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Introduction.

The aim of these notes is to give a brief account on homotopy of bound quivers.
The motivation for this comes manly from representation theory of finite dimen-
sional algebras over an algebraically closed field k (in the sequel this will be the
meaning of "algebra"). Indeed, every such algebra can be expressed as a quotient
of a path algebra A ' kQA/I.

Originally, the simple connectedness of a representation finite algebra was de-
fined in terms of the so called separation condition of [11], and Galois coverings of
the corresponding Auslander-Reiten quiver, see [13]. Nowadays, a triangular alge-
bra is called simply connected if the fundamental group π1(Q, I) is trivial whenever
A ' kQ/I. Simply connected algebras played an important role in the study of
the representation theory of finite representation algebras. By means of covering
techniques one can reduce the study of the representations of such an algebra to
those over a suitably chosen simply connected algebra (may be of infinite dimension
and without unit, see [28]). Moreover, even in the infinite representation case, one
can still obtain a considerable amount of information by these means, see [23].

On the other hand, there are links between the fundamental groups π1(Q, I) of
presentations of A and the first simplicial homology group of A, denoted by SH1(A),
as well as its first Hochschild cohomology group, HH1(A) (see [13, 3, 22]). These
links are the best ones one can hope for incidence algebras A = kQΣ/IΣ of finite
posets (Σ,≤). In this case, the fundamental and the (co)homology groups (both,
Simplicial and Hochschild) coincide with the fundamental and the (co)homology
groups of the simplicial complex of chains of Σ.

An important feature of the fundamental group, as well as the simplicial (co)ho-
mology groups, is that they are not invariants of the algebra: It may occur (see sec-
tion 6) that ν1 : kQA

//A and ν2 : kQA
//A are two presentations of A, so that

A ' kQA/Ker ν1 ' kQA/Ker ν2, but SH1(Aν1) 6' SH1(Aν2), and π1(QA,Ker ν1) 6'
π1(QA,Ker ν2).

This leads to consider bound quivers instead of algebras when dealing with
homotopy and simplicial (co)homology groups. Thus, in these notes we focus on
bound quivers, specially on homotopical aspects, considering them as an object of
study on their own. For this reason references about algebras, modules or coho-
mology theories are brief, and given for historical or motivating reasons.

Subject classification: 16G20, 16G99. Keywords and phrases: Fundamental groups, bound
quivers, simply connected algebras.
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1. Preliminaries.

1.1. Quivers, algebras, and modules. A quiver is a quadrupleQ = (Q0, Q1,
s, t), where Q0 and Q1 are sets, and s, t are maps s, t : Q1

//Q0 . The elements of
Q0 and Q1 are called the vertices and the arrows of Q, respectively. In addition,
given an arrow α ∈ Q1, the vertex s(α) is its source, while t(α) is its target. A
(non trivial) path is a sequence of arrows w = α1α2 · · ·αr such that t(αi) = s(αi+1)
for every i such that 1 ≤ i < n. In addition, to every vertex x of Q we associate
a trivial (or stationary) path εx. The source and the target of a path are defined
in the natural way. Two paths w and w′ sharing source and target are said to be
parallel. If there exists a path from x to y we say that y is a successor of x, and
that x is a predecessor of y. The set of successors of a vertex x is denoted by x+∞,
whereas x−∞ stands for its predecessors. In case a vertex has no proper successors
(respectively predecessors) we call it a sink (respectively a source).

LetQ be a quiver, and k a commutative field. The path category kQ is defined as
follows: its object class isQ0, and, given x, y ∈ Q0, the morphism set kQ(x, y) is the
k−vector space having as basis the set of paths from x to y. The composition w1◦w2

of two morphisms w1 ∈ kQ(y, z) and w2 ∈ kQ(x, y) is given by the composition
of paths: w1 ◦ w2 = w2w1. A relation from a vertex x to a vertex y is a linear
combination ρ =

∑r
i=1 λiwi of paths from x to y. In case r = 1 we say that ρ is a

monomial relation, whereas relations of the form w1 −w2 are called commutativity
relations. Let F be the ideal of kQ generated by the arrows of Q, that is, the ideal
whose value F (x, y) at a pair of vertices (x, y) is the k−vector space generated by
the paths of positive length from x to y. A two sided ideal I E kQ is said to be
admissible if for every x, y ∈ Q0 one has I(x, y) ⊆ F 2(x, y) and for every x ∈ Q0

there exists a natural number nx ≥ 2 such that I contains every path of length
greater than nx having x as source or target. In this situation, the pair (Q, I) will
be called a bound quiver. If in addition the quiver Q is locally finite, that is the sets
s−1(x) and t−1(x) are finite for every vertex x ∈ Q0, then the category A = kQ/I
is said to be a locally bounded k−category (see [12]). In case the quiver Q is finite
(which means that both Q0 and Q1 are finite sets), an ideal I is admissible if,
and only if there exists en integer m ≥ 2 such that Fm ⊆ I ⊆ F 2. In this case
the category A = kQ/I is a finite dimensional algebra whose unit is

∑
x∈Q0

ex,
where ex = εx + I is the idempotent corresponding to the vertex x. We say that
a full subcategory A′ of A is convex if for any sequence of non-zero morphisms
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x0 // x1 // · · · // xn in A with x0 and xn belonging to A′ we have that
xi is in A′ for every i ∈ {1, . . . , n−1}. In case A′ is a full subcategory of A, we have
a full embedding ι : mod−A′ �

� // mod−A . Note that in this situation, even if A
and A′ are algebras (that is if the corresponding quivers are finite) then A′ is not
a subalgebra of A. Indeed, 1A′ 6= 1A.

Conversely, let A be a finite dimensional algebra over an algebraically closed
field k. It is well known (see [28]) that if in addition A is basic, there exists a unique
quiver QA (which is connected if A is so), and a surjective morphism of algebras
ν : kQA

//A such that I = Ker ν is an admissible ideal of kQA. More precisely,
the vertex set {1, 2, . . . , n} of QA is in bijection with a complete set of primitive
pairwise orthogonal idempotents {e1, e2, . . . , en} of A. The set of arrows i //j is
in bijection with a basis {xα}α of the k−vector space ei(radA/rad2A)ej . In fact,
the map ν : kQA

//A , which is given by α � //xα , is nothing more than a choice
of such bases, thus it is not unique (see section 6). These surjective morphisms, or,
equivalently the pairs (QA,Ker ν), are called presentations of A. In case QA has
no oriented cycles, the algebra A is said to be a triangular algebra.

Let (Q, I) be a bound quiver, and A = kQ/I. A right A−module M is a covari-
ant functor M : A //Mod−k (where Mod−k stands for the category of k−vector
spaces, see [12]). Such a module is finitely generated if it is the quotient of a fi-
nite direct sum of representable functors. A k−linear representation N of (Q, I)
is the data of a k−vector space Nx for every vertex x ∈ Q0, and linear maps
Nw : Nx

//Ny for every path w : x //y in Q. In addition these maps must sat-
isfy some compatibility conditions with respect to both, the composition of paths,
and the ideal I : Nεx

= 1, Nuv = Nv ◦Nu whenever u and v are paths such that
s(v) = t(u), and, finally,

∑r
i=1 λiNwi

= 0 whenever
∑r

i=1 λiwi ∈ I. We naturally
identify kQ/I−modules with k−linear representations of (Q, I). The projective
and injective indecomposable kQ/I−modules corresponding to a vertex x are rep-
resented by the functors Px(−) = A(x,−) and Ix(−) = Homk(A(−, x),k). In
particular, Px(t) is the k−vector space generated by the set {w + I| w is a path
w : x //t } (see [8, 6] for further details).

1.2. Simplicial methods. The simplicial (co)homology groups of an algebra
of finite representation type were introduced in [13] and played an essential role in
the study of the representation theory of algebras (see [13, 40, 10]). For instance,
the vanishing of the second cohomology group with coefficients in the multiplicative
group k∗ implies the existence of a multiplicative basis of A. Furthermore these
groups are related to the Hochschild cohomology groups of A (see [32, 38, 15]).

Recall that any triangular k−algebra A ' kQ/I of finite representation type
is schurian, that is dimkA(x, y) ≤ 1 for every pair of vertices x, y in Q. Follow-
ing Bretscher and Gabriel [13], to a schurian triangular algebra A ' kQ/I we
associate a simplicial complex S•A, which we call its classifying space (the original
terminology was simplicial frame in [13]) in the following way:

• The vertex set is Q0;
• The n−simplices are given by the (n+1)−tuples (x0, x1, . . . , xn) of distinct

vertices of Q such that the composition

A(x0, x1)×A(x1, x2)× · · · ×A(xn−1, xn) // A(x0, xn)

is non-zero.
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The complex S•A gives raise to a differential complex (C•A, d•) in the na-
tural way: CnA is the free abelian group with basis SnA, and the differentials
dn : CnA //Cn−1A are defined on the basis elements by

dn(x0, x1, . . . , xn) =
∑n

i=0(−1)i(x0, . . . , x̂i, . . . , xn)

where, as usual, (x0, . . . , x̂i, . . . , xn) is the n−tuple obtained by deleting xi from
(x0, x1, . . . , xn). The simplicial homology groups of A are, by definition, the ho-
mology groups of (C•A, d•), and we denote them by SHi(A). Naturally, given an
abelian group G, the simplicial cohomology groups of A with coefficients in G are
the cohomology groups of HomZ(C•A,G), and we denote them by SHi(A,G).

Example 1.2.1. Let (Σ,≤) be a finite partially ordered set (poset in the sequel).
Without loss of generality, we can assume that Σ = {1, . . . , n} and that the natural
order on Z extends ≤. The incidence algebra of Σ with coefficients in a commutative
field k, denoted by kΣ, is the subalgebra of Mn(k) given by

kΣ = {(ai,j)(i,j)| ai,j = 0 if i 6≤ j}.

We can alternatively describe kΣ by a bound quiver in the following way. Let QΣ

be the quiver having Σ as set of vertices, and whose arrows are given by the covering
relations in Σ. More precisely, there is an arrow αi

j : i //j if, and only if, i > j and
there is no element s ∈ Σ such that i > s > j. Finally, let IΣ be the ideal of kQΣ

generated by {w − w′| w and w′ are parallel paths in QΣ}. With these notations,
kΣ ' kQΣ/IΣ. In this particular case, the i−simplices of S•kΣ are precisely the
chains of length i + 1 of Σ. Thus, the simplicial complex S•kΣ is the complex of
chains of Σ (see [20]).

Besides the (co)homology groups, one can consider the homotopy groups of
the space S•A. Among them, the fundamental group π1(S•A) has proven to be a
useful tool in the representation theory of algebras. In the remaining part of these
notes, we will be mainly interested in homotopical aspects, so we will not pursue
our discussion about simplicial (co)homology groups of algebras. However, we refer
the reader to [10, 13, 40, 38] for information about these groups.

