti

+ ti+1, . . . ,
qi+n−1

ti+n−1
+ ti+n) ∈ N[q, t±1].

In order to simplify notations, we will adopt the following convention. If i ≤ j
are integers, we denote by t[i,j] = {ti, . . . , tj} and q[i,j] = {qi, . . . , qj}.

In order to the positivity of the �extra elements� in their basis, Sherman and
Zelevinsky used Taylor expansions and di�erential properties of normalized Cheby-
shev of the �rst kind [SZ04]. In our context, we will use analogous methods for
generalized Chebyshev polynomials. For this, we need to establish some technical
results concerning partial derivatives of generalized Chebyshev polynomials :

Lemma 4.4. For every n ≥ 1 and 1 ≤ i ≤ n, we have

∂

∂ti
Pn(q[1,n], t[1,n]) = Pi−1(q[1,i−1], t[1,i−1])Pn−i(q[i+1,n], t[i+1,n])

Proof. We recall that

Pn(q[1,n], t[1,n]) = det



tn 1 (0)

qn
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1

(0) q2 t1


Expanding with respect to the i-th column, we get

Pn(q[1,n], t[1,n]) = tiPi−1(q[1,i−1], t[1,i−1])Pn−i(q[i+1,n], t[i+1,n]) + f(q, t)

where f does not depend on the variable ti. Thus, taking the derivative in ti, we
get

∂

∂ti
Pn(q[1,n], t[1,n]) = Pi−1(q[1,i−1], t[1,i−1])Pn−i(q[i+1,n], t[i+1,n]).

�

We can now deduce the following technical lemma which will be essential in
Section 5.

Lemma 4.5. Let u = {ui : i ∈ Z} be a family of indeterminates over Z[q, t], then
for every i ∈ Z, n ≥ 1,

Pn(qi, . . . , qi+n−1,
qi
ti

+ ui + ti+1, . . . ,
qi+n−1

ti+n−1
+ ui+n−1 + ti+n) ∈ N[q, t±1,u].
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Proof. It su�ces to prove it for i = 1. Fix n ≥ 1. We consider the function

(u1, . . . , un) 7→ Pn(q1, . . . , qn,
q1

t1
+ t2 + u1, . . . ,

qn
tn

+ tn+1 + un)

Taking the Taylor expansion in (0, . . . , 0), we get that Pn(q1, . . . , qn,
q1
t1

+ t2 +
u1, . . . ,

qn

tn
+ tn+1 + un) is equal to∑

i1,...,in

∂i1 · · · ∂in
∂t1 · · · ∂tn

Pn(
q1

t1
+ t2, . . . ,

qn
tn

+ tn+1)ui11 · · ·uinn

But according to Lemma 4.4, every partial derivative
∑
i1,...,in

∂i1 ···∂in

∂t1···∂tnPn( q1t1 +
t2, . . . ,

qn

tn
+ tn+1) is a product of Pj( qk

tk
+ tk+1, . . . ,

qk+j−1
tk+j−1

+ tk+j) for some j < n.

According to Corollary 4.3, each of these Pj( qk

tk
+ tk+1, . . . ,

qk+j−1
tk+j−1

+ tk+j) is in

N[q, t±1] and thus each partial derivative is in N[q, t±1]. �

4.2. f-map and ∆-polynomials. We now introduce a family of polynomials
called ∆-polynomials for which the motivation is coming from the di�erence proper-
ties introduced in [Dup08, Dup09c]. These polynomials will be of particular interest
in Section 6.

De�nition 4.6. Let q = {qi|i ∈ Z} be a family of indeterminates over Z and
t = {ti|i ∈ Z} be a family of indeterminates over Z[q]. For any p ≥ 1, and l ≥ 1,
we set

∆l,p(q[1,lp], t[1,lp]) = Plp(q[1,lp], t[1,lp])− q1Plp−2(q[2,lp−1], t[2,lp−1])

and

∆l,p(t[1,lp]) = ∆l,p(1, . . . , 1, t[1,lp])

= P lp(t[1,lp])− P lp−2(t[2,lp−1])

We now prove an analogue of Corollary 4.5 for ∆-polynomials :

Lemma 4.7. Let q = {qi|i ∈ Z} be a family of indeterminates over Z and t =
{ti|i ∈ Z}, u = {ui|i ∈ Z} be families of indeterminates over Z[q]. Then

∆l,p(q1, . . . , qp,
q1

t1
+ u1 + t2, . . . ,

qlp
tlp

+ up + t1) ∈ N[q, t±1,u].

