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Abstract

Based on the notion of mutual information between the components of a discrete or
mixed random vector, we construct, for data reduction reasons, an optimal quantization
of the support of its probability measure. More precisely, we propose a simultaneous
discretization of the whole set of the components of the random vector which takes
into account, as much as possible, the stochastic dependence between them. Examples
are presented.
Key words: Divergence, mutual information, correspondence analysis, optimal

quantization, discrete and mixed multivariate random vectors.

1 Introduction

In statistics and data analysis, it is usual to take into account discrete random vectors.
This is particularly the case in surveys and censuses, but also when some multidimensional
discrete probabilistic models seem particularly well suited to the phenomenon under study.
For example, using a descriptive and exploratory approach, some data analysis models,
as correspondence analysis among others, are dedicated to highlight the stochastic links
between the components of a random vector, by means of the associations between their
respective categories. Similarly, the parametric framework of some discrete multidimensional
distributions, leads to the estimation of the parameters of the joint distribution which will be
used subsequently to quantify, for example, the stochastic dependencies between components.
However in practice, one has to create for various reasons (easy use, clearness of results and
graphical displays, confidentiality of the data, etc.), some classes for each component of a
vector, by merging values or categories of it. For example, one often found, regarding the level
of studies, some categories such as: "Primary", "Secondary", "Collegial" and "University",
instead of the title of the diploma itself or the exact number of years of school. Similarly,
regarding the monthly number of visits that a personne does at a given political information

1



website, one can find the following categories: "one visit or less", "2 to 5 visits", "6 to 10
visits", "11 to 25 visits", "26 visits and more", instead of the exact number of visits.

In practice, it is usual to create categories for each variable, regardless of the stochastic
dependencies that exist between them. This process, although widespread, deprives never-
theless the statistician from information that could be crucial, for example in a predictive
framework, since it degrades arbitrarily the stochastic dependence and could affect the qual-
ity of the forecast model. To alleviate this problem, we propose in what follows, to adapt to
the discrete case the approach proposed in the continuous case, by Colin, Dubeau, Khreibani
and de Tibeiro [10]. This one is based, in the process of data reduction, on the existence of
an optimal quantization of the support of the probability measure of a continuous random
vector, arising from the “minimal loss of mutual information”principle.

2 Theoretical framework

2.1 Generalities

We present briefly thereafter, the problem of finding an optimal quantization of a support of a
probability measure in the context of discrete probability spaces, for which it will be assumed
that reference measure will be systematically the counting measure. LetX = (X1, X2, ..., Xk)
be a random vector defined on a probability space (Ω,F , µ) and with values in a finite or
countable set X , where Ω = {ω} is an arbitrary set, F a σ-field of subsets of Ω and µ a
probability measure on F . Generally one has: X = ×i=ki=1Xi where Xi = {Xi(ω)} is finite or
countable and, in this last case, Xi is frequently choosen as N, N∗ = (N ∪ {0}) or Z. Let P
be the probability measure on P(X ) image of µ under the mapping X, given by:

P(x1, x2, ..., xk) = P(X1 = x1, X2 = x2, ..., Xk = xk)

= µ {ω ∈ Ω : X1(ω) = x1, X2(ω) = x2, ..., Xk(ω) = xk}

where x = (x1, x2, ..., xk) is a member of X = ×i=ki=1Xi. Finally, we note by PX1 ,PX2 , ...,PXk ,
the marginal probability measures of the components of X.

2.2 Mutual information

As defined in the continuous case, the mutual information Iϕ (X1, X2, ..., Xk) between the
random variables X1, X2, ..., Xk is nothing else than the ϕ-divergence Iϕ

(
P,⊗i=ki=1PXi

)
(see

[13]) between the probabiliy measures P and ⊗i=ki=1PXi given by:

Iϕ (X1, X2, ..., Xk) = Iϕ
(
P,⊗i=ki=1PXi

)
=

∑
x∈X

[
ϕ

(
P(x)

⊗i=ki=1PXi(x)

)
⊗i=ki=1PXi(x)

]
= E⊗i=ki=1PXi

[
ϕ

(
P(X)

⊗i=ki=1PXi(X)

)]
where ϕ is a convex function from R+\{0} to R (see Csiszár[13], Aczél and Daróczy[1],
Rényi[22] for details). It is easy to check, using some elementary calculations, that all the

2



properties of divergence and mutual information, as set out in the continuous framework, are
also valid in a discrete setting and, in particular, the one relating to the loss of information
arising from a transformation of the random vector X, property known as: "data-processing
theorem" (see [1], [12], [13], [26]).

2.3 Optimal partition

2.3.1 Mutual information explained by a partition

Without loss of generality, and for sake of brevity, it is assumed that each component Xi of
the random vector X is, for i = 1, 2, ..., k, a random variable with values in N∗. In addition,
for all i = 1, 2, ..., k, we denote by ηili ∈ N∗ any integer value of the random variable Xi,
where li ∈ N∗. Given k integers n1, n2, ..., nk, we consider for every i = 1, 2, ..., k, a partition
Pi of the support SPXi of the random variable Xi, obtained by means of a set

{
γiji
}
of ni

intervals of the following form:

γiji = [xi(ji−1), xiji [ for ji = 1, 2, ..., ni − 1 and γini = [xi(ni−1),∞[

where the bounds of the intervals are given real numbers such that:

0 = xi0 < xi1 < xi2 < ... < xi(ni−1) <∞

Remark: the choice for real bounds for the intervals of Pi, is a simple consequence of the
fact that it is not excluded that a priori, one of the elements of the optimum partition,
may be a single point x of N∗k . Since the intervals are right closed and left open, such an
event could possibly not occur if the bounds were some integers values of the components
X1, X2, ..., Xk of X.

