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Abstract

For lifetimesX1, . . . , Xn distributed as a scale-mixture of exponentials, and more
particularly for a gamma distributed mixing parameter such that Xi|β ∼ Exp(β)
for i = 1, . . . , n and β is distributed as Gamma(α, θ) with known α, we consider
the prediction of future order statistics based on having observed the first m order
statistics. Focus is placed on estimating the conditional density of the future order
statistics given those observed, and in the study of Bayesian predictive densities
to meet such an objective. For both Gamma distributed prior densities and the
usual non-informative prior density π0 for θ, we provide explicit representations of
Bayesian predictive densities and HPD prediction regions for the vector of future
order statistics. For prior π0, the derived predictive density is multivariate Pareto
and it is shown to be the same for all mixing parameter values α, as well as for the
degenerate mixing case Xi|θ ∼ Exp(θ) i.i.d. Predictive distributions for individual
order statistics, as well as for sums of future order statistic values, are also con-
sidered and shown to bring into play Pareto distributions and linear combinations
of multivariate Pareto distributed vectors. Finally, we study the frequentist proba-
bility of coverage associated with the choice π0, showing that it matches the given
Bayesian credibility level, and moreover simultaneously so for all mixing parameter
α, as well as for the degenerate mixing case Xi|θ ∼ Exp(θ) i.i.d.
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1 Introduction

Consider an experiment with observable lifetimes X(1) < · · · < X(m), which consist of a
fixed number m of lower order statistics, and the problem of predicting future lifetimes
X(m+1) < · · · < X(n) based on X̃1 = (X(1), . . . , X(m))

⊤. Our focus is on multivariate pre-
diction, which is central to contemporary statistical theory and practice (e.g., [4]). The
described sampling scheme is well-known and referred to as type-II censoring. A common
assumption is that the order statistics are drawn from i.i.d. X1, . . . , Xn, and a common
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model is exponential with underlying and unknown rate parameter β. Bayesian predic-
tion regions and predictive densities for future lifetimes have been studied by [10] and
[5], among others in a univariate context (i.e., a single future lifetime), and also recently
studied by [3] in the multivariate context (i.e., simultaneously for several future lifetimes).

However, it is also natural to consider a common or latent environment for the Xi’s. i.e.
the rate parameter β as random and unobservable. Specifying β as gamma distributed,
such as β ∼ lG(α, θ) for known α > 0 and unknown θ > 0, is one such appealing choice
and leads to the model

X1, . . . , Xn|β ∼ Exp(β) , with β ∼ G(α, θ) , α > 0 (known ), θ > 0 (unknown) . (1)

Such an assumption introduces a dependence structure for the X ′
is, with for instance a

Pearson correlation coefficient equal to 1
α
for α > 2 (independently of θ) between Xi and

Xj for i ̸= j. More importantly, the model assumptions result in a multivariate Lomax
(or Pareto) distribution, with joint density on Rn

+

f(x1, . . . , xn|θ) = (α)n
θα(

θ +
∑n

i=1 xi
)α+n , (2)

with (α)n = Γ(α+n)
Γ(α)

as Pochhammer’s symbol. Such a multivariate model has been stud-

ied by several researchers, namely in a context of reliability and inference (e.g., [12]), and
others have also studied the joint distribution of the X ′

is for other mixing distributions for
β, such as inverse-Gaussian (e.g., [15]). However, the prediction of several future values,
in the context of model density (2) or other dependent data models with type-II censoring,
has not been considered before.

We consider here prediction of the future values or lifetimes X̃2 = (X(m+1), . . . , X(n))
⊤

based on an observed value x̃1, and are drawn to focus on the estimation of the condi-
tional density pθ(·|x̃1) of X̃2 given x̃1. Here the observed value x̃1 informs us on both
the parameter θ and the form or the conditional density to be estimated. We adopt a
Bayesian approach and provide Bayesian predictive densities for pθ(·|x̃1) associated with
Gamma prior densities for θ, as well as the Bayesian predictive density associated with the
“non-informative” improper prior density π0(θ) = 1

θ
I(0,∞)(θ). The construction of cor-

responding Bayesian credibility regions is also presented and we derive highest posterior
density (HPD) solutions. We also derive predictive densities for: (i) univariate compo-
nents of X̃2 and (ii) the sum of the next k residual lifetimes Sk =

∑k
i=m+1(X(i) −X(m)),

with k ∈ {m + 1, . . . , n}, and relate these densities to mixtures of Pareto densities and
linear combinations of multivariate Pareto distributions. The strategic importance of in-
ferring about the sum of future residual lifetimes is a recurrent theme in reliability (e.g.,
[7]; [10]) for some examples of older references). However, previous analyses do not, as
far as we can tell, address the mixture model in (1).

In deriving such prediction densities and regions, we consider as in [3] the equivalent
representation of theXi’s through the spacings Zi = X(i)−X(i−1), i = 1, . . . , n withX(0) =
0, knowing that Bayesian predictive densities q̂π for the conditional density qθ(·|z(1)) of a
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future set of spacings Z(2) = (Zm+1, . . . , Zn)
⊤ given z(1) = (z1, . . . , zm)

⊤, associated with

prior density π, can be converted to predictive densities for X̃2, of functions of X̃2 such
as the order statistic

X(m+k) =
k∑
j=1

Zm+j + x(m) ; 1 ≤ k ≤ n−m; (3)

and the sum of residual lifetimes

Sk =
k∑

i=m+1

(X(i) −X(m)) =
k∑

j=m+1

(k − j + 1)Zj ;m+ 1 ≤ k ≤ n. (4)

The alternate analysis is guided by the well-known property that the joint distribution of
such spacings conditional on β are distributed independently as Zj ∼ Exp

(
(n− j + 1)β

)
for i = 1, . . . , n.