Proof. The idea of the proof is again based on a Taylor expansion of ∆l,p in u. In
order to shorten notations, for every n ≥ 1 and any i ∈ Z, we set

Pn([i, i+ n− 1]) = Pn(q[i,i+n−1], t[i,i+n−1])

and

∆l,p([i, i+ lp− 1]) = ∆l,p(q[i,i+lp−1], t[i,i+lp−1]).

Let p ≥ 2 be an integer, we claim that for every i = 1, . . . , p,

∂

∂ti
∆l,p([1, p]) = Plp−1(qi+1, . . . , qlp, q1, . . . , qi−1, ti+1, . . . , tlp, t1, . . . , ti−1).

Indeed, we have

∂

∂ti
∆l,p([1, lp]) =

∂

∂ti
Plp([1, lp])− q1

∂

∂ti
Plp−2([2, lp− 1]).
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If i = 1, the result clearly holds. Now if i > 1, using Lemma 4.4 and the fol-
lowing three terms relations for generalized Chebyshev polynomials (obtained by
expanding the determinental expression of Pi−1)

Pi−1([1, i− 1]) = t1Pi−2([2, i− 1])− q2Pi−3([3, i− 1]),

we get :

∂

∂ti
∆l,p([1, p]) = −q2Pi−3([3, i− 1])Plp−i([i+ 1, lp])

+ t1Pi−2([2, i− 1])Plp−i([i+ 1, lp])

− q1Pi−2([2, i− 1])Plp−i−1(i+ 1, lp− 1)

On the other hand, Plp−1(qi+1, . . . , qlp, q1, . . . , qi−1, ti+1, . . . , tlp, t1, . . . , ti−1) is :

D = det



ti−1 1 (0)

qi−1
. . .

. . .

. . .
. . . 1
. . . t1 1

q1 tlp
. . .

qlp
. . .

. . .

. . .
. . . 1

(0) qi+2 ti+1


Expanding with respect to the column containing q1, we get:

D = (−1)A+ t1B − q1C

where A,B,C are n− 1× n− 1 minors. Computing these minors, we get:

A = q2Pi−3([3, i− 1])Plp−i([i+ 1, lp]) ;

B = Pi−2([2, i− 1])Plp−i([i+ 1, lp]) ;

C = Pi−2([2, i− 1])Plp−i−1([i+ 1, lp− 1])

so that

∂

∂ti
∆l,p([1, lp]) = Plp−1(qi+1, . . . , qlp, q1, . . . , qi−1, ti+1, . . . , tlp, t1, . . . , ti−1)

and the claim is proved.
Considering the Taylor expansion in u, we get that ∆l,p(q1, . . . , qlp,

q1
t1

+ u1 +
t2, . . . ,

qlp

tlp
+ ulp + t1) is equal to

∑
i1,...,ip

(
∂i1 · · · ∂ip
∂t1 · · · ∂tp

)
∆l,p(q1, . . . , qlp,

q1

t1
+ t2, . . . ,

qlp
tlp

+ t1)ui11 · · ·uipp

But for every i1, . . . , ip, it follows from the claim that(
∂i1 · · · ∂ip
∂t1 · · · ∂tp

)
∆l,p(q1, . . . , qlp,

q1

t1
+ t2, . . . ,

qlp
tlp

+ t1)
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is a derivative of a generalized Chebyshev polynomial in consecutive variables.
Thus, by Lemma 4.4, this is again a product of generalized Chebyshev polyno-
mial in consecutive variables. Then, Lemma 4.5 implies that(

∂i1 · · · ∂ip
∂t1 · · · ∂tp

)
∆l,p(q1, . . . , qlp,

q1

t1
+ t2, . . . ,

qlp
tlp

+ t1) ∈ N[q, t±1].