The “cartesian product partition”or more simply the “product partition”P of the sup-
port SP in n = n1 × n2 × ...× nk elements or cells is then defined by:

P = ⊗i=ki=1Pi = { ×i=ki=1 γiji}

where ji = 1, 2, ..., ni, for every i = 1, 2, ..., k.

If σ(P) is the σ-algebra generated by P (more precisely, the algebra generated by P in
this case), the restriction of P to σ(P), is given by:

P
(
×i=ki=1γiji

)
for every j1, j2, ..., jk

and for which it is easy to check that the marginal probability distributions PXi , for i =
1, 2, ..., k, are given by:

PXi
(
γiji
)
where ji = 1, 2, ..., ni

The mutual information, noted by Iϕ(P), explained by the partition P of SP is then
express as:

Iϕ(P) =
∑

j1,j2,...,jk
ϕ

(
P
(
×i=ki=1γiji

)∏i=k
i=1 PXi

(
γiji
))∏i=k

i=1 PXi
(
γiji
)

It follows that the mutual information loss, arising from the data reduction, is given by:

Iϕ (X1, X2, ..., Xk)− Iϕ(P)

which is, as a consequence of the “data-processing theorem”, positive
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2.3.2 Existence of an optimal partition

For every sequence of given integers n1, n2, ..., nk and for every i = 1, 2, ..., k, let Pi,ni be the
class of partitions of SPXi in ni disjoint intervals γiji as defined in the previous subsection,
and let Pn be the set of partitions of SP given by:

Pn = ⊗i=ki=1Pi,ni

where n is the multi-index (n1, n2, ..., nk) of size |n| = k.

The problem of finding a member P of Pn for which the mutual information loss is
minimal, is equivalent to find a solution of the following optimization problem:

min
P∈Pn

(Iϕ (X1, X2, ..., Xk)− Iϕ(P))

which is equivalent to solve this one:

max
P∈Pn

Iϕ(P) = max
P∈Pn

∑
j1,j2,...,jk

ϕ

(
P
(
×i=ki=1γiji

)∏i=k
i=1 PXi

(
γiji
))∏i=k

i=1 PXi
(
γiji
)

which simply consists in finding the real bounds of the intervals γiji for every i = 1, 2, ..., k and
for every ji = 1, 2, ..., ni. From this point of view, one can observe that since the probability
distributions are discrete and since each component of X has values in N∗ = (N∪ {0}), it is
easy to check that the choice of a real bound xiji in any interval of the form

]
ηili , ηi(li+1)

[
is

totally arbitrary for every i = 1, 2, ..., k and ji = 1, 2, ..., ni. As a result, one can agree that
the

∏i=k
i=1(ni − 1) possible choices for real bounds, will be reduced to the choice of centers

ηili + 1
2
of intervals of the form

]
ηil1 , ηi(li+1)

[
.

If the support SP is finite, one has a finite number of members of Pn so an optimal
partition automatically exists, while if the support SP is countable, then the set Pn is count-
able. It follows that the countable set of the real numbers Iϕ(Pη), where Pη ∈ Pn for
every η ∈ N∗, may be ordered according to a non-decreasing sequence, bounded above by
Iϕ (X1, X2, ..., Xk). So in this case, the existence of an upper bound for the sequence (Pη)η≥0,
ensures the existence of an optimal partition or possibly the existence of a “quasi optimal”
partition, if the upper bound is not reached by a member of Pn.

As an illustration of the previous comments, we consider thereafter, a bivariate discrete
random vector X = (X1, X2) with a finite support and whose components X1 and X2 take
value respectively in {0, 1, 2, ..., p} and {0, 1, 2, ..., q}. Let n1 and n2 be the numbers of
the elements of a partition P1 of {0, 1, 2, ..., p} and of a partition P2 of {0, 1, 2, ..., q} with
n1 ≤ p + 1 and n2 ≤ q + 1. A partition P = P1 ⊗ P2 has n1 × n2 non-empty elements or
cells and it is straightforward to check that card(Pn) where n = (n1, n2) is equal to:

card(Pn) =

(
p

n1 − 1

)(
q

n2 − 1

)
It follows, as previously said, that since card(Pn) is finite, an optimal partition exists and
this one can be found by simple inspection, at least from a theoretical point of view.
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However, when the support SP is countable and unbounded, as for example in the case of
the multivariate Poisson distribution or in the case of the multivariate negative multinomial
distribution, some diffi culties to determining an optimal (or quasi-optimal) partition may
occur for numerical reasons. Indeed, since there is a countable choice for the bounds of the
intervals for each marginal partitions, then the set Pn is countable and some convergence and
stability problems may occur at the neighbourhood of the optimal solution, especially when
the greatest bounds tend to infinity. As in the continuous case (see [10]), in order to bring
back the optimization problem to a bounded support, it is possible to use an elementary
transformation (the discrete counterpart of the continuous “probability integral transform”)
as illustrated below in the case of a bivariate discrete random vector Z = (X, Y ) with values
in N∗2.
To this end, let H,F and G, be respectively the joint and marginals cumulative distribu-

tion functions of the randon vector Z and P,PX and PY be the resulting joint and marginals
probability density functions. The following notations are usual:

P(X = i, Y = j) = pij, for i, j = 0, 1, 2, ...

and:

PX(X = i) = pi• =
∑∞

j=0 pij, for i = 0, 1, 2, ...

PY (Y = j) = p•j =
∑∞

i=0 pij, for j = 0, 1, 2, ...