A notable feature of our findings arises with the predictive density q̂π0 for qθ(·|z(1)) and
consists in its simple form (a multivariate Pareto) as well as the property that q̂π0 does
not depend on the model choice of α in (1). The same necessarily holds for marginal
distributions of Z2 or X̃2, and for credibility prediction regions Rπ0(·; x̃(1)). Moreover,
the predictive density q̂π0 matches the one for the degenerate or baseline case, given by
[3], with X1, . . . , Xn|θ independently distributed as Exp(θ). Such an appealing robust-
ness finding where a Bayesian procedure remains the same across a class of models is not
unique (e.g., [11]; [6], and the references therein), but nevertheless remains surprising,
when it does occur as is the case here.

Although the approach put forth is Bayesian, the prediction regions Rπ0 associated with
the specific choice of the prior density π0, are shown to have exact frequentist validity
for all θ, in the sense that the credibility matches the frequentist conditional probability
of coverage for all θ. As for q̂π0 , this matching property remains true for all exponential
mixtures in (1).

The manuscript is organized as follows. Sections 2.1 and 2.2 contain preliminary re-
sults and definitions, namely for multivariate Pareto type II distributions and their linear
combinations, as well as for mixtures of exponential distributions. Section 2.3 contains
sample properties related to model (1). Section 3 is about Bayes predictive densities for
the non-informative prior density π0 (Section 3.1) and for Gamma prior densities (Section
3.2). Corresponding Bayesian point predictors and credibility regions, including HPD
solutions, are presented in Section 3.3 and Section 3.4, respectively. Finally, analyti-
cal developments leading to matching frequentist coverage probability and credibility are
obtained in Section 4.
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2 Preliminary results

2.1 Definitions and properties

We begin with a definition for multivariate Pareto type-II distributions. Properties which
we will make use of appear a little below in Lemma 2.1.

Definition 2.1. A random vector Z = (Z1, . . . , ZN)
⊤ has a multivariate Pareto type II

distribution, denoted P2(c, h1, . . . , hN) , whenever Z admits the representation

Y =d
(E1

G
, . . . ,

EN
G

)⊤
,

with E1, . . . , EN , G independently distributed as Ej ∼ Exp(hj) and G ∼ G(c, 1). Equiva-
lently, Z is also defined as a random vector with joint density

gc,h1,...,hN (z) =
(c)N

∏N
i=1 hi

(1 +
∑N

i=1 hizi)
c+N

IRN
+
(z), (5)

The above defines a density with shape parameter c and scale parameters 1
h1
, . . . , 1

hN
.

Remark 2.1. The model density in (2) for (X1, . . . , Xn)
⊤ is that of a P2(α,

1
θ
, . . . , 1

θ
)

distribution.

We will denote a gamma distribution as G(a, b), a, b > 0, with density f(x) = ba xa−1e−bx

Γ(a)
I(0,∞)(x).

Exponential distributions Exp(b) arise as G(1, b). We will refer to Beta type-II distribu-
tions (also called Beta prime or inverted Beta in the literature) as W ∼ B2(a, b, σ) with
p.d.f. fW (w) = Γ(a+b)

Γ(a)Γ(b)
σb wa−1

(σ+w)a+b , for w ∈ (0,∞), a, b > 0 being shape parameters, and

σ > 0 being a scale parameter. Univariate type II Pareto distributions P2(b,
1
σ
) arise

for a = 1. We will refer to Kummer type-II distributions, denoted K2(γ1, γ2, γ3, σ) with
γ1, σ > 0, and either γ2 ∈ R, γ3 > 0 pr γ2 > 0, γ3 = 0, as those with densities

σγ2 uγ1−1 e−
γ3u
σ

Γ(γ1)ψ(γ1, 1− γ2, γ3) (σ + u)γ1+γ2
I(0,∞)(u) ,

where ψ is the confluent hypergeometric function of type II given by

ψ(γ1, γ2, γ3) =
1

Γ(γ1)

∫ ∞

0

tγ1−1

(1 + t)γ1−γ2+1
e−γ3t dt .

We point out that the Kummer type-II family contains both Beta type-II and gamma
distributions, with K2(γ1, γ2, 0, σ) reducing to B2(γ1, γ2, σ), and K2(γ1,−γ1, γ3, σ) reduc-
ing to G(γ1, γ3σ ).

Next, we collect properties of multivariate Pareto type II distributions which will appear
below as model and predictive densities. Notable features include the preservation of
the multivariate Pareto nature for marginal and conditional distributions. The properties
follow from the above definitions and are readily verifiable. They have appeared in various
forms in the literature (e.g., [2]; [8]). Section 2.2 treats linear combinations of multivariate
Pareto distributed vectors and their study is also of independent interest.
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Lemma 2.1. (Multivariate Pareto properties) Consider Y = (Y1, . . . , YN)
⊤ ∼ P2(c, h1, . . . , hN).

Then, we have: (i) then Yi ∼ P2(c, hi), i = 1, . . . , N ; (ii) Yj | Yi = yi ∼ P2

(
c+ 1,

hj
1+hiyi

)
for i ̸= j; (iii) (h1Y1, . . . , hNYN)

⊤ ∼ P2(c, 1, . . . , 1); (iv) Y has survival function P
(
∩ni=1

(Yi > yi)
)
=

(
1+

∑N
i=1 hiyi

)−c
, yi > 0; (v) Y has expectation E(Y ) = 1

c−1

(
1
h1
, . . . , 1

hN

)⊤
;

(vi) for Y(1) = (Y1, . . . , Ym)
⊤ and Y(2) = (Ym+1, . . . , YN)

⊤, we have

Y(1) ∼ P2(c, h1, . . . , hm), and Y(2) | Y(1) = y(1) ∼ P2

(
c+m,

hm+1

∆
, . . . ,

hN
∆

)
, (6)

with ∆ = 1 +
∑m

i=1 hiyi; and (vii) U =
∑N

i=1 hiYi is distributed as B2(N, c, 1).

We next present properties for mixtures of exponential distributions that relate to model
(1) expressed in terms of spacings Zi.