so that �nally,

∆l,p(q1, . . . , qlp,
q1

t1
+ u1 + t2, . . . ,

qlp
tlp

+ ulp + t1)N[q, t±1,u]

and the lemma is proved. �

Remark 4.8. We will see in Section 6 that the ∆-polynomials are motivated by
the so-called di�erence properties introduced in [Dup08, Dup09c]. Note that the
positivity of the ∆l,p(q1, . . . , qp,

q1
t1

+ u1 + t2, . . . ,
qlp

tlp
+ ulp + t1) really comes from

the fact that the last variable is t1 and not some tlp+1. This is an illustration of the
fact that the ∆-polynomials arise from tubes, that is, periodic regular components.
Indeed, in general, the polynomial ∆l,p(q1, . . . , qlp,

q1
t1

+u1 +t2, . . . ,
qlp

tlp
+ulp+tlp+1)

is not substraction-free in Z[q,u, t±1]. For example, if we consider l = 1, p = 2 and
we specialize u to {0}, we get

∆1,2(q1, q2,
q1

t1
+ t2,

q2

t2
+ t1) =

t21t
2
2 + q1q2

t1t2
∈ N[q1, q2, t

±1
1 , t±2

2 ]

whereas

∆1,2(q1, q2,
q1

t1
+ t2,

q2

t2
+ t3) =

t1t
2
2t3 + q1t1t2 + q1q2 − q1t1t2

t1t2

∈ Z[q1, q2, t
±1
1 , t±2

2 , t±1
3 ] \ N[q1, q2, t

±1
1 , t±2

2 , t±1
3 ].

5. Positivity coming from quasi-composition factors

We now investigate positivity of cluster characters associated to regular modules
over the path algebra of an acyclic quiver Q. This section is mainly devoted to
the proof of the fact that if M is an indecomposable regular kQ-module, then the
positivity of the cluster character XM in a given cluster can generally be reduced
to the study of the cluster characters of the quasi-composition factors of M in this
cluster.

5.1. Graded components of cluster characters. This short section is devoted
to an easy but key lemma on cluster characters which enables to use positivity
properties of generalized Chebyshev polynomials.

We �x an acyclic quiver Q, a cluster-tilting object T in CQ. We denote by
B = EndCQ

(T ), F = HomCQ
(T,−) and cT = {ci|i ∈ Q0} the corresponding cluster

in A(Q).

Lemma 5.1. With the above notations, for any object M in CQ such that M and
M [1] are not in add(T [1]), we have

XT
M [1]([FTM [1]]) =

1
XT
M (0)
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where [FM ] denotes the class of FM in K0(B-mod).

Proof. The suspension functor in CQ being given by the shift functor [1], it follows
from [Pal08] that for any object X in CQ, there are equalities∏

i∈Q0

c
〈Si,FX〉a
i = cindTX−coindTX

so that

coindX = −indX[1]

where indT (resp. coindT ) denotes the index (resp. coindex) in CQ with respect to
the cluster-tilting object T (see [Pal08] for details).

It follows that

XT
M (0) = c−coindTM = cindTM [1]

and

XT
M [1]([FTM [1]]) = c−coindTM [1]ccoindTM [1]−indTM [1]

=
1

cindTM [1]

=
1

XT
M (0)

.

�

Example 5.2. Consider the quiver of Dynkin type A2 :

Q : 1 // 2

For any i = 0, 1, we denote by Si the simple kQ-module associated to vertex
i so that S1 ' τS2 ' S2[1]. We consider the cluster-tilting object T = kQ,
then mod−B ' mod−kQop ' kQ−mod so that we identify K0(mod−B) with
K0(kQ−mod) which is identi�ed with Z2 using the dimension vector map.

We have

XS1 =
1 + u2

u1
and XS2 =

1 + u1

u2
.

and the graded components are

XS1([00]) =
1
u1
, XS1([10]) =

u1

u2
,

XS2([00]) =
u2

u1
, XS2([01]) =

1
u2

illustrating Lemma 5.1.

5.2. Positivity for higher quasi-lengths. We now investigate positivity of clus-
ter characters associated to regular kQ-modules with quasi-length ≥ 2.