Let x and y be two real non-negative numbers. One has:

H(x, y) = P(X ≤ x, Y ≤ y) =
∑bxc

i=0

∑byc
j=0 pij

where bxc et byc are respectively the integer part of the reals numbers x and y. Similarly
one has:

F (x) = PX(X ≤ x) =
∑bxc

i=0 pi• =
∑bxc

i=0

∑∞
j=0 pij

and :
G(y) = PY (Y ≤ y) =

∑byc
j=0 p•j =

∑byc
j=0

∑∞
i=0 pij

One then considers the discrete random vector C = (U, V ) deduced from Z = (X, Y )
using the following transformation T from N∗ × N∗ to Im(F )× Im(G) ⊂ [0, 1]× [0, 1] given
by:

T =

{
U = F (X)
V = G(Y )

where Im(F ) et Im(G) are the sets of the values of the cumulative distribution functions F
and G when X et Y vary in N∗. Consequently for every i, j ∈ N∗ one has:

T (i, j) = T (X = i, Y = j) = (U = ui = F (i), V = vj = G(j)) = (F (i), G(j))

Moreover, if PT is the probability measure image of P by the transformation T , it follows
that:

PT (U = ui, V = vj) = PT (U = F (i), V = G(j)) = P(X = i, Y = j) = pij
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Thus, the random vectors (X, Y ) and (U, V ) have the same probability measure (however
defined on different σ-algebras) which implies that the mutual information between the
components of the two vectors (X, Y ) and (U, V ) is invariant under the transformation T .
In other words, one has:

Iϕ (X, Y ) = Iϕ (U, V )

for every admissible function ϕ. It follows from this result, that the previous optimization
problem, as settled in N∗ × N∗, can be reduced to an equivalent optimization problem in
Im(F ) × Im(G) ⊂ [0, 1] × [0, 1], which will allow to use possibly more effi cient numericals
methods since the research of the optimum partition can be done on a bounded support
(included in [0, 1]2, but however, non-compact) of the probability measure PT .

Remark : It is worth noticing that the previous transformation, although conceptually
similar to the one leading to the notion of copula, does not further pursue the analogy with
the latter, since in the case where the variables U = F (X) and V = G(Y ) take values on
countable sets, the concept of uniform measure on such sets is a nonsense !

3 Examples

3.1 Some computational considerations

Without loss of generality and for sake of simplicity, we consider the case of a bivariate
discrete random vector X = (X1, X2), with a finite support:

SP = SPX1 × SPX2 = [0, 1, 2, ..., r]× [0, 1, 2, ..., s]

for which the probability density function is given by:

f(x1i, x2j) = P(X1 = x1i, X2 = x2j) = pij

where i = 0, 1, 2, ..., r and j = 0, 1, 2, ..., s.

For each component, we denote respectively by:

0 = α10 < α11 < α12 < ... < α1l < ... < α1(p−1) < α1p = r

and by:
0 = α20 < α21 < α22 < ... < α2m < ... < α2(q−1) < α2q = s

the bounds of the intervals of the partitions of [0, 1, 2, ..., r] and of [0, 1, 2, ..., s] in respectively,
p and q elements. For every l = 1, 2, ..., p and for everym = 1, 2, ..., q, the probability measure
of the cartesian product:

Rlm =
[
α1(l−1), α1l

]
×
[
α2(m−1), α2m

]
is given by: ∑

(x1i,x2j)∈Rlm pij = πlm

while the joint product probability measure is expressed, using usual notations, as:(∑
(x1i,x2j)∈[α1(l−1),α1l]×SPX2

pij

)
×
(∑

(x1i,x2j)∈SPX1×[α2(m−1),α2m] pij

)
= πl•π•m

6



Hence it follows that the approximation of the initial mutual information Iϕ (X1, X2),
arising from the partition {Rlm}p,ql=1,m=1 of the support [0, 1, 2, ..., r] × [0, 1, 2, ..., s], has the
following expression: ∑p

l=1

∑q
m=1 ϕ

(
πlm

πl•π•m

)
πl•π•m

and for which, one has to find the maximum with respect to the unknown real numbers {α1l}
et {α2m}, under the previous sets of inequality constraints. The optimal partition being
obtained, one can compare, on the basis of the percentage of the initial mutual information
explained by the partition, the latter with others usual partitions as those with classes of
equal size, or classes with “equal probability”, adapted in this case to the discrete context.
For multivariate random vectors with more than two components, the generalization of this
procedure is straightforward.

3.2 Multinomial distribution

One will say that the discrete random vector X = (X1, X2, ..., Xk) is distributed as a multi-
variate multinomial distribution, denotedMn(n; p1, p2, ..., pk), with parameters n, p1, p2, ..., pk,
if its joint probability density function has the following form:

P (X1 = x1, X2 = x2, ..., Xk = xk) =

(
n

x1, x2, ..., xk

)∏k
i=1 p

xi
i I{SP⊆[0,1,2,...,n]k}(x1, x2, ..., xk)

where: (
n

x1, x2, ..., xk

)
=

n!

x1!x2!..., xk!

where:
0 ≤ pi ≤ 1 for every i = 1, 2, ..., k with

∑k
i=1 pi = 1

and where:
SP ⊆ [0, 1, 2, ..., n]k = {(x1, x2, ..., xk) :

∑k
i=1 xi = n}

For each components of the random vector X, the bounds of the intervals of a given partition
of [0, 1, 2, ..., n] will be as previously said of the form:

m+
1

2

where m = 0, 1, 2, ..., n − 1. If n1, n2, ..., nk denote, respectively, the number of elements of
the partitions of the supports PX1 ,PX2 , ...,PXk , the number of possible choices for a partition
of SP in n1×n2×...×nk elements or cells, will be given by:∏k

i=1

(
n

ni − 1

)
and by exhaustion, one can find an optimal partition of SP.