Lemma 2.2. Let Zj|β ∼ Exp(ajβ), j = 1, . . . , N , be conditionally independent, with
known aj’s, β|θ ∼ gθ, gθ being a density supported on S ⊆ R+ with respect to a σ−finite
measure µ, and θ being an unknown parameter. Then,

(a) Based on Z1, . . . , Zm with 1 ≤ m ≤ N , T =
∑m

j=1 ajZj is a sufficient statistic for θ;

(b) For β|θ ∼ Ga(α, θ), Z = (Z1, . . . , ZN)
⊤ is distributed as P2(α,

a1
θ
, . . . , aN

θ
) ;

(c) For β|θ ∼ Ga(α, θ), the statistic T is distributed as B2(m,α, θ).

Proof. With the mixture representation, we have the joint density

fZ(z1, . . . , zm) =

∫
S

βm (
m∏
j=1

aj) exp{−β
m∑
j=1

ajzj} gθ(β) dµ(β) ,

and the sufficiency in part (a) follows from the factorization theorem. For part (b), the
result follows by a straightforward calculation or, by exploiting the hierarchical model to
infer that

(Z1, . . . , ZN)
⊤ =d

(θβZ1

θβ
, . . . ,

θβZN
θβ

)⊤
=d

(E1

G
, . . . ,

EN
G

)⊤
,

with G =d θβ|θ ∼ G(α, 1), Ej =d θβZj|θ ∼ Exp(
aj
θ
) for j = 1, . . . , N independent, in

which case the result follows with Definition 2.1. Finally, part (c) is a consequence of
part (b) and Lemma 2.1, (vii).

2.2 Linear combinations of multivariate Pareto type II distri-
butions

We are interested here in linear combinations a⊤V with a = (a1, . . . , aN)
⊤ and V =

(V1, . . . , VN)
⊤ distributed as multivariate Pareto type II P2(c, h1, . . . , hN) , and notably

in applications to linear combinations such as those represented in (3) and (4) which will

5



arise in the below analysis. We record properties for general a’s such that ai > 0 and aihi
are all distinct, for i = 1, . . . , N . The distributions below relate to sums of independent
exponential distributed random variables, referred to in the literature as hypoexponential,
Generalized Erlang or Generalized Gamma, among others (e.g., [13]; [9]), and can derived
through the mixture representation in Definition 2.1. Such distributions are expressible
in terms of Lagrange basis polynomials which we briefly describe.

For a given set Y = {y1, . . . , yk} of k > 1 distinct real numbers and Y(j) = Y − {j}, the
Lagrange interpolating polynomial is defined as L(y) =

∑k
j=1 yj lY,j(y), with the basis

polynomials lY,j(y)’s given by

lY,j(y) =
∏
i∈Y(j)

( y − yi
yj − yi

)
. (7)

The above well-known construction is such that: (i) lY,j(yj) = 1 for yj ∈ Y , (ii) lY,j(yi) = 0

for yi ∈ Y(j), (iii) L(yj) = yj for yj ∈ Y , and (iv)
∑k

j=1 lY,j(y) = 1 for y ∈ R.

For Λ = {λ1, . . . , λN} a set of N ≥ 2 distinct real numbers and Yj ∼ Exp(λj), the sum

S =
∑N

j=1 Yj follows a hypoexponential distribution, and has density

f(s) =
N∑
j=1

lΛ,j(0)λj e
−λjs I(0,∞)(s) . (8)

This is a mixture of Exp(λj) densities with weights lΛ,j(0) obtained from (7), adding to
1, but with alternating signs. We now derive the density of a multivariate Pareto type II
linear combination.

Theorem 2.1. Let N > 1, V ∼ P2(c, h1, . . . , hN) , a = (a1, . . . , aN)
⊤, and Y∗ =

{a1h1, . . . , aNhN}, such that aj > 0 and the ajhj’s are distinct. Then, then S = a⊤V has
density function

f(s) =
N∑
j=1

lY∗, j(0) gc,ajhj(s) , (9)

where gc,ajhj is the density of a P2(c, ajhj) distribution, and the lY∗,j(0)’s are the Lagrange
basis polynomials evaluated at 0.

Proof. With Definition 2.1, the distribution of V = (V1, . . . , VN)
⊤ admits the represen-

tation

Vj|X0 independent Exp(hjX0) =⇒ ajVj|X0 independent Exp(ajhjX0) , (10)

so that the conditional distribution of S givenX0 is hypoexponential with density function

f(s|x0) =
N∑
j=1

lY∗,j(0) ajhjx0 e
−ajhjx0 s I(0,∞)(s) , (11)

where we have used the fact that the basis polynomials associated with the sets
{a1h1x0, . . . , aNhNx0} are identical for all x0 > 0, and therefore equal to those for x0 = 1.
Finally the result follows by integrating out x0 with respect to a X0 ∼ G(c, 1) density.
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2.3 Model and sampling properties

We re-express the observed order statistics X(1) < · · · < X(m) and the future order
statistics X(m+1) < · · · < X(n) of model (1) in terms of the spacings

Zi = X(i) −X(i−1), i = 1, . . . , n , (12)

and the vectors of spacings

Z(1) = (Z1, . . . , Zm)
⊤, Z(2) = (Zm+1, . . . , Zn)

⊤ , (13)

with X(0) = 0 and 1 ≤ m < n. The transformation of the original data to the spacings
simplifies and facilitates, with no loss of information, the sampling properties and analysis,
by virtue of the well-known property (e.g., [14], for an early reference).

Zi|β ∼ Exp
(
(n− i+ 1)) β

)
independent,

with respect to model (1).

Lemma 2.3. Based on model (1) expressed in terms of the spacings (12, 13), we have

(a) (Z1, Z2, . . . , Zn)
⊤|θ ∼ P2(α,

n
θ
, n−1

θ
, . . . , 1

θ
);

(b) Based on Z(1), the statistic T =
∑m

i=1(n− i+1)Zi is a sufficient statistic for θ, and
distributed as T ∼ B2(m,α, θ);

(c) Z(2) | Z(1) = z(1), θ ∼ P2

(
m+ α, n−m

θ+t
, n−m−1

θ+t
, . . . , 1

θ+t

)
, where t =

∑m
i=1(n− i+ 1)zi

is the observed value of T .