As a final remark, let us note that although we restricted ourselves to the
construction of S•A and the simplicial (co)homology groups of A in case the algebra
A is schurian (that is, to the original context in which these groups arose), similar
constructions can be made in much more general situations (see [38, 40, 15]).

2. Classifying spaces.

2.1. The classifying space of a small category. The simplicial complex
of non-empty chains of a poset is a particular case of a more general construction,
that of the classifying space of a small category. Indeed, let C be such a category.
The classifying space of C, denoted by BC, is the C.W. complex whose 0-cells are
the objects of C. In addition, for n ≥ 1, there is one n−cell corresponding to each
diagram

X0
f1 // X1

f2 // · · · fn // Xn

in C such that none of the fi is an identity map. The corresponding n−cell is
attached in the natural way to any cell of smaller dimension obtained by deleting
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one of the objects Xi in the diagram above, and for i such that 0 < i < n, replacing
fi and fi+1 by the composite fi+1fi, whenever this is not an identity map.

In the preceding example, the poset (Σ,≤) can be considered as a small category
in a natural way: Its object class is precisely the set Σ, and there is a unique
morphism ρx

y : x //y if, and only if, y ≤ x, and the composition is induced by the
transitivity of ≤. Then the classifying space of (the small category) Σ is precisely
the simplicial complex of the non-empty chains of (Σ,≤).

2.2. Homotopy relations in bound quivers. Let (Q, I) be a bound quiver,
and x, y be two vertices of Q. Following [39] (see [35] also), a relation ρ =∑r

i=1 λiwi ∈ I(x, y) (where λi ∈ k∗ and the wi’s are pairwise different paths of
length at least two from x to y) is said to be a minimal relation if:

(1) r ≥ 2, and
(2) for every non-empty proper subset J of {1, . . . , r} we have

∑
i∈J λiwi 6∈

I(x, y).

Given an arrow α : x //y in Q, we denote by α−1 its formal inverse of source y
and target x. A walk from a vertex x to a vertex y is a sequence w = αε1

1 α
ε2
2 · · ·αεn

n

of arrows and formal inverses of arrows such that the source of αε1
1 is x, the target of

αεn
n is y, and the source of αεi

i is the target of αεi−1
i−1 for every i such that 1 < i ≤ n.

If w and w′ are walks in Q such that the source of w′ is the target of w, one can
consider the walk ww′. This yields a product on the set of walks, which, however,
is not everywhere defined. We define the homotopy relation on the set of walks on
Q as the smallest equivalence relation ∼ satisfying:

(1) For each arrow α : x //y , one has αα−1 ∼ εx and α−1α ∼ εy.
(2) For each minimal relation

∑m
i=1 λiwi, one has wi ∼ wj for all i, j in

{1, . . . ,m}.
(3) If u, v, w and w′ are walks, and u ∼ v, then wuw′ ∼ wvw′, whenever these

compositions are defined.
We denote by [w] the homotopy class of a walk w.

A closely related notion is that of natural homotopy of paths. Two parallel
paths w and w′ are said to be naturally homotopic (compare with the original
definition in [4], p. 465) if either w = w′ or there exists a sequence of paths
w = w0, w1, . . . , ws = w′, such that for i ∈ {1, . . . , s}, there exist paths ui, pi, p

′
i

and vi satisfying:
(1) pi and p′i appear in a same minimal relation, and
(2) wi = uipivi, wi−1 = uip

′
ivi.

In this case, we write w ≈ w′, and bwc will denote the natural homotopy class
of w (of course, natural homotopy is an equivalence relation).

Example 2.2.1. Consider the quiver Q: 1
β1

%%

β2

992 α //3 bound by the ideal

I =< β1α − β2α >. The arrows β1 and β2 are homotopic, but not naturally
homotopic.

The following proposition gives an alternative description of the natural homo-
topy relation.
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Proposition 2.2.2. Let (Q, I) be a bound quiver. The natural homotopy rela-
tion is the smallest equivalence relation a on the set of paths on Q verifying the
following conditions :

(2’) For each minimal relation
∑m

i=1 λiwi, one has wi a wj for all i, j in
{1, . . . ,m}.

(3’) If u, v, w and w′ are paths, and u a v then wuw′ a wvw′, whenever these
compositions are defined.

Proof: Let a be the smallest equivalence relation satisfying conditions (2’) and (3’)
above. It is clear that these conditions are satisfied by ≈, so w a w′ implies
w ≈ w′. Conversely, assume that w ≈ w′, with w 6= w′. Then, by definition there
exists a sequence of paths w = w0, w1, . . . , ws = w′, and, for i ∈ {1, . . . , s} there
exist paths ui, pi, p

′
i and vi with pi and p′i appearing in the same minimal relation,

and such that wi = uipivi, wi−1 = uip
′
ivi. It follows from (2′) that pi a p′i, for

every i such that 1 ≤ i ≤ s. It now follows from (3′) that uipivi a uip
′
ivi and this

yields w a w′. �

Remark 2.2.3. Since the ideal I is assumed to be admissible, the natural
homotopy class of an arrow α is reduced to {α}. This does not hold for homotopy
classes of arrows as example 2.2.1 shows.

It is easily seen that if w and w′ are two naturally homotopic paths, then they
are homotopic, but the converse does not hold in general. However, as the following
proposition shows, these relations may coincide.

Proposition 2.2.4. Let A = kQ/I be a schurian algebra, then the relations ∼
and ≈ coincide.

Proof (sketch): The crucial point is that since A is schurian, the only minimal
relations that one needs to completely determine homotopy relations are of the
form λ1w1 + λ2w2, where w1 and w2 are non-zero paths sharing no arrows. �

2.3. The classifying space of a bound quiver. We wish to build a C.W.
complex by successively attaching n−cells to a previously built (n−1)−dimensional
C.W. complex. We begin by describing the sets Cn of n−dimensional cells:

(1) C0 = Q0,
(2) C1 = {bσc| σ : x // y is a path in Q with σ /∈ I, σ 6= εx, εy}, and
(3) for n ≥ 2, Cn = {(bσ1c, . . . , bσnc)| σ1σ2 · · ·σn is a path in Q, σ1 · · ·σn /∈

I, σi is not a stationary path}.
Let bσc ∈ C1, with σ : x // y . We attach the 1−cell bσc to the 0−cells cor-
responding to x and y in the natural way. Moreover, each n−dimensional cell
(bσ1c, . . . , bσnc) is attached, again in the obvious way, to the (n+1) cells of dimen-
sion n− 1 corresponding to (bσ2c, . . . , bσnc), . . . , (bσ1c, . . . , bσiσi+1c, . . . , bσnc), . . .
and (bσ1c, . . . , bσn−1c). We refer the reader to section 2.2 in [15] for a precise
description of the construction.

Note that since I is an admissible ideal, there are only finitely many k ∈ N
such that Ck 6= ∅.

Definition 2.3.1. Let (Q, I) be a bound quiver. The C.W. complex obtained
by the preceding construction is the classifying space of (Q, I), and is denoted by
B(Q, I).
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Remark 2.3.2. A slightly different approach consists in considering homo-
topy classes of paths, instead of natural homotopy classes to attach the cells. The
complex obtained in this way will be denoted B](Q, I), and called the total classi-
fying space of (Q, I). It may seem somehow artificial to consider natural homotopy
classes instead of homotopy ones. However, in view of (co)homological compu-
tations, this is the right context. It is shown in [15] that if A = kQ/I has a
semi-normed basis (see [38]), and SHi(A,k+) are its simplicial cohomology groups,
then Hi(B(Q, I)) ' SHi(A,k+) (see [15], 5.3 - 5.5).

Examples 2.3.3.
(1) Let A = kQ/I be a schurian algebra. As noted in the proposition 2.2.4,

in this case homotopy and natural homotopy coincide, thus B(Q, I) =
B](Q, I). For x, y ∈ Q0, there is a 1-cell joining them if and only if
there is a non-zero path w from, say, x to y. Moreover, if there is another
such path w′, then, since A is schurian, one has w ≈ w′. Thus different
paths give the same 1−cell, and one can identify it with the pair (x, y).
In a similar way, given an n−cell corresponding to (bσ1c, . . . , bσnc), with
σi ∈ A(xi−1, xi), one can identify it with the sequence of n + 1 vertices
x0, x1, . . . , xn in Q. This shows that for schurian algebras A = kQ/I, the
C.W. complex B(Q, I) is precisely the simplicial complex S•A of section
1.2, above (see also [38]).

(2) Let Q be a quiver, and I be the ideal of kQ generated by paths of length
2. In this case there are no minimal relations, so homotopy and natu-
ral homotopy are trivial relations and B(Q, I) = B](Q, I). Each arrow
α : x //y of Q gives rise to a 1−cell. Moreover, since the only non-zero
paths are the arrows, these are the only cells. For the same reason, there
are no higher dimensional cells, so the space B(Q, I) is homeomorphic to
Q, the underlying graph of Q.

(3) The preceding example is a particular case of a more general result (see
[15]). If A = kQ/I is a triangular algebra, with I generated by a set of
paths, then there are no minimal relations, so the homotopy relations are
trivial. A consequence on this is that in this case the graph Q is a strong
deformation retract of B(Q, I).

(4) Consider the bound quiver of example 2.2.1. The space B(Q, I) has two
2−cells, namely (bβ1c, bαc), and (bβ2c, bαc) sharing the 1-cells bαc and
bβ1αc = bβ2αc in their boundary. On the other hand, the space B](Q, I)
has only one 2−cell: ([β1], [α]) = ([β2], [α]). The spaces look as follows:

2 3

bβ1αc = bβ2αc

[β1] = [β2]

B](Q, I)

[β1α] = [β2α]bαc

bβ1c

1

B(Q, I)

[α]

3

1 2

bβ2c
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(5) Consider the quiver

5
((QQQQQQQQ

2
((QQQQQQQQ

66mmmmmmmm 8

4
((QQQQQQQQ

FF�������
6

66mmmmmmmm

1

FF�������
66mmmmmmmm

((QQQQQQQQ 7

FF�������

3

66mmmmmmmm

FF�������

bound by the ideal generated by the commutativity relations and all the
paths of length 3. The space B(Q, I) is homeomorphic to the 3−dimen-
sional sphere S2. The commutativity relations tell how to "glue" the
2−dimensional cells. The existence of monomial relations implies that
there are no 3−cells to "fill the hole".

Let (Q, I ′) be the same quiver bound by the commutativity relations
(and only these). In particular, the natural homotopy relations induced
by I and I ′ are the same. However, the space B(Q, I ′) is homeomorphic to
B3, hence does not have the same homotopy type as B(Q, I). This shows
that the monomial relations play an important role in the construction
of B(Q, I), even though they are not taken into account to define the
homotopy relations.