For example one considers the following multivariate mutinomial random vector:

X = (X1, X2, X3) ∼Mn(20; 0.2, 0.5, 0.3)
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if n1 = 5, n2 = 7 et n3 = 4, then the number of partitions of SP in 140 cells will be given by:(
20

4

)
×
(

20

6

)
×
(

20

3

)
=

(20!)3

4!16!6!14!3!17!

or approximately 2.1408 × 1011...If the computer can evaluate 106 partitions per second, it
will be necessary to run it during approximately 2.5 days !

3.3 Multivariate Poisson distribution

3.3.1 Multivariate Poisson distribution of type I

One considers two random variables distributed as two Poisson distributions P(λ) et P(µ)
with parameters λ and µ > 0 and with probability density functions given, as usual, by:

PX(i) = PX(X = i) = e−λ
λi

i!
∀i ∈ N∗

and by:

PY (j) = PY (Y = j) = e−µ
µj

j!
∀j ∈ N∗

If F et G are the cumulative distribution functions of the random variables X and Y ,
one supposes that random vector Z = (X, Y ), named in this case by bivariate Poisson
distribution of type I, has a cumulative distribution function given by:

H(x, y) = F (x)G(y) [1 + γ (1− F (x)) (1−G(y))]

for every (x, y) ∈ R2 and where −1 ≤ γ ≤ 1. In particular for any (i, j) ∈ N∗2, one has:

H(i, j) = F (i)G(j) [1 + γ (1− F (i)) (1−G(j))]

One can easily check that the marginal cumulative distribution functions are F and G and
that H is actually a cumulative distribution function. Indeed one has:

H(i,∞) = F (i) ∀i ∈ N∗;H(∞, j) = G(j) ∀j ∈ N∗

H(∞,∞) = 1;H(0−, j) = H(i, 0−) = 0 ∀(i, j) ∈ N∗2

Moreover, H is a non decreasing function with respect to each of its components. Since
for every j ∈ N∗:

H(i+ 1, j) = F (i+ 1)G(j) [1 + γ (1− F (i+ 1)) (1−G(j))]

and since F (i+ 1) = F (i) + p(i+1)•, one has:

H(i+ 1, j) = [F (i) + p(i+1)•]G(j)
[
1 + γ

(
1− (F (i) + p(i+1)•)

)
(1−G(j))

]
By expanding this last expression one obtains:

H(i+ 1, j) = F (i)G(j) [1 + γ (1− F (i)) (1−G(j))]︸ ︷︷ ︸
H(i,j)

+ F (i)G(j)
[
1− γp(i+1)• (1−G(j))

]
+p(i+1)•G(j) [1 + γ (1− F (i+ 1)) (1−G(j))]
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which allows to conclude that:

H(i+ 1, j)−H(i, j) = F (i)G(j)
[
1− γp(i+1)• (1−G(j))

]
+p(i+1)•G(j) [1 + γ (1− F (i+ 1)) (1−G(j))]

and therefore one has: H(i + 1, j) − H(i, j) ≥ 0 for every i and j in N∗. Thus H(i, j) is a
non decreasing function with respect to i for any given j. Of course, the same conclusion is
true with respect to j for any given i. Furthermore, one can deduce easily from H(i, j) the
joint probabilities pij by the means of the usual equality:

P(X = i, Y = j) = pij = H(i, j)−H(i− 1, j)−H(i, j − 1) +H(i− 1, j − 1)

for any (i, j) ∈ N∗2. Finally, the mutual information between the components X and Y is
given by:

Iϕ(X, Y ) = Iϕ(P,PX ⊗ PY )

=
∑∞

i=0

∑∞
j=0 ϕ

[
pij
pi•p•j

]
pi•p•j

Using the transformation:
U = F (X) and V = G(Y )

it follows that the support SP of the discrete random vector (U, V ) = {F (i), G(j)}i,j=0,1,2,...,
is a countable and bounded subset of [0, 1]2.

One considers a partition of SP in n×m cells given by the cartesian product between the
partitions of SPU and SPV in respectively n and m intervals. As in the case of finite supports,
the bounds of the intervals may be choosen as the center the intervals [F (i), F (i + 1)[ and
[G(j), G(j + 1)[. Let:

0 < u1 < u2 < ... < uk < ... < un−1 <∞

and:
0 < v1 < v2 < ... < vl < ... < vm−1 <∞

be the real bounds of the intervals defining the partitions PU and PV of SPU and SPV . For
every k = 1, 2, ..., n and l = 1, 2, ...,m, let γuk and γvl be the intervals of the form:

γuk = [uk−1, uk[ where u0 = 0 and γun = [un−1, 1]

γvl = [vl−1, vl[ where v0 = 0 and γum = [vm−1, 1]

It follows that the mutual information explained by the partition P = PU ⊗PV of SP, is
given by:

Iϕ(P) =
∑n

k=1

∑m
l=1 ϕ

(
P
(
γuk×γvl

)
PU
(
γuk
)
PV (γvl)

)
PU
(
γuk
)
PV (γvl)

where:
P
(
γuk×γvl

)
=
∑
{(i,j)}∈N∗2:(i,j)∈γuk×γvl

pij
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where:
PU
(
γuk
)

