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Abstract

For one-parameter continuous exponential families, we identify an unbiased estimator of
the inverse of the natural parameter 6 for cases where 6 > 0, extending an earlier result of
Voinov (1985) applicable to a normal model. We provide various applications for Gamma
models, Inverse Gaussian models, distributions obtained by truncation, and ratios of normal
means. Moreover, we extend the findings to estimating negative powers 6%, and more
generally to complete monotone functions ¢(8).
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1 Introduction

Unbiased estimation is a unifying theme in several facets of statistical theory and practice, for
parametric and non-parametric models, and also for non-asymptotic and asymptotic settings.
Methods and theoretical foundations for finding optimal unbiased estimators, when they ex-
ist, are well established, in linear models or under the criteria of uniformly minimum variance
unbiased (UMVU) estimation, for instance (e.g., Lehmann, E., Casella, G. (1998), and the refer-
ences therein). The study of efficiency for unbiased or nearly unbiased estimators is also highly
relevant (e.g., Doss and Sethuraman (1989)). In this paper, we address the issue of the very
existence of an unbiased estimator and how this can be impacted by the parameter space setting.

For one-parameter exponential families, we record situations where an unbiased estimator exists
for the inverse v(0) = 1/6 of a natural parameter ; which is sometimes achievable by virtue of
a lower bound parametric restriction on 6, in contrast to the unrestricted parameter setting. As
an exemplar, consider a normal model X ~ N (6, 0?) with known 2. For the natural parameter
space 0 € R, it is known and verifiable that there does not exist an unbiased estimator of 1/6
(see Theorem 1). However, as demonstrated by Voinov (1985), there does exist an unbiased
estimator dp(X) when 6 > 0, i.e.,

Eg(d0(X)) = %, forall 6 > 0.



We revisit this result and, furthermore, we show that a similar result holds for one-parameter
continuous exponential families, with extensions to parametric functions of the form (6) = 1/6*
with £ > 0 and more generally to completely monotone parametric functions ¢(6) which include
examples like ¢(8) = (6§ +b)~% for k >0, b€ R, and § > —b.

Further applications include unbiased estimation: (i) for truncated distributions generated from
an exponential family density, such as truncated normal distributions, and (ii) ratios of two
exponential family natural parameters, including the ratio of normal means extending also to
the general bivariate normal model.

1.1 Motivation

For normal models with known variance, the exponential family natural parameter 6 (see
(1)) is a multiple of the mean, hence, the estimation of inverse moments, in particular with
the criterion of unbiasedness, relates to estimating inverse powers of 6. The problem of making
inferences about % is thus of interest for normal models (see for instance Withers and Nadarajah
(2013), and the references therein) as well as for exponential families as in (1). Scientific and
economic applications include:

e Experimental Nuclear Physics: The momentum of a charged particle is determined by
measuring its track curvature, a technique widely used in high-energy physics experiments
(Lamanna et al. (1981), Treadwell (1982)). Estimating inverse moments of the curvature
parameter allows for improved precision in momentum calculations.

e Optimal Control Theory: In dynamic decision-making problems, particularly in the one-
dimensional special case of the single-period control problem, inverse moment estimation
is critical for deriving optimal strategies (Zaman (1981), Zellner (1971)).

e Economic Modeling: Inverse moments frequently arise in macroeconomic and microeco-
nomic models. For instance, the investment multiplier in Keynesian economics is a function
of the marginal propensity to consume, while the long-run supply elasticity in agricultural
economics can be estimated from Nerlove’s supply response model (Braulke (1982)).

e Astronomical Data Analysis: In observational astronomy, data are often truncated due
to detection limits—only sources above a brightness threshold are observed. When mea-
surements follow an exponential distribution, as in photon counts or luminosity, inverse
moments of the natural parameter (e.g., 1/\) are key for estimating population means
and correcting selection bias. Unbiased estimators of these moments are thus essential for
accurate inference under truncation (Efron and Petrosian (1999)).

These applications highlight the widespread relevance of unbiased estimation of inverse moments
in diverse scientific fields, motivating the need for a general and systematic approach to their
construction whenever possible.

2 Main results and applications

Our findings are applicable to statistics X € R with exponential family densities

X ~ h(z) exp{z — A(0)}, (1)

with respect to Lebesgue measure on (—oo,a) where a can be either finite or “+00”, as well
as to extensions through changes of (i) location, (ii) scale, (iii) sign, and (iv) truncation of



X to (—oo,b) with b < a. We assume that the natural parameter space ©® = {0 € R :
[* . h(z) exp(xh) dz < oo} contains an interval of the form (0, ¢).