2.4. Some remarks. Before going into a deeper study of B(Q, I), we give a
short list of general immediate remarks.

First of all, it is important to note that calling B(Q, I) a classifying space
is an abuse of terminology. Indeed, B(Q, I) is not the classifying space of any
(reasonable) category, in the sense of 2.1. Let P(Q) be the path category of Q,
its object class is precisely Q0, and the morphisms are the paths in Q. Moreover,
let P(Q, I) = P(Q)/ ≈ be the natural homotopy category of (Q, I). One could
think that B(Q, I) is the classifying space of P(Q, I). However, this is not the case.
In general, B(Q, I) is a subcomplex of the classifying space of P(Q, I). The cells
of the latter are in bijection with n−tuples of composable (classes of) morphisms
(bσ1c, bσ2c, . . . , bσnc) regardless whether their composition is zero or not. In fact,
"zero" does not make any sense in the category P(Q, I), which is not linear.

In case the algebra A = kQ/I is triangular, then the boundary of any n−cell is
homeomorphic to Sn−1 = {x ∈ Rn| ‖x‖ = 1}, thus in complex B(Q, I) is a regular
C.W. complex. This holds because every path in Q passes at most once at any
given vertex of Q.

As we noted in Remark 2.2.3 the natural homotopy class of an arrow α is
reduced to {α}. In this way we can identify the underlying graph of Q to a 1-
dimensional complex of B(Q, I). Note that this is does not hold for B](Q, I) (see
Example 2.2.1).

The (classical) construction "Classifying space" defines a functor from the cate-
gory of small categories and functors to the category of C.W. complexes and cellular
maps. It is then natural to ask if the same holds for our construction. Recall that
a morphism of quivers f : Q //Q′ is given by a pair of maps fi : Qi

//Q′i , for i ∈
{1, 2}, such that every arrow α : x //y inQ induces an arrow f1(α) : f0(x) //f0(y)
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in Q′. Such a morphism induces in a natural way a k−linear map f : kQ //kQ′ . A
morphism of bound quivers f : (Q, I) //(Q′, I ′) is a morphism of quivers such that
f(I) ⊆ I ′. The following example shows that our construction is not functorial.

Example 2.4.1. Consider the example (5) in 2.3.3. The identity map on Q
induces a morphism of bound quivers p : (Q, I ′) //(Q, I) . As we saw, B(Q, I ′) '
B3 which is contractible, and B(Q, I) ' S2, so there is no (non trivial) cellular map
p : B(Q, I ′) //B(Q, I) .

3. Fundamental groups.

3.1. The fundamental group of a bound quiver. Let (Q, I) be a bound
quiver with Q connected, and fix a vertex x0 ∈ Q0. Let π1(Q, x0) be the funda-
mental group of the underlying graph of Q at the vertex x0, which is isomorphic
to the free group in χ(Q) = |Q1| − |Q0| + 1 generators (see [47]). Moreover, let
N(Q, I, x0) be the normal subgroup of π1(Q, x0) generated by all the elements of
the form wuv−1w−1 where w is a walk from x0 to, say x, and u, v are two homotopic
paths starting at x.

Definition 3.1.1. Let (Q, I) be a connected bound quiver. The fundamental
group is then defined to be π1(Q, I) = π1(Q, x0)/N(Q, I, x0).

Since the quiver Q is assumed to be connected, this definition does not depend
on the base point x0. However the definition of π1(Q, I) heavily depends on the
minimal relations, which are given by the ideal I. Thus one can have kQ/I1 '
kQ/I2 but π1(Q, I1) 6' π1(Q, I2). We will discuss this point in section 6.

At this point it is important to note that one could have chosen naturally
homotopic paths in the definition of N(Q, I, x0) as well. Indeed, since in a group
every element has an inverse, condition (1) in the definition of the homotopy relation
is automatically satisfied.

Following [7], a triangular algebra is called simply connected if for every bound
quiver (Q, I) such that A ' kQ/I the fundamental group π1(Q, I) is trivial. It was
shown in [49] that a triangular algebra A is simply connected if, and only if, it does
not admit a proper Galois covering (see [39, 12, 28] or section 4 for definition). This
definition of simple connectedness extends to the infinite representation case those
of [12] and of [11]: In [12], a representation finite algebra is called simply connected
if its Auslander Reiten quiver, ΓA is simply connected. On the other hand, following
[11], an A−module M is said to be separated if its restriction to each connected
component of A is 0 or an indecomposable module. An algebra A is said to satisfy
the separation condition if for every x ∈ A0, the module rad Px is separated as
module over the full subcategory of A generated by the non predecessors of x. It
was established in [49] that if A = kQ/I is triangular algebra which is separated,
then it is simply connected. Moreover, if in addition A is of finite representation
type, the converse also holds (see [11]).

The definition of π1(Q, I) given above makes it difficult in practice to effectively
determine the group. It is thus interesting to obtain computational tools to do
so. The following algorithm, due to E. Reynaud [45], reduces the computation of
π1(Q, I) to the computation of the fundamental group of a quiver with relations
(Q′, I ′) having one less vertex that Q, but with I ′ not necessarily admissible. By
successively repeating this process, one gets a convenient presentation of π1(Q, I).
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Algorithm 3.1.2. [45] Let (Q, I) be a bound quiver having at least two ver-
tices.

(1) Chose an arrow α : x1
//x2 in Q.

(2) Let Q′ be the quiver obtained from Q by identifying the vertices x1 and
x2 to a new vertex x. The arrows of Q′ are those of Q except α. Note
that an arrow parallel to α in Q becomes a loop in Q′.

(3) Consider the map p : { paths in Q} //{ paths in Q′} defined on the ver-
tices and the arrows of Q (and extended in the obvious way) by

p(εy) =
{
εx if y = x1, or x2

εy otherwise. and p(γ) =
{
εx if γ = α
γ otherwise.

This induces a linear map p : kQ //kQ′ (which is not a morphism of
algebras). Consider the ideal I ′ = p(I), which may fail to be admissible.
The groups π1(Q, I) and π1(Q′, I) are isomorphic

(4) If |Q′0| > 2 , we can start again. Otherwise the algorithm stops.

Example 3.1.3.
(0) Let Q be the quiver

3
α1

%%

β1

992
α2

%%

β2

991 bound by I =< α1α2 − β1β2, α1β2 − β1α2 > .

(1) For the first iteration choose the arrow α1, so we obtain the quiver

2β1
$$ α2

((

β2

66 1 bound by I1 =< α2 − β1β2, β1α2 − β2 > .

(2) For the second iteration choose the arrow α2, so we obtain the quiver

2β1
$$

β2
zz

bound by I2 =< ε2 − β1β2, β1 − β2 > .

Since the obtained quiver has only one vertex, we have finished.
The first relation in I2 gives [β1]−1 = [β2] while the second gives [β1] = [β2] and
this yields π1(Q, I) ' Z2.

3.2. The fundamental group of B(Q, I). In this section we describe the
group π1(B(Q, I)), and we see that it is isomorphic to π1(Q, I). This result gener-
alizes similar ones obtained independently in case A = kQ/I is an incidence algebra
in [44], or a schurian triangular algebra in [14].

We begin by briefly recalling a convenient way to compute the fundamental
group of a connected C.W. complex X. Fix a 0−cell x0, then, by definition, the
fundamental group of X is π1(X) = {f : S1 //X | f continuous, f(1, 0) = x0}/ ∼
where ∼ is the usual homotopy relation, relatively to x0, of maps of topological
spaces (see [47]). In order to give a presentation of π1(X), fix a maximal tree M
in X, that is a subcomplex of dimension smaller or equal to 1, which is acyclic and
maximal for this property. Note that the maximality ofM implies its connectedness.
For every 2−cell e2λ of X, let αe be a path class which stars at some fixed 0−cell x
in the its boundary ∂e2λ, and goes around it exactly once. Moreover, let βx be the
unique path class in X which goes from x to x0 along M . Finally set γe = βxαeβ

−1
x

(compare with the definition of a parade data in [26]). Let G be the free group on
the set of 1−cells of X, and N be the normal subgroup of G generated by:
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(1) The cells appearing in M ,
(2) The elements γe constructed above.

With these notations, we get π1(X) ' G/N (see [41], p. 213).

Remark 3.2.1. In case X is a graph, there are no 2−cells, so there are no
elements γe. Moreover, in this situation M has exactly |X0| − 1 one-dimensional
cells, and we obtain that π1(X) is the free group on |X1| − |X0| + 1 generators
(compare with 3.1).

We now turn our attention to the complex B = B(Q, I). In this case, the
2−cells are given by pairs e2σ = (bσ1c, bσ2c) such that σ1σ2 6∈ I. Moreover, the
boundary of such a cell is the union of the 1-cells: bσ1c, bσ1σ2c, and bσ2c. This
allows us to improve the presentation of π1(B)

Lemma 3.2.2. Let (Q, I) be a bound quiver, and T a maximal tree in Q. Then
π1(B) ' F/K, where F is the free group with basis the set of arrows of Q, and K
is the normal subgroup generated by the elements of the following two forms:

(1) α, for every arrow α in T
(2) (α1α2 · · ·αr)(β1β2 · · ·βs)−1 whenever α1α2 · · ·αr and β1β2 · · ·βs are two

paths appearing in the same minimal relation.

Proof (sketch): Let T be a maximal tree in the quiver Q. In particular T is a set of
arrows of Q. It follows from the construction of B(Q, I) that an arrow α : x //y in
T gives rise to a 1−cell bαc in B(Q, I). The set of 1−cells obtained from the arrows
of T forms a maximal tree M in B(Q, I). Moreover, let G and N be as before.
Define maps φ : F //G/K , and ψ : G //F/N in the natural way, and show that
this gives group homomorphisms Φ : F/K //G/N and Ψ : G/N //F/K which
are mutually inverses. �

This leads us to the following result.

Theorem 3.2.3. Let (Q, I) be a bound quiver, then the groups π1(B) and
π1(Q, I) are isomorphic.

Proof: This follows immediately from the description of π1(Q, I) done in section
3.1, remark 3.2.1 and the preceding lemma. �

As noted before, the fundamental group is not an invariant of the algebra.
However, in case A ' kQ/I is schurian (for instance a triangular representation
finite algebra) then π1(Q, I1) ' π1(Q, I2) whenever kQ/I1 ' kQ/I2 (see [9], or
section 6).

Corollary 3.2.4. Let A ' kQ/I be a triangular representation finite algebra,
and ΓA be its Auslander-Reiten quiver. Then π1(ΓA) ' π1(B).

Proof: This follows directly from [39], 3.9 and 4.3, and Theorem 3.2.3. �

Another immediate remark is that the preceding theorem, together with lemma
3.2.2 gives a presentation of π1(Q, I) (see also [48]).