=
∑
{(i,j)∈N∗2:(i,j)∈γuk×N

∗} pij

and where:
PV (γvl) =

∑
{(i,j)∈N∗2:(i,j)∈N∗×γvl}

pij

To find an optimal partition P∗ of SP one has to choose, among a countable number
of possible choices, (n − 1) and (m − 1) real numbers, shuch that the mutual information
Iϕ(P∗) explained by the partition is maximum. This gives rise to the following formulation
of the optimization problem:

Iϕ(P∗) = max
P∈Pn

Iϕ(P) = max
P∈Pn

∑n
k=1

∑m
l=1 ϕ

(
P
(
γuk×γvl

)
PU
(
γuk
)
PV (γvl)

)
PU
(
γuk
)
PV (γvl)

or equivalently:

P∗ = arg

[
max
P∈Pn

∑n
k=1

∑m
l=1 ϕ

(
P
(
γuk×γvl

)
PU
(
γuk
)
PV (γvl)

)
PU
(
γuk
)
PV (γvl)

]

where n = (n,m).

In the case where some numericals methods fail to find easily an optimal solution for an
unbounded support, it is possible to bring back this problem to the bounded case, using the
following method. Let ur and vs be two real numbers shuch that:

1−H(ur, vs) = (1− F (ur)) + (1−G(vs))−
∑

i≥ur
∑

j≥vs pij ≤ ε

where ε is as small as possible and where:

H(ur, vs) = F (ur)G(vs) [1 + γ (1− F (ur)) (1−G(vs))]

As an example, if X ∼ P(2) and if Y ∼ P(4) with γ = .5 and ε = 10−4, one has to find two
real numbers ur and vs shuch that:

(1− F (ur)) + (1−G(vs))−
∑

i≥ur
∑

j≥vs pij ≤ 10−4

where:
pij = H(i, j)−H(i− 1, j)−H(i, j − 1) +H(i− 1, j − 1)

with:
H(i, j) = F (i)G(j) [1 + .5(1− F (i))(1−G(j))]

Furthermore:
(1− F (ur)) + (1−G(vs)) ≤ ε =⇒ 1−H(ur, vs) ≤ ε

Using software (or tables) for Poisson distributions with parameters λ = 2 and µ = 4, one
easily finds:

1− F (9) ≈ 3× 10−5

forλ = 2, and:
1−G(14) ' 5× 10−5
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forµ = 4.

It then follows that one can consider “new”discrete random variables U and V taking a
finite number of values given by 0, F (1), F (2), ...., F (10) and by 0, G(1), G(2), ..., G(15) with
“new”probabilities deduced from P(λ) and P(µ) by a process of troncation. An another
way to adjust the probability density functions is to define in the present case:

P(F (10)) = 1− F (9) and P(G(15)) = 1−G(14)

It is worth noticing that in general one can arbitrarly choose larger “terminal bounds”,
insofar as one retains the property of finite supports. An another way to reduce the problem
to the bounded support case, is to choose two integers u and v in order that the relative
residual mutual information, given by:

1−

∑u
i=0

∑v
j=0 ϕ

[
pij

pi•p•j

]
pi•p•j∑∞

i=0

∑∞
j=0 ϕ

[
pij

pi•p•j

]
pi•p•j

is less than or equal to a given number ε, as small as possible. Nothing ensures however that
the pair (u, v) is unique, the most important being that there at least one. Furthermore,
it should be noted that more this quantity is close to 1, more the restriction of the mutual
information to the domain:

S̃P = SP\ {0 ≤ i ≤ u} × {0 ≤ j ≤ v}

is close to 0. Therefore, one can easily conclude that the random variables are almost inde-
pendent on the set S̃P and that this one has not a significant contribution in the expression
of the stochastic dependence between the variables U and V .

Finally, having obtained an optimal partition for (U, V ), it is straightforward to obtain,
using the inverse transform, the correspondent optimal partition for (X, Y ).

3.3.2 Multivariate Poisson distribution of type II

Following Johnson, Kotz et Balakrishnan [18] , one says that the discrete randon vector is dis-
tributed as a multivariate Poisson distribution P(λ1, λ2, ..., λk) with parameters λ1, λ2, ..., λk
and named thereafter multivatiate Poisson distribution of type II, if its probability density
function is given by:

P
(
∩ki=1{Xi = xi}

)
=

[∏k
i=1

e−λiλxii
xi!

]
×

exp


∑

i

∑
j λijC(xi)C(xj)

+
∑

i

∑
j

∑
l λijkC(xi)C(xj)C(xl)

+...+ λ12...kC(x1)C(x2)...C(xk)

 IN∗k(x1, x2, ..., xk)
where λi > 0 for every i = 1, 2, ..., k, where C(•) is a Gram-Charlier polynomial of type B
(see [18]) and where:

λijl... = E [XiXjXl...]
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for every i, j, l, ...belonging to 1, 2, ..., k. For sake of simplicity, one only considers thereafter
a bivariate Poisson distribution. Among the numerous methods for constructing families of
bivariate Poisson distributions, the following was introduced by Holgate [16],[17] (see also
Campbell [9], Aitken and Gonin [3], Aitken [2], Consael [11]).

Let Y1, Y2, Y3 be three independent random variables, distributed respectively as Poisson
distributions with parameters λ1, λ2 and λ3. One considers two new variables defined by:

X1 = Y1 + Y3 and X2 = Y2 + Y3

Then one can show (see [17]) that the probability density function of the random vector
X = (X1, X2) has the following form:

P(X1 = x1, X2 = x2) = e−(λ1+λ2+λ3)
∑min(x1,x2)

i=0

λx1−i1 λx2−i2 λi3
(x1 − i)!(x2 − i)!i!