Proof. Parts (a) and (b) follow, respectively, from parts (b) and (a) of Lemma 2.2.
Part (c) follows from part (vi) of Lemma 2.1 given the joint distribution in (a).

In view of the previous result when referring to model (1), we will hereafter also be
referring to the sufficient statistic T ∼ B2(m,α, θ) having observed Z(1), and the model
density qθ(·|z(1)) for Z(2) which is that of a P2

(
m+ α, n−m

θ+t
, n−m−1

θ+t
, . . . , 1

θ+t

)
distribution.

3 Bayesian predictive densities and regions

Our findings below relate to Bayesian predictive densities for the conditional distribution
of Z(2) given Z(1) = z(1), based on prior (Lebesgue) density π and corresponding posterior
density π(·|z(1)) for θ. Such predictive densities are of the form

q̂π(z(2)|z(1)) =

∫
Θ

qθ(z(2)|z(1)) π(θ|z(1)) dθ , z(2) ∈ Rn−m
+ , (14)

and can also serve to generate point predictors or prediction regions for Z(2), as well as for
subvectors and univariate marginal components Zi. We begin with the non-informative
prior density π0(θ) = 1

θ
I(0,∞)(θ), which yields a simple form for the predictive density

(Section 3.1). Furthermore, we reveal a surprising robustness property with respect to
the model choice of α (Section 4). We provide Bayesian predictive densities for gamma
priors in Section 3.2, and credible regions are discussed in Section 3.3.
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3.1 Non-informative prior density

Theorem 3.1. For model (1), the Bayesian predictive density q̂π0(z(2)|z(1)); z(2) ∈ Rn−m
+ ;

for the conditional distribution Z(2)|Z(1) = z(1), and associated with prior density π0(θ) =
1
θ
I(0,∞)(θ), is that of a P2(m, n−m

t
, . . . , 1

t
) density with t =

∑m
i=1(n− i+ 1)zi .

Proof. It follows from Lemma 2.3 that T =
∑m

i=1(n − i + 1)Zi is a sufficient statistic
for θ, and distributed as B2(m,α, θ). With the prior density π0, we obtain as a posterior
density

π(θ|z(1)) ∝ θα tm−1

(θ + t)α+m
1

θ
I(0,∞)(θ) , (15)

or equivalently that θ|t ∼ B2(α,m, t). From this and part (c) of Lemma 2.3, we obtain
the Bayes predictive density

q̂π0(z(2)|z(1)) =

∫ ∞

0

qθ(z(2)|z(1)) π(θ|z(1)) dθ

∝
∫ ∞

0

1

(θ + t)n−m
1(

1 +
∑n

i=m+1
(n−i+1)zi

θ+t

)n+α θα−1

(θ + t)α+m
dθ

∝
∫ ∞

0

θα−1(
θ + t+

∑n
i=m+1(n− i+ 1)zi

)n+α dθ
∝ 1(

t+
∑n

i=m+1(n− i+ 1)zi
)n ,

where we have used the identity
∫∞
0

xa−1

(c+x)a+b dx = 1
cb

Γ(a)Γ(b)
Γ(a+b)

for a, b, c > 0. Finally, the
proof is complete as the above density is indeed a Pareto density as stated.

Remark 3.1. We point out that a Bayesian predictive density for the conditional distri-
bution Z(2)|Z(1) = z(1) based on a prior density π for θ can be converted to a predictive

density for the conditional distribution of X̃2 given an observed x̃1 (equivalently z(1)) with
the inverse transformation

X(m+j) =

j∑
i=1

Zm+i + x(m) , j = 1, . . . , n−m,

and Jacobian equal to 1. As an illustration, for the case of the prior density π0, we have

q̂π0(z(2)|z(1)) =
(n− 1)!

(m− 1)!

(n−m)! tm(
t +

∑n−m
j=1 (n−m− j + 1)zm+j

)n ; z(2) ∈ Rn−m
+ ;

and therefore the predictive density

q̂∗π0(x̃2|z(1)) =
(n− 1)!

(m− 1)!

(n−m)! tm(
t +

∑n−m
j=1 x(m+j) − (n−m)x(m)

)n ,
for X̃2 = (X(m+1), . . . , X(n))

⊤.
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A characteristic feature of the above predictive density q̂π0 is that it does not depend on
the model specification, i.e., the specification of α in model (1). This is in contrast to the
posterior distribution, which is B2(α,m, t) and depends on α. Moreover, the predictive
density q̂π0 matches that of the non-mixture q̂π0 version with X1, . . . , Xn i.i.d. Exp(θ) (see
[3]). Additional insight on this robustness property will be provided with Remark 4.1 and
is an attribute of the prior density π0 - other prior density choices which are studied below
in this section do not lead to such a property.
The same robustness property will naturally carry-over to the joint predictive distribution
of the future order statistics X̃2, and functions of X̃2 including the marginal predictive
distributions of the components Zi (or X(i)) of Z(2) (or X̃2), as well as the sum of residual
lifetimes Sk. For the future order statistics X(m+k) and residual sums Sk, we obtain
their predictive densities by exploiting their representation as a linear combination of a
multivariate Pareto distributed vector.

Corollary 3.1. Consider model (1), prior density π0, and t =
∑m

i=1(n− i+ 1)zi.

(a) the Bayes predictive density of Zm+j|Z(1) = z(1) is that of a P2(m, n−m−j+1
t

) distri-
bution;

(b) the Bayes predictive density of X(m+1) is given by q̂′(x(m+1)|x(m))) = gm,n−m
t
(x−xm);

(c) the Bayesian predictive density of X(m+k)|Z(1) = z(1), k ∈ {2, . . . , n −m}, is equal
to

q̂π0(x|z(1)) =
k∑
j=1

{∏
i ̸=j

n−m− i+ 1

j − i

}
gm,n−m−j+1

t
(x− x(m)) , (16)

i.e., a mixture of translated P2(m,n−m−j+1) densities with weights
∏

i ̸=j
n−m−i+1

j−i ;

(d) the Bayesian predictive density of Sn|Z(1) = z(1) is that of a B2(n−m,m, t) distri-
bution;

(e) the Bayesian predictive density of Sk|Z(1) = z(1), k ∈ {m+2, . . . , n− 1}, is given by

q̂Sk,π0(s|z(1)) =
k−m∑
j=1

{∏
i ̸=j

ci
ci − cj

}
gm,cj/t(s) , (17)

where cj = (k − j −m+ 1) (n− j −m+ 1).