Theorem 5.3. Let Q be an acyclic quiver and T be a cluster-tilting object in
CQ. Let M be an indecomposable regular kQ-module. Assume that, for any quasi-

composition factor N of M , N is rigid, not in add(T [1]) and int(XT
N ) ∈ N[c±1

T ].
Then,

XM ∈ N[c±1
T ] ∩ A(Q).
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Proof. Let M be an indecomposable regular kQ-module and R be the regular
component in Γ(kQ) containing M . Then R ' ZA∞/(p) for some p ≥ 0. Assume
that M has quasi-length n ≥ 2. We denote by M1, . . . ,Mn its quasi-composition
factors indexed by Z/pZ such that τMi 'Mi−1 for every i ∈ Z/pZ.

Viewing elements in A(Q) as elements in Z[u±1] or as elements in Z[c±1
T ], it

follows from [Pal08, Section 5.2] that XN = XT
N for every rigid object N in CQ.

Thus,

XM = Pn(XM1 , . . . , XMn
)

= Pn(XT
M1
, . . . , XT

Mn
)

where the last equality holds since each Mi is rigid. For every i ∈ {1, . . . , n}, Mi is
indecomposable rigid in CQ so that XMi

is a cluster variable in A(Q). In particular,
XT
M is a polynomial in cluster variables and thus belongs to A(Q).
Now for every i = 1, . . . , n, we set :

τTi =
1

XT
Mi

(0)
and νTi = int(XT

Mi
).

Thus, Lemma 5.1 implies that for every i = 1, . . . , n,

XT
Mi

=
1
τTi

+ νTi + τTi+1

and

XT
M = Pn(

1
τT1

+ νT1 + τT2 , . . . ,
1
τTn

+ νTn + τTn+1) ∈ N[νTi , τ
T
i

±1|i = 1, . . . n]

by Lemma 4.5. Since, νTi = int(XT
Mi

) belongs to N[c±1
T ] by hypothesis and τTi is

an unitary monomial in N[c±1
T ], it follows that

N[νTi , τ
T
i

±1|i = 1, . . . n] ⊂ N[c±1
T ]

and thus XM ∈ N[c±1
T ]. �

The assumption concerning the positivity of the interior ofXM may seem di�cult
to check in practice. Nevertheless, if the positivity conjecture is proved, then it
is automatically satis�ed for rigid objects. For example, rephrasing a result of
Musiker-Schi�er-Williams, we get :

Theorem 5.4 ([MSW09]). Let Q be a quiver of a�ne type Ã or D̃. Let T be any
cluster-tilting object in CQ and M an indecomposable rigid object not in add(T [1]).
Then, for any e ∈ K0(mod−B), we have ;

χ(Gre(FTM)) ≥ 0.

In particular,int(XT
M ) ∈ N[c±1

T ].

Combining Theorem 5.3 and Theorem 5.4, we get

Corollary 5.5. Let Q be a quiver of a�ne type Ã or D̃ andM be an indecomposable
regular kQ-module in an exceptional tube T . Then,

XM ∈ A(Q) ∩ N[c±1]

for any cluster c in A(Q) compatible with T .
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6. Positivity, homogeneous tubes and bases

In this section, we investigate the case of regular modules in homogeneous tubes.
In this case, Q is necessarily an a�ne quiver. We denote by δ the minimal positive
imaginary root of Q. It T is a homogeneous tube and R is its quasi-simple module,
it is known that dimR(n) = nδ for any n ≥ 1.

6.1. Positivity and homogeneous tubes. It is known that for any two quasi-
simple representationsM,N in possibly distinct homogeneous tubes, the characters
XM andXN coincide. This common value is denoted byXδ and is called the generic
value of dimension δ following the terminology of [Dup08].

It is also known that for any n ≥ 1, normalized Chebyshev polynomials of �rst
and second kinds satisfy the following identities in Z[t, t−1] :

Fn(t+ t−1) = tn + t−n

Sn(t+ t−1) =
n∑
k=0

tn−2k

so that Fn and Sn are related by

Sn =
n∑
k=0

Fn−2k

for every n ≥ 1 with the convention that Fi = 0 if i < 0.

Theorem 6.1. Let Q be an a�ne quiver with at least three vertices. Let T be a
cluster-tilting object such that there exists an exceptional tube T compatible with T .
Assume that int(XM ) ∈ N[c±1

T ] for any quasi-simple module M in T . Then, for
any l ≥ 1, the following hold :

(1) Fl(Xδ) ∈ A(Q) ∩ N[c±1
T ] ;

(2) Sl(Xδ) ∈ A(Q) ∩ N[c±1
T ] ;

(3) X l
δ ∈ A(Q) ∩ N[c±1

T ].