Examples 3.2.5.
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(1) Let m be an integer, m ≥ 3 and set [m] = {0, 1, . . . ,m}. Following [31],
consider the set Σ∗m = {(i, j) ∈ [m] × [m]| 0 ≤ i ≤ m + 1 − j if j 6= 0, or
0 ≤ i ≤ m if j = 0} ordered by (i, j) < (i, j + 1), and (i, j) < (i− 1, j + 1)
where we identify (−1, j + 1) to (m + 1 − j, j + 1). The quiver Q(4)

corresponding to Σ∗4 is

·(0,4)

�� ((PPPPPPPPP ·
(1,4)

��vvnnnnnnnnn

·
(0,3)

�� ((PPPPPPPPP ·
�� ((PPPPPPPPP ·

(2,3)

��ssfffffffffffffffffff

·
(0,2)

�� ((PPPPPPPPP ·
�� ((PPPPPPPPP ·

�� ((PPPPPPPPP ·
(3,2)

��qqdddddddddddddddddddddddddddd

·
(0,1)

�� ((PPPPPPPPP ·
�� ((PPPPPPPPP ·

�� ((PPPPPPPPP ·
�� ((PPPPPPPPP ·

(4,1)

��qqcccccccccccccccccccccccccccccccccccccc

·
(0,0)

· · · ·
(4,0)

Let I be the ideal of kQ(4) generated by the differences of parallel
paths, and write m = 2q + r with r ∈ {0, 1}. We claim that π1(Q(4), I)
is the free group in q + r generators. Given (i, j) ∈ Σ∗m, denote by αi

j

the arrow going from (i, j) to (i, j − 1). The other arrow starting at
(i, j) is denoted by βi

j . A maximal tree in Q is given by the arrows
{αi

j}∪ {βi
m−i}. From the minimal relation α0

mβ
0
m−1−β0

mα
1
m−1 we obtain

β0
m ∈ K. Similarly, we obtain βi

j ∈ K for every arrow βi
j with (i, j) 6=

(i,m− i+ 1). Now, since m ≥ 3, we have a minimal relation β1
mβ

0
m−1 −

α1
mα

1
m−1, and this leads to β1

m ∈ K. Similarly, if m ≥ 4 we have a minimal
relation:

β2
m−1β

0
m−2β

1
m−3 − α2

m−1α
2
m−2α

2
m−3

hence β2
m−1 ∈ K. More generally, in case i ≤ m/2, we have m−2i+1 ≥ 1,

and this gives a minimal relation:

βi
m−1β

0
m−2 · · ·βi−1

m−2i+1 − αi
m−i+1α

i
m−i · · ·αi

m−2i+1

from which we obtain βi
m−i+1 ∈ K for i ∈ {1, . . . , q}, and the remaining

arrows βi
j do not appear in any relation, thus are free, so π1(Q(4), I) is

the free group on these arrows. There are m − q = 2q + r − q = q + r of
them.

(2) Consider the quiver 4
α3

((

β3

66 3
α2

((

β2

66 2
α1

((

β1

66 1 bound by the ideal

I =< α3β2−β3α2, α2β1−β2α1, β3β2β1−α3α2α1 >. The arrows α1, α2

and α3 form a maximal tree in Q. From the relation α3β2 − β3α2 we
obtain β1K = β2K, and, similarly, β2K = β3K. Finally, the relation
β3β2β1 − α3α2α1 gives (β1K)3 = K. Hence π1(Q, I) ' Z3.

3.3. Some applications. The results in the previous section allow us to ob-
tain some tools for computations involving fundamental groups of bound quivers.
On one hand we can use the presentation given in lemma 3.2.2, and on the other
we can use results from algebraic topology.
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Let A = kQ/I be a triangular algebra, x be source in Q, and B = A/(AexA).
Letting M = radPx, which is a right B−module, we can write A in matrix form

A =
[

B 0
kMB k

]
with the usual matrix operations (the multiplication being induced from the module
structure of B). We say that A is a one-point extension of B, and write A = B[M ].
Let (QA, IνA

) be a presentation of A, and (QB , IνB
) be the induced presentation of

B. Let Q(1)
B , . . . , Q

(c)
B be the connected components of QB , and I(j)

ν = IνB
∩ kQ(j)

B ,
for 1 ≤ j ≤ c. For each j, the embedding of Q(j)

B in QA induces a group mor-
phism ηj : π1(Q

(j)
B , I

(j)
ν ) //π1(QA, IνA

) . We compute the cokernel of the induced
morphism (compare with [1])

η = (ηj)j :
c∐

j=1

π1(Q
(j)
B , I(j)

ν ) // π1(QA, IνA
) .

As in [3], given a vertex x in a quiver Q, denote by x→ the set of arrows leaving x.
The set →x is defined analogously. Following [3](2.1), let ` be the least equivalence
on x→ such that α ` β whenever there exists a minimal relation

∑r
i=1 λiwi such

that w1 = αw′1, w2 = βw′2. We denote by [α]νA
the equivalence class of α, and

by t = t(νA) the number of equivalence classes [α]νA
in x→. Finally, we denote by

s = s(x) the number of indecomposable direct summands of M . It is shown in [3]
(2.2) that c ≤ t ≤ s.

Theorem 3.3.1. [1] Let A = B[M ] be given an arbitrary presentation (QA, IνA
).

Then the cokernel of the morphism η :
∐c

j=1 π1(Q
(j)
B , I

(j)
ν ) //π1(QA, IνA

) induced
by the inclusion is the free group Lt−c in t− c generators.

Proof (sketch): Since δ ` γ cannot happen whenever δ and γ are arrows lying in
distinct components of QB , we assume that B is connected, that is c = 1. Set
t = t(νA), and let {α1, . . . , αt} be a complete set of representatives of the classes
[α]νA

. For i ∈ {1, 2, . . . , t− 1} set ai = [αi]νA

Let TB be a maximal tree in QB , and FB , KB as in 3.2.2. Denote by TA the
maximal tree in QA obtained from TB by adding the arrow αt. Moreover, let FA

and KA be as in 3.2.2. We have π1(QB , IνB
) ' FB/KB and π1(QA, IνA

) ' FA/KA

and the morphism η : FB/KB
//FA/KA is given by αKB

� //αAA . Let L be the
free group with basis {ai| 1 ≤ i < t}. Define a group homomorphism ϕ̃ : FA

//L
by

ϕ̃(α) =
{
ai if α ` αi for some i ∈ {1, . . . t− 1},
1 otherwise.

Finally verify that ϕ̃ induces a morphism ϕ : FA/KA
//L which is the cokernel of

η. �

The Van-Kampen theorem (see [47]) is perhaps one of the most useful tools
to compute fundamental groups of topological spaces. Theorem 3.2.3 allows us to
obtain this result in the context of bound quivers.

Given a bound quiver (Q, I) and a full convex subquiver Qi, let Ii denote the
ideal I ∩ kQi. With these notations, we have the following result.
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Corollary 3.3.2. [15]Let (Q, I) be a bound quiver, Q1 and Q2 be two full
convex subquivers of Q such that every non-zero path of Q lies entirely in either
Q1 or Q2, and Q0 = Q1 ∩ Q2 is connected. Then π1(Q, I) is the pushout of the
diagram

π1(Q1, I1) π1(Q0, I0)oo // π1(Q2, I2)

where the arrows are the maps induced by the inclusions. �

It is worthwhile to note that a different approach to a Van Kampen theorem
has been considered by in [44] for schurian algebras.

Example 3.3.3. Following [37], let A = kQA/IA and B = kQB/IB be two
algebras given by quivers with relations. Let QC be a full convex and connected
common sub-quiver of QA and QB such that IB ∩ kQC = IA ∩ kQC . Denote by
IC this ideal of kQC , and let eC =

∑
x∈(QC)0

ex be the identity of the algebra
C = kQC/IC . Then C ' eCAeC ' eCBeC is a common quotient of A and B. The
pull-back of the projections

A
pA // C B

pBoo

is the algebra R = {(a, b) ∈ A×B| eCaeC = eCbeC}. We have that R ' kQR/IR,
where QR is the pushout of the inclusions (of quivers)

QA QC
� � jB //? _

jAoo QB .

That is, QR is obtained from QA and QB by identifying the common subquiver QC

(so that paths in QA or QB can be considered as paths in QR). The ideal IR is then
IR = IA +IB+ < R >, where R is the set of paths of QR linking (QA)0\(QB)0 and
(QB)0\(QA)0. The hypothesis of corollary 3.3.2 are satisfied, so the fundamental
group π1(QR, IR) is the pushout of

π1(QA, IA) π1(QC , IC)
π1(jB) //π1(jA)oo π1(QB , IB).

4. Coverings.

As we saw in the preceding section, the construction of B(Q, I) does not lead
to a functor from the category of bound quivers to that of C.W. complexes. This
is somehow natural, since there is no reason why a bound quiver morphism should
behave well with respect to the homotopy relations. On the other hand, if we
consider covering morphisms of bound quivers, which do behave well from the
homotopy point view, we will obtain covering maps of C.W. complexes.

4.1. Coverings of bound quivers. We begin by recalling the following def-
inition from [21].

Definition 4.1.1. A Galois covering of a bound quiver (Q, I) is a bound quiver
morphism p : (Q̂, Î) //(Q, I) together with a group G of automorphisms of (Q̂, Î)
such that:

(1) G acts freely on Q̂0,
(2) pg = p for every g ∈ G and p(x) = p(y) if, and only if, there exists g ∈ G

such that y = g(x).
(3) For every x ∈ Q0 and x̂ ∈ p−1(x) the map p induces bijections x̂→ //x→

and →x̂ //→x.
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(4) I is the ideal generated by the elements of the form p(ρ̂), with ρ̂ ∈ Î.

Among all Galois coverings of (Q, I), there is one of particular interest. The
universal Galois covering (see [39]) p : (Q̃, Ĩ) //(Q, I) , is given by the group G =

π1(Q, I). More precisely, the universal cover (Q̃, Ĩ) at some fixed vertex x0 ∈ Q0

is defined in the following way: The vertices of Q̃ are the homotopy classes [w] of
walks of Q starting at x0, and there is an arrow from [w] to [w′] whenever w′ = wα,
with α ∈ Q1. This provides a map of quivers p : Q̃ //Q defined by p([w]) = x, the
target of w. Finally, the ideal Ĩ is defined to be generated by the inverse images
under p of the generators of I (compare this construction with that of the universal
cover of a topological space in, for instance, [47]).

(Q̃, Ĩ)

p

��

p∗ // (Q̂, Î)

p̂{{www
ww

ww
ww

(Q, I)

If there is another Galois covering p̂ : (Q̂, Î) //(Q, I) given by a group H, then
there exists a Galois covering p∗ : (Q̃, Ĩ) //(Q̂, Î) such that p = p̂p∗. Moreover,
in this situation there is a normal subgroup N of π1(Q, I) such that π1(Q̂, Î) ' N
and π1(Q, I)/N ' H (see [39, 35, 13]).