IN∗2 (x1, x2)

Obviously, the marginal distributions of the components X1 and X2 are univariate Poisson
distributions with parameters λ1+λ3 and λ2+λ3. If necessary, one can also reduce this case
to the one with a bounded support included in [0, 1]2.

3.4 Multivariate hypergeometric distribution

This distribution appears naturally in the following context (also knowned under the name of
“sampling in an urn having k categories”): one considers a population P divided in k classes
or categories C1, C2, ..., Ck and having m units whose mi belong to Ci, for every i = 1, 2, ..., k
and where: ∑k

i=1mi = m

A random sample S of n units is drawn from P without replacement and for every i =
1, 2, ..., k, let Xi be the random variable defined as the number of units of Ci in the sample
S of size n. It is well known that the random vector X = (X1, X2, ..., Xk) is distributed as a
multivariate hypergeometric distribution, denoted by HM(n;m1,m2, ...,mk) with parame-
ters n,m1,m2, ...,mk and whose probability density function is given by:

P (X1 = n1, X2 = n2, ..., Xk = nk) =

∏k
i=1

(
mi

ni

)(
m
n

)
where one has : ∑k

i=1 ni = n; 0 ≤ ni ≤ min(n,mi) ∀i = 1, 2, ..., k

It is obvious that for k = 2 this distribution is nothing else than the usual hypergeometric
distribution H(n,m) and it is straightforward to check moreover, that the marginals distri-
butions are also hypergeometric H(n,mi) for every i = 1, 2, ..., k, with probability density
functions given by:

P(Xi = ni) =

(
mi

ni

)(
m−mi

n−ni

)(
m
n

)
In practice, one encounters this kind of distribution in surveys, censuses, and data mining,

where for various reasons, one has to create classes or categories. In order to retain as much
as possible the stochastic dependence between the variables, it is important to use an optimal
quantization of the support of the joint probability distribution of the whole set of variables.
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3.5 Negative multinomial distribution

One will say that the discrete random vector X = (X1, X2, ..., Xk) is distributed as a multi-
variate negative multinomial distribution, denoted byMN (p0, p1, p2, ..., pk), with parameters
p0, p1, p2, ..., pk if its probability density function has the following form:

P (X1 = n1, X2 = n2, ..., Xk = nk) =
Γ(n+

∑k
i=1 ni)

n1!n2!...nk!Γ(n)
pn0
∏k

i=1 p
ni
i IN∗k(n1, n2, ..., nk)

where 0 < pi < 1, where i = 1, 2, ..., k and where
∑k

i=0 pi = 1. This distribution has many
applications as, for example, in insurance, medical sciences, physics, epidemiology, etc. (for
more informations one can see: Bates and Neyman [5], Sibuya, Yoshimura and Shimizu [24],
Patil [20], Neyman [21], Sinoquet and Bonhomme [25], Guo [15], Arbous and Sichel [4]).

4 Mixed random vector

In many applications, it is usual that one has to deal with mixed random vectors, or in
other words, with random vectors having some components continuous while the others are
discrete. One encounters this kind of situation in surveys and censuses, where continuous
and discrete variables are present simultaneously. It is the same thing in "data mining"
where a very large number of random variables, both continuous as discrete, are observed
on a huge number of observations.

For practical reasons, one will note respectively by X̃ = (X1, X2, ..., Xk) and by Ỹ =
(Y1, Y2, ..., Yl), the sets of the continuous and discrete components of X. Assuming that all
the conditions are fulfilled in order to legitimate the following relations, the joint distribution
function fX(x̃, ỹ) of the whole set of the components, may be written as:

fX(x̃, ỹ) = fX̃|ỹ(x̃|ỹ)mỸ (ỹ) = fX̃(x1, x2, ..., xk|y1, y2, ..., yl)mỸ (y1, y2, ..., yl)

where fX̃(x̃|ỹ) is the conditional probability density function of the random vector X̃
given Ỹ = ỹ and where mỸ (ỹ) is the marginal probability density function of the discrete
random vector Ỹ . Noting by mX̃(x̃) the marginal distribution of X̃, by mXi(xi) i = 1, 2, ..., k
and by mYj(yj) j = 1, 2, ..., l, the marginal distributions of the components of X = (X̃, Ỹ ),
the mutual information Iϕ (X1, X2, ..., Xk, Y1, Y2, ..., Yl) between the components of X can
be expressed as:

∑
ỹ

{∫
x̃

ϕ

(
fX(x1, x2, ..., xk, y1, y2, ..., yl)

[⊗ki=1mXi(xi)]× [⊗lj=1mYj(yj)]

)
(⊗ki=1mXi(xi))d(x̃)

}
×⊗lj=1mYj(yj)

where d(x̃) is equal, as usual, to dx1dx2...dxk. It frequently happens in practice that, for
various reasons, one has to create classes for continuous or discrete variables, leading through
this process of data reduction, to a loss of the initial mutual information. In order that this
loss be the smallest as possible, one will use an optimal quantization of the support SP
according to the same principles as those presented in [10] for the continuous case and, in
this paper, for the discrete case. Form this point of view, a remark is in order to the extent
that, one has to understand the word “discrete”, as a term covering all types of qualitative
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or categorical variables, that the latter are really discrete, ordinal or nominal. As a matter
of fact, some models of data analysis, as correspondence analysis, has to deal with all these
types of variables.
However, in many applications, it is common that the support SP is equal to Rk ×N∗

l
or

equal to Rk+ × N∗
l
. Having choosen arbitrary numbers n1, n2, ..., nk,m1,m2, ...,ml of classes

for each components, the resulting partition P of SP will consist of:

r =
(∏k

i=1 ni

)
×
(∏l

j=1mj

)
cells, each of them being given by the cartesian product:(

×i=ki=1γiji
)
×
(
×j=lj=1γjmj

)
where {γiji} and {γjmj

} are, respectively, the set of the intervals of the partition Pi related
to the continuous component Xi for i = 1, 2, ..., k, and the set of the intervals of the partition
Qj related to the discrete component Yj for j = 1, 2, ..., l. If P(n,m), where (n,m) is the
multi-index (n = (n1, n2, ..., nk),m = (m1,m2, ...,ml)), is the set of partitions of SP in r non
empty cells, then for each member Pη of P(n,m) one will evaluate the mutual information
Iϕ(Pη) explained by Pη, for η = 1, 2, ..., r, and one will choose the bounds of the intervals
in order that this last be maximum. The following elementary example illustrates the above
procedure.

