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Summary

We consider a class of mixture models for positive continuous data and the estimation of an
underlying parameter θ of the mixing distribution. With a unified approach, we obtain classes
of dominating estimators under squared error loss of an unbiased estimator, which include
smooth estimators. Applications include estimating noncentrality parameters of chisquare and

F-distributions, as well as ρ2

1−ρ2 where ρ is a multivariate correlation coefficient in a multivariate
normal set-up. Finally, the findings are extended to situations where there exists a lower bound
constraint on θ.
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1 Introduction

Noncentral chisquare and noncentral Fisher distributions arise in various situations, typi-
cally related to quadratic forms in normal linear models and to the distribution of various
non-null test statistics in multivariate analysis, such as Hotelling’s T 2 test and Pearson’s
chisquare test for goodness of fit. The statistical inference of noncentral parameters thus
becomes an issue and represents interesting and challenging problems, that have been
addressed, with both Bayesian and frequentist risk analysis, by several researchers, such
as Perlman and Rasmussen (1975), Neff and Strawderman (1976), Chow (1987), Leung
and Muirhead (1987), Rukhin (1993), Kubokawa, Robert and Saleh (1993) and Shao and
Strawderman (1995).
One motivating issue that arises concerns the fact that benchmark unbiased estimators
of such noncentrality parameters take values beyond the range of the parameter space,
and that it is desirable to provide smooth or Bayesian improvements. A similar problem
arises in estimating either a population multiple correlation coefficient ρ or coefficient of
determination ρ2, and in particular the function ρ2

1−ρ2 based on the sample coefficient of

determination R2 (see for instance Muirhead, 1985; Muirhead and Leung, 1985; Leung
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and Muirhead, 1987; Leung, 1994; Lo and Leung, 1996). Analogously, the widely used
adjusted R2 also takes negative values with positive probability, whence the similar prob-
lem on how to provide smooth improvements.

To derive positive, and perhaps smooth, estimators improving on the unbiased estimator,
Kubokawa, Robert and Saleh (1993) used Stein and chisquare identities. When we apply
the same arguments to the estimation of a function of the multiple correlation coefficient,
it seems harder to derive improved estimators, because the noncentrality parameter of the
conditional distribution depends on the random variables. As well, the issue of estimating
such noncentrality parameters under a parametric restriction has, to our knowledge, not
been addressed in the literature.

Although it is well known that each of the three models: W ∼ χ2
p(λ), W ∼ Fisher(m,n, λ),

and W ∼ R2

1−R2 admit similar Gamma or Beta type II mixture representations, with Pois-
son or Negative Binomial mixing distributions, this has not been exploited in assessing
frequentist risk and in searching for improved estimators. In this paper, we provide a
unified result for improving on the unbiased estimators above under squared error loss,
with or without a lower-bound restriction. This is achieved with Theorems 2.1 and 3.1
by considering indeed a general mixture model (see equation 2.1) with a discrete mixing
distribution. The improved estimators given by Kubokawa, Robert and Saleh (1993) for
noncentral chisquare and F-distributions can be obtained from Theorem 2.1. Not only
are the motivating examples (noncentral chisquare, noncentral F , distribution of R2

1−R2

in classical multiple regression) covered by our results, but so are many more situations
including large classes of Gamma mixtures, type II Beta mixtures, cases with a lower
bound restriction θ ≥ θ0 on θ, and more.

The main findings are presented in Sections 2 and 3, respectively for an unrestricted pa-
rameter and for a lower-bound restriction. Classes of dominating estimators of a bench-
mark unbiased estimator are provided and include smooth estimators taking values on
the parameter space. The results are illustrated by examples in Sections 2 to 5. A fur-
ther application, for estimating the above-mentioned ρ2

1−ρ2 , is expanded upon along with
further implications in Section 4.

2 Main Results: the unrestricted parameter case

With the objective of unifying findings applicable to estimating noncentrality parameters
of both noncentral chisquare and F distributions, as well as the function ρ2

1−ρ2 where ρ2

is a coefficient of determination, we consider mixture distribution models for a random
variable W with densities of the form

f(w; θ) =
∞∑
k=0

pθ(k)fk(w) ; θ ∈ Θ ⊂ R+ , w > 0 , (2.1)
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where the pθ is a mass function on N, and the fk’s are density functions on R+. We
consider situations where there exists an unbiased estimator of θ of the form c0W − d0,
c0, d0 > 0. With such an estimator possessing the drawback of taking values outside the
parameter space, we provide with Theorems 2.1 and 3.1 a unified approach to obtain
improvements under squared error loss which include smooth estimators taking values on
the parameter space.