Example 4.1.2. Let n ≥ 2 be an integer, and let Q̂n be the quiver whose ver-
tices are xi,j , with 0 ≤ i < n, 0 ≤ j ≤ n. The arrows of Q̂n are αi,j : xi,j

//xi,j−1

and βi,j : xi,j
//xi+1,j−1 for 0 ≤ i ≤ n, 1 ≤ j ≤ n, where indices are to be read

modulo n. Moreover, let Î =< w − w′|w and w′ are parllel >, so that kQ̂n/În
is an incidence algebra. Consider the automorphism g : (Q̂n, În) //(Q̂n, În) de-
fined on the vertices of Q̂n by g(xi,j) = xi+1,j , and on the arrows by g(αi,j) =
αi+1,j , and g(βi,j) = βi+1,j . Then g has order n. We can consider the quotient
(Qn, In) = (Q̂n, În)/ < g >. The vertex set of the quiver Qn is {x0, x1, . . . , xn},
and the arrows are αj , βj : xj

//xj−1 , for 1 ≤ j ≤ n. Moreover, In = <
αn · · ·α1 − βn · · ·β1, αiβi−1 − βiαi−1| 1 < i ≤ n >. An immediate computation
shows that π1(Q̂n, În) = 1 (see also [30, 14]), so that π1(Qn, In) '< g >' Zn.

The quivers Q̂2, and Q2 look as follows:

x0,2

α0,2

��

β0,2

''OOOOOOOOOOOOO x1,2

α1,2

��

β1,2

wwooooooooooooo
x2

α2

��
β2

��
x0,1

α0,1

��

β0,1

''OOOOOOOOOOOOO x1,1

α1,1

��

β1,1

wwooooooooooooo
x1

α1

��
β1

��
x0,0 x1,0 x1

A Galois covering of bound quivers p : (Q̂, Î) //(Q, I) induces naturally a
covering functor between k−categories F : Â = kQ̂/Î //A = kQ/I , and following
[12], we obtain two new functors:
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• The pull-up functor F• : mod−A //Mod− Â , given by F•(M) = M ◦F ,
and

• the push-down functor Fλ : Mod− Â //mod−A , the left adjoint to F•
By means of the functors above and their nice properties (see [28, 12, 13,

18]), it is often possible to reduce the study of the category of finite dimensional
representations of an algebra A to that of representations of a simply connected
k−category.

4.2. Coverings of classifying spaces. Recall from [47], for instance, that
if X is a topological space, then a covering space of X is a pair (X̂, p) where

(1) X̂ is an arcwise connected topological space,
(2) p : X̂ //X is a continuous map, and
(3) Each x ∈ X has an open neighborhood Ux such that p−1(Ux) =

⋃
i∈I Ûi,

with Ûi disjoint open sets, and p|Û : Ûi
//Ux an homeomorphism, for

every i ∈ I.
In this situation, we obtain a morphism of groups p∗ = π1(p) : π1(X̂) //π1(X)

which is always a monomorphism. In case Imp∗ is a normal subgroup of π1(X), the
covering (X̂, p) is said to be regular. The set of all homeomorphisms φ : X̂ //X̂
such that pφ = p is a group, which is called the group of covering automorphisms
of (X̂, p), and is denoted by Cov(X̂/X). A covering (X̂, p) is regular if and only if
Cov(X̂/X) acts transitively on p−1(x0), the fiber over the base point (see [47], for
instance).

Given a Galois covering p : (Q̂, Î) //(Q, I) , we wish to build a regular covering

Bp : B(Q̂, Î) //B(Q, I) . We need the following lemma.

Lemma 4.2.1. Let p : (Q̂, Î) //(Q, I) be a Galois covering given by a group G,
then:

(1) For every x, y ∈ Q0, every minimal relation ρ ∈ I(x, y) and every x̂ ∈
p−1(x) there exists ŷ ∈ p−1(y) and ρ̂ ∈ Î(x̂, ŷ) such that p(ρ̂) = ρ.

(2) Let x be a vertex of Q, and w1, w2 be two paths with source x. Moreover,
let x̂ ∈ p−1(x), and ŵ1, ŵ2 be two paths with source x̂ such that p(ŵi) =
wi, for i = 1, 2. Then w1 ≈ w2 if and only if ŵ1 ≈ ŵ2.

(3) For x0 ∈ Q0, and every x̂0 ∈ p−1(x0), there is a bijective correspondence
between the set of n−cells of B = B(Q, I) having x0 as boundary point,
and the set of n−cells of B̂ = B(Q̂, Î) having x̂0 as boundary point.

Proof (sketch): Since we assume Q to be connected, it is clear that p is surjective.
Moreover, the second requirement in condition (2) of the definition 4.1.1 implies
that G acts transitively on the fibers over the vertices of Q. This, together with
the fact that G is a group of automorphisms imply statement (1) (see also 1.4 of
[39]). Statements (2) and (3) follow directly. �

Note that the same statement holds if one replaces natural homotopy by ho-
motopy.

In light of statement (3), we can define without any ambiguity Bp : B̂ //B
as the map which maps homeomorphically an n−cell (bσ1c, . . . bσnc) onto the cell
(bpσ1c, . . . , bpσnc). This leads to the following theorem (see [15]).
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Theorem 4.2.2. [15] Let p : (Q̂, Î) //(Q, I) be a Galois covering given by a
group G. Then (B̂,Bp) is a regular covering of B and Cov(B̂/B) ' G. �

Example 4.2.3. Consider the bound quivers (Q̂2, Î2) and (Q2, I2) of example
4.1.2. The covering map p : (Q̂2, Î2) //(Q2, I2) is given by p(xi,j) = xj . The
classifying space B̂ = B(Q̂2, Î2) is homeomorphic to S2. On the other hand, there
are four 2−cells in B = B(Q2, I2), namely (bα2c, bα1c), (bα2c, bβ1c), (bβ2c, bα1c)
and (bβ2c, bβ1c). Keeping in mind that α2α1 ≈ β2β1 and α2β1 ≈ β2α1, it is
easily seen that B is homeomorphic to the real projective plane RP 2, and the map
Bp : B̂ //B identifies antipodal points.

x3

x2

y2

y3

12

3

3

1

(bα1c, bβ2c)(bα1c, bα2c)

(bβ1c, bα2c) (bβ1c, bβ2c)

B(Q̂, Î) ' S2 B(Q, I) ' RP 2

x1

y1

4.3. Higher homotopy groups. Recall that given a topological space X, its
higher homotopy groups are πn(X,x0) = {f : Sn //X | f continuous, such that
f(1, 0, . . . , 0)) = x0}/ ∼, where, again, ∼ is the usual homotopy relation of maps
relatively to x0. In light of the results of the preceding sections, it would be natural
to define the higher homotopy groups of a bound quiver (Q, I) as the corresponding
homotopy groups of its classifying space, πn(B(Q, I)).

A different approach for the definition of πn(Q, I) has been considered by E.
Reynaud in [46]. It consists of considering higher dimensional analogs of walks and
the homotopy relation. In order to do so, consider a quiver Q having no multiple
arrows. In this situation, a walk f of length r− 1 on Q can be considered as a map
f : {1, . . . , r} //Q0 such that for every i ∈ {2, . . . r − 1} the vertices f(i− 1) and
f(i) appear in a path of Q.

Now, let 2 ≤ n ∈ N, and {a1, . . . , an} be natural numbers. Denote by [1, ai] the
set {1, 2 . . . , ai} and set A = [1, a1]× [1, a2]× · · · × [1, an]. An n−matrix of length
{a1, . . . , an} is a map f : A //Q0 . An n−matrix is an n−walk matrix if for any
(i1, . . . , in) ∈ A and every (j1, . . . , jn) such that with ik ≤ jk ≤ ik + 1 for every
k ∈ {1, . . . , n}, the vertices f(j1, . . . , jn) appear in a path of Q. Denote by Mn(Q)
the set of such matrices. The next step is to generalize the notions of source and
target of an n−walk matrix f ∈ Mn(Q) of length {a1, . . . , an}. For i ∈ {1, . . . n},
let si(f) and ti(f) be the (n− 1)−matrices of length (a1, . . . , âi, . . . an) defined by:

si(f)(y1, . . . yn−1) = f(y1, . . . yi−1, 1, yi, . . . , yn−1)
ti(f)(y1, . . . yn−1) = f(y1, . . . yi−1, ai, yi, . . . , yn−1).
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The source s(f), and the target t(f) of an n−walk matrix f are the (n −
1)−matrices sn(f) and tn(f), respectively. Two n−matrices f and f ′ are said to
be equal alongside if si(f) = si(f ′), and ti(f) = ti(f ′) for every i ∈ {1, . . . , n}.

a 3−matrix of length (7, 4, 5)a 2−matrix of length (12, 10)

s = s1

a 1−matrix of length 10

t = t1

s = s2

t1s1

t = t2

s2

t = t3

t1

In order to define the composition law on Mn(Q), let f and f ′ be two n−ma-
trices of lengths (a1 . . . , an) and (a′1 . . . , a

′
n), such that s(f ′) = t(f). In particular

this implies ai = a′i for i ∈ {1, . . . n−1}. Define f×f ′ to be the n−matrix of length
(a1, . . . an−1, an + a′n) defined by

(f × f ′)(x1, . . . , xn−1, t) =
{
f(x1, . . . xn−1, t) if 1 ≤ t ≤ an

f ′(x1, . . . xn−1, t− an) if an + 1 ≤ t ≤ an + a′n

Roughly speaking, f × f ′ is obtained by gluing f and f ′ along their common side.
Finally, we can define inductively an homotopy relation ∼ on Mn(Q′) as the

equivalence relation generated by:
(1) Two 0−matrices are homotopic if and only if they are equal.
(2) Let f, f ′ be two n−matrices of length (a1, . . . , an). If there exists an

(n+1)−matrix F such that s(F ) = f, t(F ) = f ′ and the matrices F (−, t)
are equal alongside for every t ∈ {1, . . . , an} then f ∼ f ′.

(3) Let f be an n−matrix of length (a1, . . . , an), i ∈ {1, . . . , n} such that ai ≥
2, and k ∈ {1, . . . , ai}. Let fi,k be the n−matrix of length (a1, . . . , ai −
1, . . . , an) defined by

fi,k(x1, . . . , xn) =
{
f(x1, . . . , xi, . . . , xn) if 1 ≤ xi < k
f(x1, . . . , xi + 1, . . . , xn) if k ≤ xi ≤ ai − 1

If fi,k is an n−walk matrix such that:
(a) f(1 + ε1(a1 − 1), . . . , 1 + εn(an − 1)) = fi,k(1 + ε1(a′1 − 1), . . . , 1 +

εn(a′n − 1)) for εi ∈ {0, 1} (where a′i = ai − 1 and a′j = aj for j 6= i),
and

(b) sj(f) ∼ sj(fi,k) and tj(f) ∼ tj(fi,k) in Mn−1(Q), for any j ∈
{1, . . . , n}.
Then f ∼ fi,k.