Let X̃ = (X1, Y1) be a bivariate mixed random vector where the random variables X1 and
Y1 are, respectively, continuous and discrete. For a more easier presentation, one supposes
that the support SP is given by [0, a] × {0, 1, 2, ..., n} and that the probability distribution
function of X is obtained from the marginal distribution mY1(y1) of Y1 and from the set
of conditional distributions fX1|i(x1|i) for i = 0, 1, 2, ..., n. It is worth noticing that the
conditioning is done with respect to the values of the discrete variable, instead of the values
of the continuous one. This choice is natural and is a consequence of the fact that the
stochastic dependance between the continuous variables, is usually describe by the means
of the categories of the discrete variables and, moreover, are more easy to understand and
vizualise. As an example, if the discrete variable Y1 is the sex of respondents to a given
survey and if the continuous variables X1 and X2 are the height and the weight of these
respondents, it is not diffi cult to convince themselves that the mutual information between
X1 and X2 depends on the sex, which is of course the case ! In fact, this example shows
that in the case of categorical variables, the concept of conditional optimal partitions makes
perfect sense.

Finally, let n1 = n2 = 3, be the number of intervals of the partition of the sets [0, a] and
{0, 1, 2, ..., n} and whose bounds are real numbers α1, α2 and β1, β2 such that:

0 < α1 < α2 < a and 0 < β1 < β2 < n

If γl and δm, for l,m = 1, 2, 3, are the corresponding intervals of such partitions, the product
partition of the support [0, a] × {0, 1, 2, ..., n} will be given by the set of the rectangles or
cells {Rlm =γl×δm}l,m=1,2,3. The probability plm of Rlm is then express by:

plm =
∫ ∫

Rlm
fX1(x1, y1)dx1dy1 =

∑
i∈δm

[∫
x1∈γl

fX1|i(x1|i)dx1
]
pi
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where pi is the probability P(Y1 = i) for i = 0, 1, 2, ..., n. As to the marginal probability pl•
of γl, one has:

pl• =
∑n

i=0

[∫
x1∈γl

fX1|i(x1|i)dx1
]
pi

while the marginal probability p•m of δm will be given by:

p•m =
∑

i∈δm pi

It follows that the mutual information explained by P = {rlm}l,m=1,2,3 has for expression:

Iϕ(P) =
∑3

l=1

∑3
m=1 ϕ

(
plm
pl•p•m

)
pl•p•m

This last quantity depend on the real values α1, α2, β1 and β2 and one will determine these
one so that the optimum partition P∗ of [0, a]×{0, 1, 2, ..., n} in 9 cells satisfies the following
optimization problem:

Iϕ(P∗) = max
α1,α2,β1,β2

Iϕ(P) = max
α1,α2,β1,β2

[∑3
l=1

∑3
m=1 ϕ

(
plm
pl•p•m

)
pl•p•m

]
The unknown quantities (α1, α2) and (β1, β2) appear in the above equality as bounds of
integrals or bounds of finite sums. Thus, for each choice of β1 and β2, one has to solve the
following conditional optimization problem:

Iϕ(P∗)β1,β2 = max
α1,α2

∑3
l=1 ϕ

(
plm
pl•p•m

)
pl•p•m

Subsequently using derivation technics, one will select the pair (β∗1, β
∗
2), and consequently

the optimal partition P∗, such that:

Iϕ(P∗)β∗1,β∗2 = sup
β1,β2

Iϕ(P∗)β1,β2 = Iϕ(P∗)

5 A more general setting

In some practical situations, one has often to deal in a certain number of circumstances, as
for example in data mining, with a huge amount of data (quite often 104 to 106 observa-
tions). In this case, one can certainly rely on this mass information, in order to avoid any
parametric or semi-parametric approaches, and use instead some convergence properties to
design an optimal quantization of the support of an empirical probability measure. More
precisely, one supposes that in a data wharehouse, one has at disposal k finite random vari-
ates X1, X2, ..., Xk for which one postulates the existence of an unique, but unknown, joint
probability measure given by:

pi1i2...ik = P(X1 = i1, X2 = i2, ..., Xk = ik) > 0

where, for the sake of an easy presentation, one can suppose that (i1, i2, ..., ik) ∈ S where
S is a finite subset of N∗k and where il = 1, 2, ..., ηl for l = 1, 2, ..., k. A random sample
of size n of this distribution gives raise to a k-way contingency table with η1η2...ηk cells,
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which in turn may be thought, by the means of a “vec”operator (see Fang and Zhang [14]
, Bilodeau and Brenner [7]), as a multinomial distribution having η1η2...ηk categories Cj,
with parameters n and {(pi1i2...ik)i1i2...ik∈S} and whose its support is included in the simplex∑η1η2...ηk

j=1 yj = n of R×kl=1ηl with yj being the number of the occurences of the jth category
Cj. Let p =(pi1i2...ik : i1i2...ik ∈ S) be the vector of probabilities, which may be rewritten
under the form p =(pj : j = 1, 2, ..., η1η2...ηk), and let p̂ =