Unless otherwise specified, we consider reduced exponential family densities in (1), but we point
out the well-known property (e.g., Efron (2022)) that such a model arises with Xi,...,X,
independently distributed and drawn from exponential family density g(u) exp{6t(u) — C(0)},
since the statistic 7= )" | t(x;) is a complete and sufficient statistic for the family of densities
with density representable as in (1). Moreover, completeness implies that there exists at most one
unbiased estimator of a parametric function v(6) which is a function of T'. Before continuing, we
point out that for Bayesian inference, conjugate prior distributions in one-parameter exponential
families are readily available (e.g., Diaconis and Ylvisaker (1979)), maintain the exponential
family structure, and facilitate the estimation of inverse moments. We first present a general
non-existence unbiased estimation result for inverse powers of 6.

Theorem 1. Let X have density in (1) and let the interior of © include the point 6 = 0. Then
there does not exist an unbiased estimator for 6%, k> 0.

€

ge- Then, we would have

Proof. Suppose there exists an unbiased estimator, say 6(X), of

E{5(X }_/ 5(x) h(x) exp{(20 — A(0)} do = Hik

Since the left-hand side is analytic in 6 (e.g., Barndorff-Nielsen (1978), Brown (1986)), while
the right hand side does not admit derivatives of all orders at § = 0, the equation cannot be
satisfied in §(-), and therefore there does not exist an unbiased estimator for eik. O

In contrast, the next result provides an unbiased estimator of % under the condition that ¢ > 0.

Proposition 1. For X with density as in (1), there exists for 6 > 0 a unique unbiased estimator
oj‘% and it is given by

5o(X) = —— /ah(s) ds . )

Proof. We have for all § € ©

Eg(d0(X)) / s) exp{(z6 — A(0)} ds dx

h(s) / exp{z — A(0)} drds (Fubini’s theorem)
he)

)y exp{st — A(0)} ds (since 0 is positive)

- T,
- /—;f
-

O

0

Remark 1. Denoting the densities in (1) as fo and their survival functions as Fy, notice that
fo(z) = h(z)eA®) so that the unbiased estimator in (2) is expressible as

Before pursuing with various extensions, both with respect to model and parametric function
~(0) variations, let us simply record Voinov’s result (Voinov (1985)) applicable to a normal model
with known variance. Denote ¢ and ® as the probability density and survival functions of a
N(0,1) distribution.



Example 1. Let Y ~ N(p,0?) with p > 0. Then X = % ~ N(0,1) has model density (1) with
o(X)

0 = L and h(z) = ¢(x). Applying Proposition 1, we obtain that do(X) = 5(x) s unbiased for
(Y
% or, equivalently, that %z((f)) is unbiased for i

Corollary 1. (a) (change of location) For density (1) with 8 > 6y, the estimator
1 ¢ Fy (X)
01(X) = 7 [ h(s) ePds = == 3
1( ) h(X) eXgo /X (S) € S feo(X) ( )
s an unbiased estimator of ﬁ.

(b) (change of sign) For X having density h(x) exp {0x — A(0)} with respect to Lebesgue mea-

sure on (a’,00) and 6 < 0, the estimator do(X) = —?S&()) is unbiased for 5. Equivalently,
for model density
X ~ h(z) exp{—0'z — A(-0")} (4)
with respect to Lebesgue measure on (a’,00) and ' > 0, the estimator —3(X) = ?g((i(()) is
unbiased for %
(¢) (truncation) For an observable T with density
T o B(0) T oo(1) exp{0 — A(B) — logPy(X < D)}, (5)
which is the truncated to (—oo,b) version of X in (1), the estimator
1 b
03(T) = — / h(s)ds 6
®) = i [ 16 ©

s an unbiased estimator of %.
Proof.
(a) The result follows by expressing the density for X as
g(@) exp{zd’ — A(0)},
with g(z) = h(z)e®® and 6 = 6 — 6y, and then applying Proposition 1 to g and ¢’ > 0.

(b) Let ¢ = —0 > 0 and a = —a/. Since Y £ _X has density h(—y)exp{f'y — A(—6¢')} with
respect to Lebesgue measure on (—oo, a), we can apply Proposition 1 to infer that

Jy h(=s)ds 1Y h(s)ds

—6o(Y) = h(=Y) = - =% = 02(X)

: : 1 1
is unbiased for — 3 = 5.
(c) The result follows directly from Proposition 1 with h(t) replaced by A(t) I(_o () O

Combinations of Proposition 1 and different parts of Corollary 1 produce a wealth of applications,
and here is a selection of examples.