Intuitively, fi,k is obtained from f by deleting the kth hyperplan in the ith
coordinate.

f =

 z1 z2 z3 z4
y1 y2 y3 z4
x1 x2 x3 x4

 f2,3 =
[
y1 y2 y3 y4
x1 x2 x3 x4

]
f1,2 =

 z1 z3 z4
y1 y3 y4
x1 x3 x4
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Example 4.3.1. Let a ≤ x ≤ b and a ≤ y ≤ b be two parallel chains in a poset
Σ. Then, it follows from the condition 1) that the corresponding 1−matrices are
homotopic. Indeed, consider the 2−matrix of length (3, 3) given by

F =

 a y b
a a b
a x b

 .
This shows that if (Q, I) is a bound quiver arising from a poset, then the homotopy
relation on 1−matrices extends the usual homotopy relation of paths.

The relation ∼ is compatible with the (partially defined) composition law ×
just defined. As for the fundamental group, fix a vertex x ∈ Q0 and let Mn(Q, x)
be the set of n−walk matrices f such that si(f) = ti(f) for every i ∈ {1, . . . , n},
and this common value is the (n−1)−walk matrix of size (1, ..., 1) and with unique
entry equal to x. On Mn(Q, x), the composition law is everywhere defined.

Now let (Q, I) be a bound quiver, withQ having no oriented cycles, B = B(Q, I)
be its classifying space, and OB be the set of cells of B ordered by inclusion. Let
(Q′, I ′) be the bound quiver associated to this poset. In particular, Q′ has no
multiple arrows, and we can carry the construction described above. This leads to
the following definition:

Definition 4.3.2. [46] Let (Q, I) be a bound quiver with Q having no oriented
cycles. Moreover, let (Q′, I ′) be as in the preceding paragraph and x ∈ Q′0. The nth

homotopy group of (Q, I) is defined to be πn(Q, I) = Mn(Q′, x).

This leads to the following theorem.

Theorem 4.3.3. [46] With the above notations, one has isomorphisms of groups
πn(Q, I) ' πn(B(Q′, I ′)) for every n ≥ 1. �

Using the fact that B(Q′, I ′) is the first barycentric subdivision of B(Q, I), we
obtain immediately the equivalence of the two approaches.

Before giving an example, we recall that if (X̂, p) is a covering space of a
topological space X, then the groups πn(X̂) and πn(X) are isomorphic, for every
n ≥ 2 (see [47]).

Example 4.3.4. Consider the bound quiver (Q, I) of the example 4.2.3. The
universal cover of B = B(Q, I) is the sphere S2 so that π2(B) ' Z.

Remark 4.3.5. At this point it is important to note that in general the higher
homotopy groups are much harder to compute that either the (co)homology groups
or the fundamental group. This is essentially due to the fact that neither the
excision property - which allows to obtain the Mayer-Vietoris sequences- holds for
homotopy, nor the Van Kampen theorem holds for higher homotopy groups. Even
for rather simple spaces, like spheres, the homotopy groups are unknown in general.
Moreover, unlike homology groups, if X is a i−dimensional C.W. complex, it may
happen that πn(X) is not trivial for n ≥ i + 1. For instance, in the preceding
example π3(B) ' Z, and π4(B) ' Z2 (see [47]).
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5. Incidence algebras.

5.1. Some immediate results. As we noted in section 2.1, in case Σ is a
poset and (QΣ, IΣ) the associated bound quiver, then B(QΣ, IΣ), which is a sim-
plicial complex, is the classifying space of Σ considered as a category (see Exam-
ple 1 in 2.3.3). On the other hand, consider the incidence algebra kΣ, and let
HHi(kΣ) = Exti

kΣ−kΣ(kΣ,kΣ) denote its Hochschild cohomology groups. It was
proven in [32] by Gerstenhaber and Schack (see [38, 19, 15] also) that for every
i ≥ 0, there are isomorphisms of abelian groups HHi(kΣ) ' Hi(BΣ, k+). Moreover,
these isomorphisms commute with cup-products. Thus, when dealing with inci-
dence algebras, the links with algebraic topology are the best ones one can hope,
and we can obtain some immediate results concerning the simple connectedness or
the Hochschild cohomology of such algebras.

In [30], it was shown that if Σ is a poset having a greatest, or a least element,
then the Hochschild cohomology groups of kΣ vanish in every positive degree. The
following result, from which the second statement is in [14], is a slight generalization
of this fact.

Theorem 5.1.1. Let Σ be a finite poset. If there exists an element x0 ∈ Σ such
that for every y ∈ Σ one has either x0 ≤ y or y ≤ x0, then

(1) πn(kΣ) = 0 for every n ≥ 1, and
(2) HHn(kΣ) = 0 for every n ≥ 1.

Proof: Set Σ′ = Σ\{x0}, so that BΣ is the cone over BΣ′ with vertex x0. In
particular it is a contractible topological space. �

Let Σ be a finite poset. Recall from [25] that x ∈ Σ is called irreducible if x has
either a unique immediate successor, or a unique immediate predecessor. Naturally,
it is called doubly irreducible if it has both, a unique immediate successor, and a
unique immediate predecessor.

Proposition 5.1.2. Let x be an irreducible element in a poset Σ, and set
Σ′ = Σ\{x}. Then for every n ≥ 0 we have isomorphisms:

(1) πn(BΣ) ' πn(BΣ′), and
(2) HHn(kΣ) ' HHn(kΣ′).

Proof: This follows from the fact that BΣ′ is a strong deformation retract of BΣ
(see [36, 20]). �

A nice consequence of this result is that one can simplify computations of ho-
motopy and (co)homology groups of an incidence algebra by successively removing
irreducible points. It follows that every incidence algebra has the same homotopy
and (co)homology groups of incidence algebras whose underlying poset does not
contain any irreducible element. In case the above process ends with a poset hav-
ing a single element, we say that the poset is dismantlable and, of course, in this
case BΣ is a contractible simplicial complex (see [25]).

As noted in [5, 24, 30, 36], posets of a special kind, which are called crowns
play an important role when dealing with simple connectedness or Hochschild co-
homology of incidence algebras.

Definition 5.1.3. Let n ≥ 2 be an integer. The n-crown is the poset Cn =
{x1, x2 . . . xn, y1, y2, . . . yn} ordered by yi < xi, and yi−1 < xi for all i in {1 . . . n},
with y0 = yn, and xi 6≥ xj yi 6≥ yj for any i 6= j.
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It is easy to see that π1(BCn) is isomorphic to Z. Moreover, C2 is the minimal
poset whose incidence algebra is not simply connected.

Recall from [50] that a triangular algebra A ' kQ/I is said to be strongly simply
connected if every full convex subcategory A′ ⊆ A is simply connected. Note that in
the case of incidence algebras, "full convex subcategory" means incidence algebra
of a convex subposet.

The following result shows the relation between the strong simple connectedness
of an incidence algebra kΣ and the existence or not of crowns in the poset Σ.

Theorem 5.1.4. [24] Let Σ be a finite poset. Its incidence algebra is strongly
simply connected if and only if Σ does not contain a crown.

Proof: It is clear that, if Σ contains a crown, then the algebra kΣ is not strongly
simply connected. On the other hand, if Σ does not contain a crown, then the same
holds for every convex subposet Σ′ of Σ. It follows from Corollary 3.8 in [36] that
the simplicial complex BΣ′ is contractible, thus simply connected. �

Remark 5.1.5. It follows from Proposition 2.1 in [29] that if Σ does not contain
a crown, then HHi(kΣ′) = 0 for every convex sub-poset Σ′ of Σ, for all i ≥ 1.

The last result gives a sufficient (but not necessary) condition for the simple
connectedness of an incidence algebra. A necessary condition has been given in [5].

Finally, let us mention that the notions and methods exposed in this section
have successfully been generalised to schurian triangular algebras. We refer the
reader to [5, 2].

5.2. Barycentric Subdivisions. Let K be a simplicial complex and OK be
the set of simplices of K ordered by inclusion. If K is of the form BΣ, for some
poset Σ, then the simplicial complex BΣ = BOK is the first barycentric subdivision
of BΣ. This proves the following result:

Proposition 5.2.1. Let Σ be a finite poset, then for every n ≥ 0 there are
isomorphisms

(1) HHn(kΣ) ' HHn(kOBΣ), and
(2) πn(kΣ) ' πn(kOBΣ).

�

It is a well known fact (see [47]) that every finitely presented group is the
fundamental group of a finite simplicial complex. As a consequence, every finitely
presented group arises as the fundamental group of an incidence algebra. This was
first shown by Fischbacher and De la Peña [27].

In light of the preceding result, and since in general the poset OBΣ is much
bigger than Σ, it would be interesting to determine wether a poset is of the form
OBΣ, and, if this is the case, to recover Σ. This is the aim of this section. In order
to attain it, we will proceed in two steps. The first one is to determine when a poset
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is of the form OK, for a simplicial complex K. The second step is to combine this
characterisation with Stanley’s characterisation [51] of the simplicial complexes of
the form BΣ. Some additional terminology will be needed.

Let Q be a quiver, x be a vertex of Q, and n be an integer, denote by Q−∞ and
Q∞ the sets of sources and sinks of Q. The set of vertices y of Q such that there
exists a path of length n from x to y is the set of nth successors of x and will be
denoted by x+n, so the set of successors of x is x+∞ = ∪n≥0x

+n. In an analogous
way we define the sets x−n of nth predecessors of x. The set s(x) = x+∞ ∩Q∞ is
the set of sinks of x.

Let K be a simplicial complex, and Q = QOK the quiver associated to the
poset OK. Given σ and σ′ in Q, there exists an arrow σ //σ′ if, and only if,
σ′ ⊂ σ and dim σ′ = dim σ − 1. It follows that, given a fixed vertex σ in Q, then
all the paths from σ to the sinks of Q have the same length, which, moreover is the
dimension of σ.

Motivated by this, we call a quiver Q ranked if for every vertex x of Q, the
length of the paths from x to a sink of Q does not depend on the choices of the
path and of the sink. This length will be called the rank of x. For a given integer k,
Nk(Q) will denote the set of vertices of rank k in Q. In particular, N0(Q) is the set
of sinks of Q. If K is a simplicial complex and σ is an m−simplex of K, then σ+k is
the set of (m−k)−faces of K which are contained in σ. In particular, σ+m = s(σ).
Moreover, if OK1 ' OK2, then the complexes K1 and K2 are isomorphic, and one
can easily see that O(K1 ∪K2) ' OK1 ∪ OK2.

These considerations lead us to the promised characterisation of the posets of
the form OK, whose proof is omitted (see [17]). Before stating it, define P∗(X) to
be the set of non-empty subsets of a set X.