Proof. Part (a) follows from Theorem 3.1 and part (i) of Lemma 2.1, while part (b)
follows from the translation zm+1 → x(m+1) = zm+1 + x(m).

For part (c), it follows from Theorem 3.1 and part (v) of Lemma 2.1 that

V = (V1, . . . , Vk−m)
⊤ = (Zm+1, . . . , Zk)

⊤ ∼ P2

(
m,

n−m

t
, . . . ,

n−m− k + 1

t

)
, (18)
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under density q̂π0(·|z(1)). We now make use of Theorem 2.1 with c = m, hi =
n−m−i+1

t
,

a = (1, . . . , 1)⊤, Y∗ = {n−m
t
, . . . , n−m−k+1

t
}, and S = X(m+k) − x(m) = a⊤V given

representation (3). Applying (9), the result follows with

lY∗,j(0) =
∏
i∈Y∗,j

n−m− i+ 1

(n−m− i+ 1)− (n−m− j + 1)
=

∏
i ̸=j

n−m− i+ 1

j − i
.

Expression (16) then follows by the change of location S → X(m+k) = S + x(m).

For part (d), we have 1
t
Sn =

∑n
j=m+1

(n−j+1)
t

Zj ∼ B2(n −m,m, t) as a consequence of
part (vii) of Lemma 2.1. The result follows.

For part (e), observe that (i.e., (4)) that Sk =
∑k

j=m+1(k − j + 1)Zj =
∑k−m

j=1 (k −
j − m + 1)Vj, with V = (V1, . . . , Vk−m)

⊤ as in (18). We can therefore apply Theorem
2.1 with S = a⊤V , N = k − m, a = (a1, . . . , ak−m)

⊤ with aj = k − j − m + 1, and
Y∗ = {a1h1, . . . , aNhN}, and the result follows.

3.2 Gamma priors

In this section, we provide Bayesian predictive densities for the conditional density of Z(2),
given an observed value z(1), associated with a gamma prior density. As shown with the
next result, the posterior and predictive densities are conveniently expressible in terms of
Kummer type-II distributions and the confluent hypergeometric function of type II.

Theorem 3.2. For Z = (Z(1), Z(2))
⊤ distributed as in model (1), based on observation

z(1) with t =
∑m

i=1(n− i+ 1) zi and a G(a, b) prior density πa,b for θ,

(a) the posterior distribution of θ|z(1) is K2(γ1 = a+ α, γ2 = m− a, γ3 = bt, σ = t);

(b) The Bayesian predictive density of Z(2)|Z(1) = z(1) is given by

q̂πa,b(z(2)|z(1)) =
(n−m)! Γ(n+ α)

Γ(m+ α)

×
ψ
(
α + a , a− n+ 1 , b (t+ w1)

)
ψ
(
α + a , a−m+ 1 , b t

) tm−a

(w1 + t)n−a
, (19)

with w1 =
∑n

i=m+1(n− i+ 1) zi .

Proof.

(a) Since T is a sufficient statistic for θ and distributed as B2(m,α, θ) (Lemma 2.3), we
have for the posterior density of θ:

πa,b(θ|z(1)) ∝ fT (t|θ) πa,b(θ) ∝
θα+a−1

(θ + t)α+m
e−bθ I(0,∞)(θ) ,

which is indeed the stated Kummer type-II density with the given parameters.
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(b) Calculations, making use of Lemma 2.3, the definition of ψ, and the above posterior
density, yield

q̂πa,b(z(2)|t) =

∫ ∞

0

qθ(z(2)|z(1)) πa,b(θ|z(1)) dθ

=
Γ(n+ α) (n−m)! tm−a

Γ(m+ α) Γ(α + a)ψ(α + a, a−m+ 1, bt)

∫ ∞

0

θα+a−1 e−bθ

(t+ w1 + θ)n+α
dθ

=
Γ(n+ α) (n−m)! tm−a

Γ(m+ α)ψ(α + a, a−m+ 1, bt)

Γ(α + a)ψ(α + a, a− n+ 1, b(t+ w1))

(t+ w1)n−a
,

for z(2) ∈ Rn−m
+ , yielding the result.

Remark 3.2. Using the same steps as above with a = b = 0 for the gamma density,
i.e., π0(θ) = 1

θ
I(0,∞)(θ), the P2(m,

n−m
t
, . . . , 1

t
) predictive density in Theorem 3.1 may be

derived directly from (19) with simplifications that follow from the identity ψ(γ1, γ2, 0) =
Γ(1−γ2)

Γ(γ1+1−γ2) .

3.3 Point predictors

In a Bayesian framework with prior density π, it is reasonable to propose the expectations
Eπ(Zm+k|z(1)) and Eπ(X(m+k)|z(1)) as point predictors of the future spacing Zm+k and order
statistic X(m+k), respectively. We elaborate on such expressions for: (I) prior density π0,
and (II) gamma prior densities πa,b.

(I) For prior density π0, in accordance with Theorem 3.1, such conditional expectations
will be independent of α in model (1). From Theorem 3.1 and part (v) of Lemma
2.1, we obtain for m > 1 the simple expression

Eπ0(Zm+k|z(1)) =
t

(m− 1) (n−m− k + 1)
, k = 1, . . . , n−m. (20)

An alternative derivation, which does not require explicitly the form of the predictive
density q̂π0 is as follows. We have

Eπ0(Zm+k|z(1)) = Eθ|z(1)π0

{
E(Zm+k|z(1),θ)

}
= Eθ|z(1)π0

{ θ + t

(m+ α− 1)(n−m− k + 1)

}
=

Eπ0(θ|z(1)) + t

(m+ α− 1)(n−m− k + 1)
(21)

=
tα
m−1

+ t

(m+ α− 1)(n−m− k + 1)

=
t

(m− 1) (n−m− k + 1)
;

where we have used part (c) of Lemma 2.3 and parts (i), (v) of Lemma 2.1 to
infer that E(Zm+k|z(1),θ)

}
= θ+ t

(m+α−1) (n−m−k+1)
, as well as the posterior expectation

11



Eπ0(θ|z(1)) = tα
m−1

for m > 1 which follows from the the posterior distribution
θ|z(1) ∼ B2(α,m, t) (see (15)) and corresponding Beta type-II expectation.