Proof. We denote by p ≥ 2 the rank of the tube T . We denote by Ri, i ∈ Z the
quasi-simple modules in T ordered such that Ri ' Ri+p and τRi ' Ri−1 for any
i ∈ Z. It is proved in [Dup09c, Proposition 3.3] that for any l ≥ 1,

Fl(Xδ) = ∆l,p(XR0 , . . . , XRlp−1).

As before, for every i = 0, . . . , p− 1, we set

τTi =
1

XT
Ri

(0)
and νTi = int(XT

Ri
).

Thus, Lemma 5.1 implies that

XT
Ri

=
1
τTi

+ νTi + τTi+1

for any i ∈ Z/pZ. Thus,

Fl(Xδ) = ∆l,p(
1
τT1

+ νT1 + τT2 , . . . ,
1
τTlp

+ νTlp + τT1 ) ∈ N[νTi , τ
T
i

±1|i = 1, . . . p]
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by Lemma 4.7. Since, νTi = int(XT
Mi

) belongs to N[c±1
T ] by hypothesis and τTi is

an unitary monomial in N[c±1
T ], it follows that

N[νTi , τ
T
i

±1|i = 1, . . . n] ⊂ N[c±1
T ]

and thus Fl(Xδ) ∈ N[c±1
T ]. The fact that Xδ, and thus Fl(Xδ) and Sl(Xδ), belong

to the cluster algebra A(Q) is proved in [Dup08]. This proves the �rst point.
The second point follows from the �rst. Indeed, for any l ≥ 1, Sl(Xδ) =∑l
k=0 Fl−2k(Xδ) ∈ N[c±1

T ].
Similarly, it is known that for any l ≥ 1, X l

δ can be written as a N-linear
combination of Sk(Xδ), k ≤ l (see e.g. [Dup08]) so that X l

δ ∈ N[c±1
T ]. �

As an immediate corollary we get :

Corollary 6.2. With the above hypotheses, XM ∈ A(Q)∩N[c±1
T ] for any indecom-

posable kQ-module M in a homogeneous tube.

Proof. LetM be an indecomposable kQ-module in a homogeneous tube T of Γ(kQ).
Then, M ' R(n) for some integer n ≥ 1 where R denotes the quasi-simple module
in T . It follows that

XM = Pn(XR, · · · , XR) = Sn(XR) = Sn(Xδ).

The second point of Theorem 6.1 implies that XM ∈ A(Q) ∩ N[c±1
T ]. �

Corollary 6.3. Let Q be a quiver of a�ne type Ã or D̃. Then,

XM ∈ A(Q) ∩ N[c±1]

for any concealed cluster c A(Q) and any object M in CQ.

Remark 6.4. Note that we only use polynomials ∆ in the context of coe�cient-
free cluster algebras. The ∆-polynomials are an analogue for the context of cluster
algebras with principal coe�cients at the initial seed. For example, if one uses the
cluster character with coe�cients Xy

? introduced in [Dup09d] (see also [FK10] for
a more general de�nition), one can prove, using the methods in [Dup08], that for

any quiver Q of a�ne type Ã,

Xy
δ = ∆1,p(ydimR0 , . . . ,ydimRp−1 , Xy

R0
, . . . , Xy

Rp−1
)

where R0, . . . , Rp−1 are the quasi-simple modules of an exceptional tube ordered
such that τRi ' Ri−1 for any i ∈ Z/pZ. This is the reason why we proved results for
the polynomials ∆ and Pn rather than just ∆ and Pn. Nevertheless, several results
we use for coe�cient-free cluster characters, especially in the proof of [Dup09c,
Proposition 3.3], need a lot of work in order to be generalized to cluster characters
with coe�cients. This is the reason why we decided to present only the results for
the coe�cient-free case.