Theorem 5.2.2. Let Q be a finite quiver. The following conditions are equiv-
alent:

(1) There exists a simplicial complex K such that Q = QOK ,
(2) (a) Q is ranked,

(b) For any two different vertices of Q, x, y ∈ Nk(Q) we have x+k 6= y+k,
and

(c) For every vertex x ∈ Nk(Q) we have |x+i| = (k+1
i ), for every i ∈

{0, 1, . . . k}
(3) (a) Q is ranked,

(b) The map s : Q0
//P∗(Q∞) is injective, and

(c) For every vertex x of Q we have s(x+∞) = P∗(s(x))
Moreover, in this situation K =

⋃
x∈Q−∞ P∗(s(x)) �

The next step is to use Stanley’s characterization of complexes of the form BΣ,
which asserts that a simplicial complex K is of the desired form if, and only if, :

(1) its 1−skeleton (that is the graph formed by all its 1−simplices) is a com-
parability graph, and

(2) every set of vertices of K which is not a simplex of K and is maximal for
this property has at most 2 elements.

Example 5.2.3. Let K be the complete graph on 3 elements, with vertices
{1, 2, 3}. Of course K is a comparability graph, but {1, 2, 3} is not a simplex of K,
so K is not of the form BΣ
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Now, in [33] (see also [34]) a criterion allowing to recognize whether a given
graph is a comparability graph or not is given. We do not go into details here, but
simply mention that this is done by determining if an associated graph is bipartite
or not. Adapting these results to our context we obtain the following result.

Corollary 5.2.4. Let Q be a finite quiver. The following conditions are equiv-
alent:

(1) There exists a finite poset Σ such that Q = QOBΣ,
(2) The quiver Q satisfies the conditions of theorem 5.2.2 and

(d) The graph Q whose vertices are pairs (a, b) of different sinks of A
such that a−1 ∩ b−1 6= ∅, and in which there exists an edge joining
(a, b) and (c, d) if and only if a = c or a−1 ∩ c−1 = ∅ is bipartite,

(e) Every set V of sinks of Q such that
⋂

v∈V v
−∞ = ∅ but

⋂
v∈V ′ v−∞ 6=

∅ for every proper subset V ′ of V , has 2 elements.
�

As a final remark, let us note that in the situation of the last result, the poset
Σ is not unique. We refer the reader to [33, 34, 17] for further details.

6. Dependence on the presentation.

As we mentioned in section 3.1, the fundamental group is not an invariant for
algebras of the form A ' kQ/I. On the other hand, we know that every finitely
presented group is the fundamental group of some bound quiver (coming from a
poset). With this in mind, we tackle the following problem: How distinct can be
fundamental groups of presentations of algebras?

6.1. Preliminary considerations. We begin by giving two examples of alge-
bras having different presentations that lead to non-isomorphic fundamental groups.

Example 6.1.1.
(1) Consider the quiver Q

2
β2

����
�

1 3γ
oo

β1^^===
4

αoo

bound by the ideal I1 =< αβ1β2 > and let A ' kQ/I1. Since the ideal
I1 is monomial, we have π1(Q, I1) ' Z. On the other hand, consider the
morphism of algebras ν2 : kQ //A defined by ν2(γ) = (γ + β1β2) + I1,
and ν2(α) = α+ I1, ν1(β1) = β1 + I1, ν2(β2) = β2 + I1. A straightforward
computation shows that ν2 is a presentation, and, moreover, that I2 =
Ker ν2 =< α(γ − β1β2) >. This yields to a trivial group π1(Q, I2).

(2) Consider the quiver 4
α3

((

β3

66 3
α2

((

β2

66 2
α1

((

β1

66 1 bound by the ideal

I =< α3β2 − β3α2, α2β1 − β2α1, β3β2β1 − α3α2α1 >. As we saw in
example 2) of 3.2.5 (see also 4.1.2), we have π1(Q, I) ' Z3. On the
other hand, consider the morphism of algebras ν : kQ //kQ/I defined
by ν(α3) = (α3 − β3) + I, and ν(γ) = γ + I for every arrow γ 6= α3. Let
J = Ker ν. We leave to the reader the verification that π1(Q, J) is trivial
(see [16]).
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In the two preceding examples, the existence of a pair (α, p), where α is an
arrow, and p a non-zero path parallel to α allowed us to define the changes of
presentations that lead to changes of fundamental groups. Following [2], such a
pair is called a bypass. Recall from [9] that an algebra A ' kQ/I is said to be
constricted if for every arrow α : x //y we have dimkexAey = 1, that is, if there is
no bypass in (Q, I). This leads us to the following result.

Theorem 6.1.2. [9] Let A = kQ/I be a constricted algebra. Given (Q, I1),
(Q, I2), two presentations of A one then has π1(Q, I1) ' π1(Q, I2). �

In order to carry the construction of the free product of two fundamental groups
of bound quivers, and in analogy with algebraic topology where pointed spaces
are considered, we define a pointed bound quiver (Q, I, x) to be a bound quiver
(Q, I) together with a distinguished vertex x. Given two pointed bound quivers
Q′ = (Q′, I ′, x′) and Q′′ = (Q′′, I ′′, x′′), we can assume, without loss of generality,
that Q′0 ∩Q′′0 = Q′1 ∩Q′′1 = ∅. We define the quiver Q = Q′ qQ′′ in the following
way: Q0 is Q′0 ∪ Q′′0 in which we identify x′ and x′′ to a single new vertex x, and
Q1 = Q′1 ∪Q′′1 . Then, Q′ and Q′′ are identified to two full convex sub-quivers of Q,
so walks on Q′ or Q′′ can be considered as walks on Q. Thus, I ′ and I ′′ generate
two-sided ideals of kQ which we denote again by I ′ and I ′′. We define I to be
the ideal I ′ + I ′′ of kQ. It follows from this definition that the minimal relations
of I are precisely the minimal relations of I ′ together with the minimal relations
of I ′′. Moreover, we can consider an element [w] ∈ π1(Q′, I ′, x′) as an element
[w] ∈ π1(Q, I, x). Conversely, any (reduced) walk w in Q has a decomposition
w = w′1w

′′
1w

′
2w

′′
2 · · ·w′nw′′n where w′i and w′′i are walks in Q′ and Q′′ respectively.

Moreover, this decomposition is unique up to reduced walk and compatible with
the homotopy relations involved. This leads us to the following proposition.

Proposition 6.1.3. With the notations above we have:
(1) (Q, I, x) is the coproduct, in the category of pointed bound quivers, of

(Q′, I ′, x) and (Q′′, I ′′, x)
(2) π1(Q, I, x) ' π1(Q′, I ′, x′)q π1(Q′′, I ′′, x′′).

Proof: The first statement follows from a direct computation, while the second
follows immediately from the above discussion. �

6.2. Dependence on the presentation. In 6.1.1, we encountered examples
of triangular algebras having different presentations which led to cyclic or trivial
fundamental groups. The following proposition generalises this to arbitrary finitely
presented groups but considering non triangular algebras.

Proposition 6.2.1. [16] Let G be a finitely presented group. Then there exists
an algebra A ' kQG/IG ' kQG/I

′
G such that π1(QG, IG) ' G and π1(QG, I

′
G) ' 1.

Proof: Let G =< αi| wj , 1 ≤ i ≤ n, 1 ≤ j ≤ m > be a finitely presented group.
More precisely, G is the factor group of the free group having basis {αi}n

i=1 by the
normal subgroup generated by {wi}m

i=1. Without loss of generality, we assume that
the words wj are reduced, non-empty, pairwise different, and, moreover, that each
wj contains at least one letter αi’s with positive power (otherwise we can replace
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wj by w−1
j ). Consider the quiver QG:

1 a // 2
α1 ##

αi

�� αn

pp

β1

;;

βi

MM
βn

nn b // 3

Identifying the arrow βi with the letter α−1
i , we obtain a correspondence between

the words in {αi, α
−1
i }n

i=1 and (some of) the paths of QG. With this identification
in mind, define the ideal

IG =< aαiβib− ab, awjb− ab, FN |1 ≤ i ≤ n, 1 ≤ j ≤ m >

where N = max{l(wj) + 3, 6|1 ≤ j ≤ m}. An immediate computation shows that
the generators of IG which are not monomial relations are in fact minimal relations.

Therefore, aαiβib ∼ ab, and awjb ∼ ab. From this, we get α1βi ∼ e2, and
wj ∼ e2, for all i, j. This shows that π1(QG, IG) ' G.

For the second statement, consider the morphism of algebras ν : kQG
//kQG/IG

defined on the arrows of QG by

ν(γ) =
{
αi + βi + β2

i + IG if γ = αi,
γ + IG otherwise.

Let I ′G = Ker ν. We leave to the reader to verify that this defines a new presentation
of A, and, moreover that ρ = aαiβib−aβ2

i b−aβ3
i b−ab is a minimal relation. From

this, it is easily seen that π1(QG, I
′
G) is trivial. �

Before stating the main theorem of this section, we need the following lemma.

Lemma 6.2.2. [16] For i ∈ {1, 2}, let Ai ' kQAi
/Ii ' kQAi

/I ′i be algebras with
two different presentations. Denote by π1(QAi , Ii) ' Gi, and π1(QAi , I

′
i) ' G′i.

Then there exists an algebra A having two presentations A ' kQ/I ' kQ/I ′ such
that π1(Q, I) ' G1 qG2 and π1(Q, I ′) ' G′1 qG′2.

Proof: For i ∈ {1, 2}, let νi : kQAi
//Ai , and ν′i : kQAi

//Ai be the presentations
of the algebra Ai such that Ii = Ker νi, and I ′i = Ker ν′i. Consider the pointed
bound quiver (Q, I, x) = (QA1 , I1, x1) q (QA2 , I2, x2) and let A = kQ/I. It follows
from proposition 6.1.3 that π1(Q, I, x) ' G1qG2. On the other hand, consider the
presentation ν′ : kQ //kQ/I ' A given by ν′(α) = ν′i(α), where α is an arrow of
QAi

. Then, we have I ′ = Ker ν′ = I ′1 + I ′2, and, again, from proposition 6.1.3, we
obtain π1(Q, I ′, x) ' G′1 qG′2. �

We are now able to state the main result of this section.

Theorem 6.2.3. [16] Let G1, . . . , Gn be finitely presented groups. Then, there
exists a finite dimensional algebra A having presentations A ' kQA/Ii, for i ∈
{1, . . . , n}, such that π1(QA, Ii) ' Gi.