For predicting X(m+k), since X(m+k) = X(m) +
∑k

j=1 Zm+j, we obtain

Eπ0(X(m+k)|z(1)) = x(m) +
k∑
j=1

Eπ0(Zm+j|z(1))

= x(m) +
t

m− 1

k∑
j=1

1

n−m− j + 1
,

making use of (20).

(II) For Gamma prior densities πa,b, the point predictor Eπa,b(Zm+k|z(1)) can be evalu-
ated from (21) and requires the posterior expectation Eπa,b(θ|z(1)). Since θ|z(1) is
Kummer type-II distributed and since a K2(γ1, γ2, γ3, σ)) distribution for γ3 > 0 has

expectation σ γ1
ψ(γ1+1,2−γ2,γ3)
ψ(γ1+1,1−γ2,γ3) , it follows from part (a) of Theorem 3.2 that

Eπa,b(θ|z(1)) = σ (a+ α)
ψ(a+ α + 1, a+ 2−m, b)

ψ(a+ α, a+ 1−m, b)
. (22)

We therefore obtain from (21) the Bayesian point predictor

Eπa,b(Zm+k|z(1)) =
1

(m+ α− 1) (n−m− k + 1)

×
(
t + σ (a+ α)

ψ(a+ α + 1, a+ 2−m, b)

ψ(a+ α, a+ 1−m, b)

)
,

for k ∈ {1, . . . , n−m}. Finally, as above for (I), we obtain for predicting the order
statistic X(m+k):

Eπa,b(X(m+k)|z(1)) = x(m) +
k∑
j=1

Eπa,b(Zm+j|z(1))

= x(m) +
k∑
j=1

1

n−m− j + 1

( t

m+ α− 1

+
σ (a+ α)

m+ α− 1

ψ(a+ α + 1, a+ 2−m, b)

ψ(a+ α, a+ 1−m, b)

)
.

3.4 Credibility regions for Z(2)

Under model (1), given an observed value z(1) of Z(1), a Bayesian prediction region R(z(1))
for Z(2) associated with a G(a, b) prior density of credibility 1− λ is such that∫

R(z(1))

q̂πa,b(z(2)|(z(1)) dz(2) = 1− λ . (23)
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We provide for: (I) prior density π0, and (II) gamma prior densities πa,b with shape
parameter a ≤ n, the prediction region for z(2) with the smallest volume among all regions
with credibility 1− λ, derived as the highest posterior density region of the form

RHPD(z(1)) = {z(2) ∈ Rn−m
+ : q̂πa,b(z(2)|(z(1)) ≥ k} . (24)

For (I), the result is directly obtained and matches the HPD procedure obtained by [3]
applicable to Exponential data, i.e., the non-mixture model with β degenerate at θ in
model (1). For (II), we will make use of the following intermediate result.

Lemma 3.1. Let Z ∈ RN
+ has joint density f

(∑N
i=1 aizi

)
with positive ai’s. Then W1 =∑N

i=1 aiZi has joint density

hW1(w1) =
wN−1

1 f(w1)

(N − 1)!
∏N

i=1 ai
. (25)

Proof. Let Wk =
∑N−k+1

i=1 aiZi, for k = 2, . . . , N , and transform Z to W = FZ =
(W1, . . . ,WN)

⊤ with the ith row of F (N × N) equal to fi = (a1, . . . , aN−i+1) for i =
1, . . . , N . Since |F | =

∏N
i=1 ai , the joint density of W is given by

hW1(w1) =
f(w1)∏N
i=1 ai

IT (w1)(w2, . . . , wN) I(0,∞)(w1) ,

with T (w1) =
{
(w2, . . . , wN) ∈ RN−1

+ : wN−i+1 < wN−i for i = 1, . . . , N − 1}. Finally,
integrating out w2, . . . , wN , we obtain

hW1(w1) =
(∫

T (w1)

dw2 . . . dwN

) f(w1)∏N
i=1 ai

,

and then (25) since the volume of T (w1) is equal to
wN−1

1

(N−1)!
.

Example 3.1. Here is an illustrative example for a multivariate Pareto type-II dis-
tribution which provides an alternative justification of part (vii) in Lemma 2.1. Let
Z ∼ P2(c, h1, . . . , hN) and W1 =

∑N
i=1 hiZi. From Lemma 3.1 and (5), we obtain the

density

hW1(w1) =
wN−1

1 (c)N (
∏N

i=1 hi)

(N − 1)! (
∏N

i=1 hi) (1 + w1)c+N

=
Γ(c+N)

Γ(c) Γ(N)

wN−1
1

(1 + w1)c+N
,

which is a B2(N, c, 1) density.

We now proceed with the HPD regions.

(I) Prior density π0.
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Theorem 3.3. Under model (1), given an observed value z(1), the HPD Bayesian
credibility prediction region for Z(2) associated with a prior density π0 is given by

RHPD(z(1)) =
{
z(2) ∈ Rn−m

+ : w1 =
n∑

i=m+1

(n− i+ 1)zi ≤ t k0
}
, (26)

with t =
∑m

i=1(n− i+ 1)zi and k0 the quantile of order 1− λ of a B2(n−m,m, 1)
distribution.

Proof. From Theorem 3.1, the Bayesian predictive density q̂π0(z(2)|z(1)) is that of a
P2(m,

n−m
t
, . . . , 1

t
) distribution, depends on z(2) through w1 only and is decreasing

in w1 > 0. Therefore, the HPD region is of the form (26). From part (d) of
Corollary 3.1 (or Example 3.1) we obtain that W1

t
∼ B2(n−m,m, 1), and the result

follows.