6.2. Positivity and bases. From now on, we assume that k = C is the �eld of
complex numbers. In this case, there are three Z-bases of particular interest in a
cluster algebra A(Q) associated to a quiver Q of a�ne type. The precise de�nitions
of these bases are given in Section 2.4. It is conjectured that these three bases are
constituted of positive elements of the cluster algebra. Using our results, we can
partially prove this conjecture.
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Corollary 6.5. Let Q be a quiver of a�ne type Ã or D̃ with at least three vertices.
Let T be a cluster-tilting object in CQ such that there exists an exceptional tube T
compatible with T . Then, the following hold :

(1) B(Q) ⊂ A(Q) ∩ N[c±1
T ] ;

(2) C(Q) ⊂ A(Q) ∩ N[c±1
T ] ;

(3) G(Q) ⊂ A(Q) ∩ N[c±1
T ].

Proof. According to Theorem 5.4, for any cluster-tilting object T ,M(Q) ⊂ A(Q)∩
N[c±1

T ] and XR ∈ A(Q)∩N[c±1
T ] for any regular rigid kQ-module R. Since A(Q)∩

N[c±1
T ] is stable under multiplication, it only remains to prove that Fl(Xδ), Sl(Xδ)

and X l
δ belong to A(Q) ∩ N[c±1

T ] for any cluster-tilting object satisfying the hy-
potheses. This is a direct consequence of Theorem 6.1. �

Remark 6.6. The only a�ne quiver with two vertices is the Kronecker quiver. In
this case, Corollary 6.5 was established by [SZ04] for B(Q). The cases of C(Q) and
G(Q) follow easily.

Finally, we proved :

Corollary 6.7. Let Q be a quiver of a�ne type Ã or D̃. Let c be any unmixed
cluster. Then, the following hold :

(1) B(Q) ⊂ A(Q) ∩ N[c±1] ;
(2) C(Q) ⊂ A(Q) ∩ N[c±1] ;
(3) G(Q) ⊂ A(Q) ∩ N[c±1].

Remark 6.8. Let Q be an acyclic quiver, T be any cluster-tilting object in CQ,
B = EndCQ

(T ) its endomorphism ring and M be any indecomposable kQ-module.
In order to prove the positivity of XM in the cluster cT , it is natural to study
the positivity of χ(Gre(FTM)) for any e ∈ K0(B). There are two obstacles for
using this method for our purpose. The �rst one is that when M is not rigid, it
may happen that χ(Gre(FTM)) < 0 (see [DWZ09, Example 3.5]) and we precisely
want to consider non-rigid objects in our case. The second one is that, when Q is
an a�ne quiver with positive minimal imaginary root δ, it is known that, for any
l ≥ 2, Fl(Xδ) may not be expressed as a generating series of Euler characteristics of
quiver grassmannians. Thus, the approach using positive characteristics of quiver
grassmannians would not help in order to prove that Sherman-Zelevinsky type bases
are constituted of positive elements. Nevertheless, it was observed in [Dup09c] that
Fl(Xδ) may be expressed (in the initial cluster) as a generating series of Euler
characteristics of a certain constructible subset Tr(M) ⊂ Gr(M) in the quiver
grassmannian, called transverse quiver grassmannian. Thus, in this context, it
would be interesting to study the Euler characteristics of these transverse quiver
grassmannians.

Remark 6.9. In order to conclude, we would like to make a remark concerning a
possible use of Theorem 5.3 in the wider context of bases in acyclic cluster algebras.
If Q is any acyclic quiver, Geiss, Leclerc and Schröer constructed a C-basis S∗(Q)
of C⊗ZA(Q), called the dual semicanonical basis of A(Q) [GLS08]. It was recently
observed by Geiss, Leclerc and Schröer that this basis coincides with the set of
generic variables introduced in [Dup08] (coinciding in particular with G(Q) when
Q is an a�ne quiver). It follows that S∗(Q) can be realized as products of cluster
characters evaluated at Schur representations of Q. Theorem 5.3 may thus be
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useful in order to establish positivity properties of the elements in S∗(Q). Indeed,
if M is a Schur representation, it may be rigid or not. If M is rigid, XM is a
cluster variable whose positivity may be studied from classical point of views (e.g.
positive characteristics of grassmannians, arcs in triangulations). If M is not rigid,
it is necessarily regular and if M is not quasi-simple, it is known that the quasi-
composition factors of M are rigid kQ-modules (see e.g. [SS07, Chapter XVIII,
Proposition 2.14]). Then, their positivity may be studied from classical points
of view and Theorem 5.3 would thus imply positivity properties for the cluster
character XM .
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