Proof (sketch): Using proposition 6.2.1, we can build algebras Ai having presen-
tations Ai ' kQi/Ji ' kQi/J

′
i with π1(Qi, Ji) ' Gi, and π1(Qi, J

′
i) ' 1. For

i ∈ {1, . . . , n} consider the bound quiver

(QA, Ii) =

(
i−1∐
l=1

(Ql, J
′
l )

)
q (Qi, Ji)q

(
n∐

l=i+1

(Ql, J
′
l )

)
.
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It follows from proposition 6.1.3, statement 2), that π1(QA, Ii) ' Gi. Moreover,
using the argument of the proof of the above lemma, one gets kQA/Ii ' kQA/Ij ,
for all i, j ∈ {1, . . . , n}. �

Remark 6.2.4. As a final remark, let us note that the homotopy relation in a
bound quiver does make sense even if we do not ask the ideal I to be admissible, nor
the quiver Q to be finite. These requirements lead to finite dimensional algebras
(with 1).

If one wishes to consider the family of all finitely generated groups, similar
constructions of what have been made 6.2.1 can be done. Indeed given any finitely
generated group G, as one can construct a quiver QG and a two sided ideal IG E
kQG such that π1(QG, IG) ' G. In this case, the quiver would still be finite, but
the ideal I will not admissible, so this would lead to infinite dimensional algebras
which can be seen as k−categories.

As further generalization, one may wish to consider arbitrary groups. Again,
this can be performed, as in 6.2.1. This time the quiver will still have three vertices,
but will have an infinite number of arrows, and, again, the ideal would not be
admissible.

Also, in light of theorem 6.1.2, one may ask how big is the family of groups
that rise as fundamental groups of presentation of a fixed algebra A?

On the other hand, let us note that a "universal" presentation of some triangu-
lar algebras has been constructed in [42]. A double bypass is a quadruple (α, u, β, v)
such that (α, u) and (β, v) are bypasses such that the arrow β appears in the path
u. Let A be a triangular k−algebra having no double bypasses, with car k = 0, then
there exists a presentation A ' kQA/I such that if A ' kQA/I

′ is another presenta-
tion then there exists a surjective morphism of groups p : π1(QA, I) //π1(QA, I

′) .

Acknowledgments.

This work has been done while the author was visiting Sherbrooke. The author
gratefully acknowledges financial support from the Sherbrooke - Bishop’s group in
representation theory, as well as the organizers of the xiii Encuentro Rioplatense
for their kind invitation to present these notes, and the referee for some useful
suggestions.

References

[1] I. Assem, J.C. Bustamante, D. Castonguay, and C. Novoa. A note on the fundamental group
of a one-point extension. Proyecciones, 24(1):79–87, 2005.

[2] I. Assem, D. Castonguay, E.N. Marcos, and S. Trepode. Strongly simply connected schurian
algebras and multiplicative bases. J. Algebra, 1(283):161–189, 2005.

[3] I. Assem and J.A. de la Peña. The fundamental groups of a triangular algebra. Comm.
Algebra, 24(1):187–208, 1996.

[4] I. Assem and S. Liu. Strongly simply connected algebras. J. Algebra, 2(207):449–477, 1998.
[5] I. Assem, M.I. Platzeck, M.J. Redondo, and S. Trepode. Simply connected incidence algebras.

Discrete Math., 269:333–355, 2003.
[6] I. Assem, D. Simson, and A. Skowroński. Elements of Representation Theory of Associative

Algebras. In press, 2005.
[7] I. Assem and A. Skowroński. On some classes of simply connected algebras. Proc. London

Math. Soc., 56(3):417–450, 1988.
[8] M. Auslander, I. Reiten, and S.O. Smalø. Representation Theory of Artin Algebras. Num-

ber 36 in Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 1995.



HOMOTOPY AND BOUND QUIVERS 27

[9] M.J. Bardzell and E.N. Marcos. H1(Λ) and presentations of finite dimensional algebras. Num-
ber 224 in Lecture Notes in Pure and Applied Mathematics, pages 31–38. Marcel Dekker,
2001.

[10] R. Bautista, P. Gabriel, A.V. Roiter, and L. Salmerón. Representation-finite Algebras and
Multiplicative Bases. Invent. Math, 81(2):217–285, 1985.

[11] R. Bautista, F. Larrión, and L. Salmerón. On Simply Connected Algebras. J. London Math.
Soc. (2), 27(2):212–220, 1983.

[12] K. Bongartz and P. Gabriel. Covering spaces in representation theory. Invent. Math,
65(3):331–378, 1981-1982.

[13] O. Bretscher and P. Gabriel. The standard form of a representation-finite algebra. Bull. Soc.
Math. France, 111:21–40, 1983.

[14] J.C. Bustamante. On the fundamental group of a schurian algebra. Comm. Algebra,
30(11):5305–5327, 2002.

[15] J.C. Bustamante. The classifying space of a bound quiver. J. Algebra, 277(2):431–455, 2004.
[16] J.C. Bustamante and D. Castonguay. π1(Q, I) and presentations of algebras. To appear in J.

Algebra Appl., 2005.
[17] J.C. Bustamante, J. Dionne, and D. Smith. Ordonnés de chaînes et algèbres d’incidence. Ann.

Sci. Math. Québec, 27(1):1–11, 2003.
[18] D. Castonguay and J.A. de la Peña. On the inductive construction of Galois coverings of

algebras. J. Algebra, 263:59–74, 2003.
[19] C. Cibils. Cohomology of incidence algebras and simplicial complexes. J. Pure Appl. Algebra,

56:221–232, 1989.
[20] J. Constantin and G. Fournier. Ordonnés escamotables et points fixes. Discrete mathematics,

53:21–33, 1985.
[21] J.A. de la Peña. On the abelian Galois covering of an algebra. J. Algebra, 102(1):129–134,

1986.
[22] J.A. de la Peña and M. Saorín. The first Hochschild cohomology group of an algebra.

Manuscripta Math., 104:1–12, 2001.
[23] P. Dowbor and A. Skowroński. On the representation type of locally bounded categories.

Tsukuba J. Math., 10(1):63–72, 1986.
[24] P. Dräxler. Completely separating algebras. J. Algebra, 165:550–565, 1994.
[25] D. Duffus and I. Rival. Crowns in dismantlable partially ordered sets. Colloquia Math. soc.

Janos Bolyai, 18:271–292, 1976.
[26] D.R. Farkas, E.L. Green, and E.N. Marcos. Diagonalizable derivations of finite-dimensional

algebras II. Pacific J. Math, 196(2):341–351, 2000.
[27] U. Fischbacher and J.A. de la Peña. Algorithms in representation theory of algebras, pages

115–134. Number 1177 in Lecture Notes in Mathematics. Springer-Verlag, Ottawa, 1984.
[28] P. Gabriel. The universal cover of a representation-finite algebra. In M. Auslander and

E. Lluis, editors, Representations of Algebras. Puebla 1980, number 903 in Lecture Notes
in Mathematics, pages 26–38, Puebla, México, 1980. Springer-Verlag.

[29] S. Gastaminza, J.A. de la Peña, M.I. Platzeck, M.J. Redondo, and S. Trepode. Algebras with
vanishing Hochschild cohomology. J. Algebra, 212:1–16, 1999.

[30] M.A. Gatica and M.J. Redondo. Hochschild cohomology and fundamental groups of incidence
algebras. Comm. Algebra, 29(5):2269–2283, 2001.

[31] M.A. Gatica and A.A. Rey. Fundamental group of incidence algebras from an algebraic point
of view. preprint, 2005.

[32] M. Gerstenhaber and S.D. Schack. Simplicial cohomology is Hochschild cohomology. J. Pure
Appl. Algebra, 30:143–156, 1983.

[33] A. Ghoulià-Houri. Caractérisation des graphes non orientés dont on peut orienter les arêtes
de manière à obtenir le graphe d’une relation d’ordre. C.R. Acad. Sci. Paris, 254:1370–1371,
1962.

[34] P.C. Gilmore and A.J. Hoffman. A characterization of comparability graphs and of interval
graphs. Canad. J. Math., 30:539–548, 1963.

[35] E.L. Green. Graphs with relations, coverings and group-graded algebras. Trans. Amer. Math.
Soc., 279:279–310, 1983.

[36] K. Igusa and D. Zacharia. On the cohomology of incidence algebras of partially ordered sets.
Comm. Algebra, 18(3):873–887, 1990.



28 J. C. BUSTAMANTE

[37] J. Lévesque. Nakayama oriented puupacks and stably hereditary algebras. Rapport de
recherche n. 4, Université de Sherbrooke, june 2004.

[38] Ma.I.R. Martins and J.A. de la Peña. Comparing the simplicial and the Hochschild coho-
mologies of a finite dimensional algebra. J. Pure Appl. Algebra, 138(1):45–58, 1999.

[39] R. Martínez-Villa and J.A. de la Peña. The universal cover of a quiver with relations. J. Pure
Appl. Algebra, 30:873–887, 1983.

[40] R. Martínez-Villa and J.A. de la Peña. Multiplicative basis for algebras whose universal cover
has no oriented cycles. J. Algebra, 87:389–395, 1984.

[41] W.S. Massey. Algebraic Topology: An Introduction. Number 56 in Graduate Texts in Math-
ematics. Springer-Verlag, New York Berlin Heidelberg, 1989.

[42] P. Le Meur. The fundamental group of a triangular algebra without double bypasses.
arXiv:math.RT/0503302 v2, march 2005.

[43] D. Quillen. Higher Algebraic K−theory, pages 85–147. Number 341 in Lecture Notes in Math.
Springer, Berlin, 1973.

[44] E. Reynaud. Algebraic fundamental group and simplicial complexes. J. Pure Appl. Algebra,
177(2):203–214, 2003.

[45] E. Reynaud. Incidence algebras and algebraic fundamental group. AMA, Algebra Montpellier
Announcements - 01-2003, September 2003.

[46] E. Reynaud. Le nième groupe fondamental algébrique. Preprint, 2003.
[47] J.J. Rotman. An Introduction to Algebraic Topology. Number 119 in Graduate Texts in

Mathematics. Springer-Verlag, New York Berlin Heidelberg, 1988.
[48] D. Simson. Right peak algebras of two-separated stratified posets, their Galois coverings and

socle projective modules. Comm. Algebra, 20:3541–3591, 1992.
[49] A. Skowroński. Algebras of Polynomial Growth. Topics in Algebra, 26:535–568, 1990.
[50] A. Skowroński. Simply connected algebras and Hochschild cohomologies. In Proceedings of the

sixth international conference on representation of algebras, number 14 in Ottawa-Carleton
Math. Lecture Notes Ser., pages 431–448, Ottawa, ON, 1992.

[51] R.P. Stanley. Balanced Cohen-Macaulay complexes. Transactions of the American Mathe-
matical Society, 249(1):139–157, 1979.

Departemento de Matemáticas, Universidad San Francisco de Quito, Campus
Cumbayá. Diego de Robles y Vía Interoceánica, Quito, Ecuador

E-mail address: juan.carlos.bustamante@usherbrooke.ca


	Introduction.
	1. Preliminaries.
	2. Classifying spaces.
	3. Fundamental groups.
	4. Coverings.
	5. Incidence algebras.
	6. Dependence on the presentation.
	Acknowledgments.
	References