(II) Gamma prior densities πa,b. We have the following

Theorem 3.4. Under model (1), given an observed value z(1), the HPD Bayesian
credibility prediction region for Z(2) associated with a G(a, b) density with a ≤ n and
credibility 1− λ, is given by

RHPD(z(1)) =
{
z(2) ∈ Rn−m

+ : w1 =
n∑

i=m+1

(n− i+ 1)zi ≤ c0
}
, (27)

with c0 ∈ (0,∞) the unique solution of∫ c0

0

wn−m−1
1 ψ(α + a, a− n+ 1, b(t+ w1))

(w1 + t)n−a
dw1

=
(1− λ) (n−m− 1)!

tm−a
Γ(m+ α)ψ(α + a, a−m+ 1, bt)

Γ(n+ α)
.

Proof. It is immediately seen from (19) that the predictive q̂πa,b(·|z(1)) depends on
z(2) only through w1. Furthermore, the density is decreasing in w1 as both the terms
ψ
(
α + a, a− n + 1, b(t + w1)

)
and 1

(w1+t)n−a are decreasing in w1 given that a ≤ n.

It then follows from (23) and (24) that the HPD region is given by (27) with

P(W1 ≤ c0) = 1− λ , (28)

under density q̂πa,b(·|z(1)) for Z(2). Now, an application of Lemma 3.1 yields the
density

hW1(w1) =
wn−m−1

1 q̂πa,b(w1|z(1))
(n−m− 1)! (n−m)!

=
Γ(n+ α) tm−a

(n−m− 1)! Γ(m+ α)

ψ(α + a, a− n+ 1, b(t+ w1))

ψ(α + a, a−m+ 1, bt)

wn−m−1
1

(w1 + t)n−a
.

Finally, the result follows with a re-arrangement of terms from the above and (28)
.
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4 Frequentist coverage probability and credibility

The Bayesian predictive densities of Theorems 3.1 and 3.2 for estimating the conditional
density

Z(2)|z(1) =d Z(2)|t ∼ P2

(
m+ α,

n−m

θ + t
, . . . ,

1

θ + t

)
, (29)

with sufficient statistic t =
∑n

i=1(n− i+1)zi, lead to Bayesian prediction regions for Z(2),
or subvectors of Z(2), with prescribed credibility 1 − λ, as seen in Section 3.4. We focus
here on the non-informative prior density choice π0(θ) = 1

θ
I(0,∞)(θ), the corresponding

predictive density

q̂π0(·|t) ∼ P2

(
m,

n−m

t
, . . . ,

1

t

)
, (30)

and show that prediction regions Rπ0(Z(1)) with credibility 1−λ have matching frequentist
coverage probability for all θ > 0, i.e.,

Pπ0
(
Z(2) ∈ Rπ0(z(1))

∣∣ z(1)) = P
(
Z(2) ∈ Rπ0(z(1))

∣∣ z(1), θ) = 1− λ, for all z(1), θ.

Moreover, the above matching is shown to occur simultaneously for all mixing parameter
α > 0 in model (1). In the above equality, the left-hand side relates to the predictive
distribution of Z(2) given Z(1) = z(1) under π0 (i.e., (30)), while the right-hand side relates
to the frequentist conditional distribution of Z(2) given Z(1) = z(1) (Lemma 2.3) which de-
pends on θ. The equality implies the weaker property of unconditional matching coverage
(i.e., prior to observing Z(1)), which can expressed as P

(
Z(2) ∈ Rπ0(Z(1))

∣∣ θ) = 1−λ. The
developments below extend those of [3] for exponentially distributed data, and also differ
since the conditional distribution being estimated in (29) does depend on the observed
data z(1). To conclude this section, we provide further insight on why the predictive
density q̂π0 in (30) does not depend on the model setting of α > 0.
To pursue, consider the more general setting with densities

T ∼ pσ(t) =
1

σ
p1(

t

σ
) , and Y |T = t ∼ qσ+t(y) =

1

(σ + t)d
q1(

y1
σ + t

, . . . ,
yd
σ + t

) , (31)

supported on R+ and Rd
+, respectively. In our setting, pσ will be the density of a B(m,α, σ)

distribution, qσ+t the Pareto density in (29), with d = n −m and σ = θ. In general, we
have the following.

Lemma 4.1. For model (31) and prior density π0(σ) = 1
σ
I(0,∞)(σ), the Bayesian pre-

dictive density for the conditional density of Y |T = t is given by

q̂π0(y|t) =
1

td
h(
y

t
) , (32)

where h is the frequentist density of R = (R1, . . . , Rd)
⊤ = Y

T
|σ, which is free of σ, and

given by

h(r) =

∫ ∞

0

(
u

1 + u
)d q1

( ur1
u+ 1

, . . . ,
urd
u+ 1

)
p1(u) du . (33)

Stated otherwise, the posterior predictive under π0 and frequentist distributions match,
i.e.,

(R1, . . . , Rd)|t =d (R1, . . . , Rd)|σ for all t, σ . (34)
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Proof. Identity (34) follows from the other parts of the lemma. Then, with prior density
π0, the posterior density of σ becomes π0(σ|t) = t

σ2 p1(
t
σ
) I(0,∞)(σ), in which case it follows

that

q̂π0(y|t) =

∫ ∞

0

1

(σ + t)d
q1
( y1
σ + t

, . . . ,
yd
σ + t

) t

σ2
p1(

t

σ
) dσ

=
1

td

∫ ∞

0

(
u

1 + u
)d q1

( uy1
t(u+ 1)

, . . . ,
uyd

t(u+ 1)

)
p1(u) du ,

which is (32). Finally, a direct evaluation of the frequentist density of the ratio Y
T
under

model (31) yields the density in (33).

Theorem 4.1. Consider model (31), an observed value t of T , and a Bayesian predictive
region R∗

π0
(t) for Y with credibility 1−λ associated with prior density π0(σ) = 1

σ
I(0,∞)(σ).