We assume that the unbiased estimator has finite risk, which equates to the condition
E(W 2) <∞, as well as the following conditions:

(C0) There exists an unbiased estimator of θ of the form θ̂UB(W ) = c0W − d0, with
c0, d0 > 0.

(C1) For h(k) = E(c0W − d0|K = k), there exists functions gk(·) such that

d

dw
gk(w) = −(c0w − d0 − h(k))fk(w), for all w, (2.2)

with limw→0 gk(w) = limw→∞ gk(w) = 0, and with gk+1(w)/gk(w) ≥ fk+1(w)/fk(w) for
w > 0 and all k.

(C2) (MLR property) For all k ∈ N, fk+1(w)/fk(w) is nondecreasing in w ∈ R+.
(C3) Θ = [0,∞) or Θ = [0,M ] for some M , and p0(0) = 1.

Condition (C3) is satisfied in each one of our motivating examples and by many common
discrete distributions with support on N, such as Poisson(θ), NBi(α, p = 1

1+θ
), as well

as Poisson and Negative Binomial mixtures. For other cases, and namely cases where
there is a lower bound restriction θ ≥ θ0, we obtain a generalization (Theorem 3.1)
requiring a MLR property for the pθ’s. Observe that the above conditions imply that:
(i)
∑∞

k=0 h(k)pθ(k) = θ, (ii) h(0) = 0 taking θ = 0 in previous expression (i), (iii) h(k)
is nondecreasing in k given the increasing MLR property, and (iv) gk(w) ≥ 0 for all
k ∈ N, w > 0, since d

dw
gk(w) changes signs from + to − as inferred by (2.2). Finally,

integrating both sides of (2.2) on the interval [0, t] yields the solution gk(t) = (d0 +
h(k))Fk(t) − c0

∫ t
0
w fk(w) dw, Fk being the cdf corresponding to fk. From this, it follows

that limw→0 gk(w) = limw→∞ gk(w) = 0, so that condition (C1) could be reformulated
without these limits.

Theorem 2.1 Consider model (2.1) as a mixture model for W and assume conditions
(C0), (C1), (C2), and (C3). Then, estimators of the form θ̂ψ(W ) = c0W − ψ(W ) of

θ dominate θ̂UB(W ) under squared error loss if the function ψ(w) satisfies the following
conditions:

(a) ψ(w) is absolutely continuous, nondecreasing in w, and limw→∞ ψ(w) = d0,
(b) ψ(w) ≥ ψ0(w), where

ψ0(w) = c0

∫ w

0

tf0(t)dt/

∫ w

0

f0(t)dt.
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Proof. The risk difference between θ̂UB and θ̂ψ is

∆(θ) = E[(θ̂UB − θ)2]− E[(θ̂ψ − θ)2] = 2I1 − I2,

where I1 = E[(c0W − d0 − θ)(ψ(W )− d0)] and I2 = E[(ψ(W )− d0)2].
Noting that E[c0W − d0 − θ] = 0, we write I1 as

I1 =
∞∑
k=0

pθ(k)

∫ ∞
0

{c0w − d0 − h(k)}ψ(w)fk(w)dw

+
∞∑
k=0

pθ(k){h(k)− θ}
∫ ∞

0

ψ(w)fk(w)dw

=I11 + I12 (say) .

Using (C1) and integration by parts, we get

I11 =
∞∑
k=0

pθ(k)

∫ ∞
0

ψ(w)
d

dw
{−gk(w)}dw

=
∞∑
k=0

pθ(k)

∫ ∞
0

ψ′(w)gk(w)dw =

∫ ∞
0

ψ′(w)g(w; θ)dw,

with g(w; θ) =
∑∞

k=0 pθ(k) gk(w). In evaluating I12, let K be a random variable having
mass function pθ. Observe that

∫∞
0
ψ(w)fk(w)dw is nondecreasing in k by virtue of the

MLR property (C2) and condition (a) of the Theorem. With h also nondecreasing, the
covariance inequality implies that

I12 =E
[
(h(K)− θ)

∫ ∞
0

ψ(w)fK(w)dw
]

≥E[h(K)− θ]E
[ ∫ ∞

0

ψ(w)fK(w)dw
]

= 0 .