(
p̂y =

yj
n

: j = 1, 2, ..., η1η2...ηk
)

be the vector of the relative frequencies of the categories Cj. It is well known (see for example
Serfling [23], Billingsley [6]) that:

√
n (p̂− p)

L−→ N (0,Σ)

where:
Σ = diag(p)− ptp

or says otherwise: p̂ is AN (p, 1
n
Σ). Moreover one has:

p̂
p−→ p

It is worth noticing that using the k-way contingency table representation of the data,
same results hold for the marginal probabilities. Let Îϕ (X1, X2, ..., Xk) be an estimator
of Iϕ (X1, X2, ..., Xk) given by:

Îϕ (X1, X2, ..., Xk) =
∑

(i1i2...ik)∈S ϕ

[
p̂i1i2...ik

p̂1i1 p̂2i2 ...p̂kik

]
p̂1i1 p̂2i2 ...p̂kik = ψ(p̂)

where p̂ and p̂j for j = 1, 2, ..., k are respectively consistent estimators of the joint and
marginal probability distribution functions. Since ϕ is a continuous function from R+\{0}
to R, it is straightforward to check, using Slutsky theorem, that:

ϕ

[
p̂i1i2...ik

p̂1i1 p̂2i2 ...p̂kik

]
p−→ ϕ

[
pi1i2...ik

p1i1p2i2 ...pkik

]
for all i1, i2, ..., ik and that:

Îϕ (X1, X2, ..., Xk)
p−→ Iϕ (X1, X2, ..., Xk)

Moreover, since:

p̂ is AN
(
p,

1

n
Σ

)
one has, under very mild conditions (see [23]):

√
n
[
Îϕ (X1, X2, ..., Xk)− Iϕ (X1, X2, ..., Xk)

]
=
√
n (ψ(p̂)− ψ(p))

L−→ N(0, t∇ψΣ∇ψ)

where:

∇ψ = gradψ|p̂=p =

(
∂ψ

∂p̂

)∣∣∣∣
p̂=p

In other words:

ψ(p̂) is AN
(
ψ(p),

1

n
t∇ψΣ∇ψ

)
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Finally, as shown by Bosq and Lecoutre [19], one has the following inequality:

∀ε > 0,P
[
sup
x
|F̂ (x)− F (x)| > ε

]
≤ Ce−2nε

2

where F̂ (x) and F (x) are respectively the empirical an theoretical cumulative distribution
functions arising from p̂ and p, where C is a constant and where n is the number of observa-
tions. From this last inequality one can deduce that (see Bosq and Lecoutre [8] or Lecoutre
and Tassi [19]):

sup
x
|F̂ (x)− F (x)| c.co−→ 0

in the completely convergence mode, as n tends to infinity, and that:

sup
x
|F̂ (x)− F (x)| a.s= O

(
log n

n

)1/2
All these asymptotic results, shown that when the number n of observations is very large, as
it is often the case in data mining (n ' 105, 106 or may be 107), it is not necessary, from a
practical point of view, to use a semi-parametric framework, nor to estimate the probability
vector p. So, in order to find an optimal quantization of the support of the probability
measure p, one has just to proceed with p̂, as it was the known probability distribution.

6 Conclusions

Let X = (X1, X2, ..., Xk) be a random vector, with values in a countable set, defined on a
probability space (Ω,F , µ), with a joint probability measure P absolutely continuous with
respect to a counting measure. For a given measure of mutual information Iϕ (X1, X2, ..., Xk)
between the components of X, we have shown, using a criterion based on minimization of
the mutual information loss, that there exists for given integers n1, n2, ..., nk, an optimal
partition of the support SP of P in n =

∏k
i=1 ni elements, given by the cartesian product of the

elements of the partitions of the support of each components X1, X2, ..., Xk in, respectively,
n1, n2, ..., nk subsets. This procedure allows to retain the stochastic dependence between
the random variables (X1, X2, ..., Xk) as much as possible and this may be significantly
important for some data analysis as well as for statistical inference, as tests of independence.
As illustrated by some examples, this optimal partition performs, from this point of view,
better than any others having the same number of classes. Although this way of carrying
out a quantization of the support of a probability measure is less usual than those associated
with marginal classes of equal width or of equal probabilities, we think that practitioners
could seriously consider it, at least, in the case where the conservation of the stochastic
dependence between the random variables seems to be important. Finally, with a pratical
point of view in mind, one has paid attention to the semiparametric case for which one
can assume that the probability measure P is a member of a given family depending on a
parameter θ.

As future researches, we will explore the following subjects. In data mining, the choice
of a parametric statistical model is not quite realistic due to a huge number of variables and
data and, in this case, a nonparametric framework is often more appropriate. To estimate
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the probability density function of a random vector, we will use a kernel density estimator
in order to evaluate the mutual information between its components and we will study the
effects of the choice of the kernel on the robustness of the optimal partition. We will also
look at the empirical mutual information as an estimator of the true one and we will deduce
its main properties. In MCA and in classification, one has often to deal simultaneously with
continuous and categorical variables, and it may be of interest to use an optimal partition in
order to retain, as much as possible, the stochastic dependence between the random variables
and we will explore the consequences of the choices of ϕ and of an optimal partition P∗ on
these models. In the multi-way stratified sampling framework, we will also pay attention to
the problem of the conditional optimal partitioning depending on the values of the categorical
variable.
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