Then R∗
π0
(t) has exact frequentist conditional coverage probability, i.e.

P
(
Y ∈ R∗

π0
(T )

∣∣T = t, σ
)
= 1− λ, for all t, σ > 0 .

Proof. Since R∗
π0
(t) has credibility 1− λ, we have

Pπ0
(
Y ∈ R∗

π0
(t)|T = t

)
= Pπ0

(Y
T

∈ S∗
π0
(t)|T = t

)
= 1− λ ,

where S∗
π0
(t) = {y ∈ Rd

+ : t Y ∈ R∗
π0
(t)}. Since the Bayesian predictive distribution of Y

t

is free of t (see expression 32), it follows that S∗
π0
(t) ≡ S∗

π0
is free of t and such that∫

S∗
π0

h(r) dr = 1− λ.

On the other hand, the frequentist conditional coverage probability of the region Rπ0(T )
is given by

P
(
Y ∈ R∗

π0
(T )|T = t, σ

)
= P

(Y
T

∈ S∗
π0
(T )|T = t, σ

)
=

∫
S∗
π0

h(r) dr = 1− λ ,

since R = Y
T
|T = t, σ has density h free of t and σ by virtue of Lemma 4.1.

An application of the above in the context of our problem leads to the following main
finding.

Corollary 4.1. For model (1) and an observed z(1), Bayesian predictive regions Rπ0(Z(1))
for Z(2) of credibility 1 − λ, based on the predictive density q̂π0(·|z(1)) ∼ P2(,

n−m
t
, . . . , 1

t
)

with t =
∑m

i=1(n− i + 1)zi, have exact frequentist conditional coverage probability 1− λ,
i.e.,

P
(
Rπ0(Z(1)) ∋ Z(2) |Z(1) = z(1), θ

)
= 1− λ for all z(1) ∈ Rm

+ , θ > 0 .

Furthermore, the above matching result holds simultaneously for all α > 0 in model (1),
(i.e., for all Gamma mixing β|θ ∼ G(α, θ)), as well as for the degenerate version with
X1, . . . , Xn i.i.d.. Exp(θ).
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Proof. For the degenerate case, the result is due to [3]. Since t is a sufficient statistic for
θ, we can express Rπ0(Z(1)) as R

∗
π0
(T ) and consider the equivalent property

P
(
R∗
π0
(T ) ∋ Z(2) |T = t, θ

)
= 1− λ for all t, θ > 0 .

We can then apply Theorem 4.1 with T as given, Y = Z(2), the credibility region R∗
π0
(T ),

and model (31) with a B(m,α, σ) density pσ for T and a P2(m+α, n−m
σ+t

, . . . , 1
σ+t

) density
qσ+t for the conditional distribution Y |T = t. The result then follows from Theorem
4.1.

Remark 4.1. Here is an alternate derivation of the property to the effect that the pre-
dictive density q̂π0 given in Theorem 3.1 is free of the model choice of α. We connect it
to a more general result, namely Lemma 4.1’s representation, and make use of Definition
2.1. To do so, we consider the frequentist distribution of R = Y

T
|β with Y = Z(2) and

T =
∑m

i=1(n− i+ 1)Zi.
As a first step, conditioning on β in (1), it is the case that:

(i) Zj|β, j = 1, . . . ,m, are independently distributed Exp((n − j + 1)β), which implies
that T |β ∼ G(m,β) and G = βT |β ∼ G(m, 1);

(ii) For j = m+1, . . . , n, Zj|T, β are independently distributed Exp((n− j+1)β), which
implies that Ej =d βZj|T, β =d βZj|β are independently distributed Exp((n−j+1)).

From the above, we infer that

R|β =d Y

T
|β =d βY

βT
|β =d

(Em+1

G
, . . . ,

En
G

)⊤ ∼ P2(n−m, . . . , 1) ,

independently of β, by virtue of Definition 2.1. By invoking Lemma 4.1, we conclude that
the Bayesian predictive density q̂π0 is indeed a P2(

n−m
t
, . . . , 1

t
) density, simultaneously

for all choices of α in model (1). Moreover, the matching also holds for the baseline
exponential model with X1, . . . , Xn independently distributed as Exp(θ).

Concluding remarks

In this article, for dependent data distributed as an exponential mixture and for a type-II
right-censoring scheme, we have studied and derived Bayesian predictive densities for a
vector of future order statistics, and related functions such as individual order statistics
and totals of future order statistics. From such Bayesian predictive densities and gamma
priors densities on the mixing parameter distribution, we also provide Bayesian HPD pre-
diction regions and point predictors for the set of future order statistics. Notably, we
establish that the Bayes prediction procedures associated with a non-informative prior
density π0 do not vary across the class of Gamma mixtures of exponential distributions,
and are therefore robust with respect to misspecification within this class as well as for
the non-mixing basis exponential distribution. Furthermore, resulting prediction regions
with credibility 1−λ are shown to have matching frequentist coverage 1−λ. The pivotal
predictive density q̂π0 is a multivariate Pareto density, and our analysis brings into play a
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novel study of the distribution of linear combinations of such multivariate Pareto densities.

A main motivation for this study has been to explore a dependent data structure as an
alternative to i.i.d. data. A promising future avenue would be the exploration of other
dependent data structures, possibly more general. It would be of interest as well to extend
the analysis to other types of sampling schemes such as type-I and progressive censoring.
Finally, a topic that remains unexplored is the frequentist risk performance, in a decision-
theoretic framework with Kullback-Leibler divergence loss, of the density q̂π0 , namely in
terms of admissibility and minimaxity, especially for large dimensions.
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scholar fund, as well as to Lëıla Chalifour for a diligent reading. Author Marchand is
grateful for research support from NSERC of Canada.

References

[1] Arnold, B.C., Balakrishnan, N., & Nagaraja, H.N. (2008). A first course in order
statistics. SIAM: Classics in Applied Mathematics, Philadelphia, USA.

[2] Arnold, B.C. (2014). Univariate and multivariate Pareto models. Journal of Statistical
Distributions and Applications, 1, article 11.
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