Example 2. (a) For X ~ N(0,1) with the lower bound parametric restriction 0 > 0y, part (a)
of Corollary 1 applies and yields that

(X — o)

WX = Sx )

1s unbiased for ﬁ

(b) For X ~ N(0,1) with the upper bound parametric restriction 8 < 0, part (b) of Corollary 1
applies and yields that

P (X)

$o(X)

52(X) = —

- - 1
is unbiased for .

Example 3. (truncated normal distribution) Proposition 1 or part (c) of Corollary 1 apply

directly to truncated normal distributions such that T 4 Z|Z < b with Z ~ N(u,0?) and pu > 0.
Indeed T has density given in (5) with h(t) = L ¢(L) and 0 = L. Since 0 > 0, we have that

53 — o / ¢ {(i)(%) - i)(g)}

X T
cr ¢(E>
1s an unbiased estimator of% = %2, and that —5 L 63(T) is therefore unbiased for i

$(*5H)
o(5k)
paper do not address the estimation of % £ 1 o but mther that of i More generally for model
densities in (1), we have Eo(X) = A'(0), so that Eg(X) = 10 iff A(9) = 619 + ca, for some
constants c¢1 and co, which in turn occurs only for X ~ N(6,0?)

Remark 2. In Example 8 where E(T) = p+ o we point out that the results of the

Example 4. (Gamma model) Let X ~ G(a,0') with o > 0 known ¢ > 0, and density
I?{:) oL 0 L(0,00)(z). Obviously E(%) = 4, so our findings above are not required, but
it is nevertheless interesting to illustrate that this unbiased estimator can be generated from part
(b) of Corollary 1 with h(z) = 2% 1,a’ =0, and

1 X X
—52(X) = ﬁ /0 Sa_l ds = E

Although the initial motivation for our paper, as well as for Voinov’s work, involved a positivity
restriction for a normal mean, observe that there is no parametric restriction for this Gamma
model example, and that it is not required in Proposition 1.

Finally, observe that the illustration extends nicely to a truncated Gamma version of X on (b, 00)

with b > 0, i.e., for T 4 X|X > b. Indeed, as in part (c) of Corollary 1, we can proceed as
above to infer that
1 r T b
—03(T) = —— gy = — — ——
3( ) To—1 /b § $ a aTe1
s an unbiased estimator of %.

Example 5. (Inverse Gaussian model) Inverse Gaussian models (X ~ IG(u, X)) have densities
which can be expressed as

Az A A

_\1/2 3\—1/2 A A
Ju(z) AE (2w exp 202 o + M}]I(O’OO)(x),



with > 0 a mean parameter and A > 0 a shape parameter. Now, consider \ to be known
in which case X has density expressible as in (/) with o’ = 0, §/ = ﬁ > 0, and h(x) =
232 e % Lio,00)(w) . Part (b) of Corollary 1 then applies and an evaluation which exploits the

presence of a X% density (or an incomplete Gamma function) tells us that
50X B fOX §73/2 =728 g
—0(X) = X3/2 g—M2X

_ (AXP)L2 M2X /°° —1/2 —t/2 g
AX

_ (BrXC 22X & \/7
= (5 7oy 5)

s an unbiased estimator of % Observe that, in terms of the original parameters, the estimator
A62(X)
2

is unbiased for . To conclude, we point out that unbiased estimators of various functions
of (i, \) have been proposed in the literature, namely by Iwase and Seto (1983), but such results
to the best of our knowledge do not cover the example here (also see Seshadri (1993), chapter

6).

We conclude this section with an application to estimating unbiasedly the ratio of two normal
means based on independent samples, as well as based on a bivariate normal distribution.

Example 6. (ratio of normal means)

(A) Consider Z;,i = ,n1 + na, mdependently dzstmbuted as N(,ul,Tl) for Zy, ..., Zn,,
and N(uz,73) for Zn1+1, eoos Znytny, with 7 and 73 known. With Z; = 11 Yot Zi and
X = \gZQ = \/%Tz Z:Ll;nf-l Z; jointly sufficient for (u1,u2), with X having density

as in (1) with a = co and 0 = \/:2“2, it follows from Proposition 1, as in Example (1),
(X
where §p(X) = % that E(0o(X)) =

@ A 50(%22) is an unbiased estimator of % under the restriction po > 0 and given
the independence.

(B) The result in part (A) also admits an extension to the bivariate normal case with non-
independent components. Without loss of generality, consider (Y1,Y2)" ~ No(u,X) with
p= (1 p2) " )

3= |: 01 p0'120-2 :| ,
po102 0y

and known p,o1,03. L Indeed since W =Y — p%Yg and Yo are independently distributed

as N(p1 — pg—;ug, 1 — p?) and N(ug,03), respectively, we obtain from Proposition 1 and

the independence property that:

Y5 o 1
E<W5o< 2)) = (Ml-ﬂ*l/@) ﬂ—f?* for pz >0,
(o) op) 02 H2 2

which implies that W 5 ( ) + p"l s unbiased for & ~» whenever py € R and pg > 0.

!'Normally, we would expect to require that |p| < 1 but the result still holds here for |p| = 1 with the
particularity that W is degenerate.



2.1 Extensions to a class of parametric functions

The next result generalizes the unbiased estimation finding of Proposition 1 to parametric func-
tions that are expressible as

= /OOO f(y) exp(—y0)dy, (7)

for a given integrable function f. Unbiasedness will be established for values of # such that ¢(6),
ie., for 0 € C = {0 € R:|q(0)| < oo}. The functions ¢(f) are precisely the class of functions
that are completely monotone, which are also characterized by functions g with derivatives of
alternating signs, i.e., (—1)™ C‘li;:n q(@) > 0 for all & € C, and for m = 1,2,..., (e.g., Feller
(1971), Widder (1941)). Immediate applications of interest generated by (7) include: (i) the

basic case ¢(@) = 5 for f(y) = 1 and C = (0,00), (ii) the power extensions ¢(f) = elk,k: >

0, for f(y) = (1) k=1 and C = (0,00), (iii) further extensions q(f) = W, kE > 0, for
fly) = F(lk,) y*~1e=% and C = (—b, c0), and many more as there few restrictions on f, including
for instance q(9) = M generated by the indicator function f(y) = I, 4,)(y) with

0<d <dy <.

Proposition 2. For X with density as in (1), there exists for 8 € C a unique unbiased estimator
of q(0) of the form (7), and it is given by

1

%@)zmxyﬁﬁwww—XMs (8)

Proof. We have for 8 € C
Eo{0o(X)} = / / (s —x)ds exp{z § — A(0)} dx
= / h(s) / f(s —z) exp{x 8 — A(0)} dx ds ( Fubini theorem)

= /a h(s) /000 exp{sf —ub — A(0)} f(u)duds

—00

(change of variable u = x — s)

B / h(s) exp{sd — A(6)) ds
= q(0). O
A vast number of examples follow from Proposition 2 for different choices of h in (1) and

different f’s in (7) or (8), and then with changes of sign or truncation as in Corollary 1. Here
are such examples.

Example 7. For X ~ N(6,1) and q(f) = (b+60)"%, b € R,k > 0, Proposition 2 applies for
a =00, h(t) =o¢(t), f(y) = %k) y* e and C = (—b, 00), yielding with a change of variables
the unbiased estimator

_ 1 X )Rl b X)
() = ¢Xf/ 5(5) (s s

_ U — klu
- eETD XM“>( b= X)Td

for q(0),0 > —b.



From this, Example 2 (a) is recovered with k = 1 and 6y = —b. For k = 2, one obtains with
o0

the evaluation [ ud(u) du = ¢(X +b), then
X+b

So(X) = {1 - (X+b)ij((§j:£))}

is an unbiased estimator of (8 +b)~2 for § > —b, b € R.

Concluding remarks

Our findings shed light on the existence of an unbiased estimator do(X) of & for X ~ N(6,45?)
with 6 > 0, by inscribing the result in a more general finding, applicable to: (i) the class of
one-parameter continuous exponential families with 6 being the natural parameter, and (ii) to
parametric functions ¢(#) which are completely monotone.

A related issue, necessarily specific to the given context (i) and (ii), concerns the point
estimation performance of the estimator dp(X) of ¢(#) in comparison to other estimators, other
than unbiasedness which follows from our results. Such comparisons require caution and the
possible use of a bounded loss function or a sufficiently slow varying one. Indeed, with the
routine choice of mean squared error for the normal case with o = 1 for instance, we have using
Remark 1 for all 8 > 0:

2
MSE(8,dy) = ]E(i;(()f))) = /Rge(w) dz — ;12

with go(z) = v2m e /282(x) exp{x + x2/2}. Since, for all f > 0, limy_,o0 gg(x) = +00, the
mean squared error of dy does not exist and cannot be used directly for evaluation purposes.
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