For I2, we re-express it as

I2 =

∫ ∞
0

(ψ(t)− d0)2 f(t; θ) dt

=−
∫ ∞

0

{
∫ ∞
t

d

dw
(ψ(w)− d0)2 dw}f(t; θ) dt

=− 2

∫ ∞
0

{
∫ ∞
t

ψ′(w) (ψ(w)− d0) dw}f(t; θ) dt

=− 2

∫ ∞
0

ψ′(w) (ψ(w)− d0) {
∫ w

0

f(t; θ)dt}dw.

Hence, from the above inequalities, we have

∆(θ) = 2I1 − I2 ≥ 2

∫ ∞
0

[
g(w; θ) + (ψ(w)− d0)

∫ w

0

f(t; θ)dt
]
ψ′(w)dw,
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which, given that ψ′ ≥ 0 (a.e.), is nonnegative whenever

ψ(w) ≥ d0 −
g(w; θ)∫ w

0
f(t; θ)dt

, for all w > 0, θ ≥ 0. (2.3)

We next show that

g(w; θ)∫ w
0
f(t; θ)dt

≥ g(w; 0)∫ w
0
f(t; 0)dt

=
g0(w)∫ w

0
f0(t)dt

, for all w > 0, θ ≥ 0.

This inequality is equivalent to

∞∑
k=0

pθ(k)

∫ w

0

g0(w)f0(t)
{gk(w)

g0(w)
− fk(t)

f0(t)

}
dt ≥ 0,

which holds from (C1) and (C2). Thus, we get the sufficient condition for dominance:

ψ(w) ≥ d0 −
g0(w)∫ w

0
f0(t)dt

, for all w > 0.

Finally, using (C1) again, we get d0

∫ w
0
f0(t)dt− g0(w) = c0

∫ w
0
tf0(t)dt, which completes

the proof. �

Out of the class in Theorem 2.1, we extract three types of improved and non-negative
estimators.

(I) The estimator θ̂ψ0 . First, it is noted that the function ψ0 satisfies conditions (a)

and (b), and θ̂ψ0 is thus a smooth estimator dominating the unbiased estimator θ̂UB.
Indeed, from (C1), it follows that limw→∞ ψ0(w) = c0

∫∞
0
tf0(t)dt = d0. As well, we have

ψ(t) = c0Eθ=0[W |W ≤ t] which is nondecreasing in t > 0. From the above representation,
we also infer that ψ0(w) < c0w for all w > 0 and, thus, θ̂ψ0 takes positive values only.

It is also verified from the steps of the proof of Theorem 2.1 that the estimators θ̂ψ0 and

θ̂UB have matching risks when θ = 0.
(II) Positive and truncated linear estimators. Assume that there exists a positive

constant ν such that (i) f0(t)/tν−1 decreases in t. With T having density proportional
to f0(t)I[0,w](t), T

∗ having density proportional to tν−1I[0,w](t), and the MLR ordering
implied by property (i), it follows that

ψ0(w) =

∫ w
0
tf0(t)dt∫ w

0
f0(t)dt

= E[T ] ≤ E[T ∗] =

∫ w
0
tνdt∫ w

0
tν−1dt

=
ν

ν + 1
w. (2.4)

Now, let

ψ1(w) = min
{
c0

ν

ν + 1
w, d0

}
.

This function satisfies conditions (a) and (b). The resulting estimator θ̂ψ1 is positive and

dominates θ̂UB.

5



(III) Truncation of θ̂UB onto [0,∞). Such a truncation, of course, dominates θ̂UB
without recourse to Theorem 2.1, but it is nevertheless true that such an estimator sat-
isfies the conditions of Theorem 2.1. Indeed, with ψ0(w) ≤ c0w, the function ψ2(w) =
min(c0w, d0) satisfies conditions (a) and (b) of Theorem 2.1. Thus, the resulting estima-
tor θ̂ψ2 = max(θ̂UB, 0) is nonnegative and improves on θ̂UB.

We first provide applications of Theorem 2.1 for noncentral chisquare and F distributions.
Another key application, concerning the estimation of a function of a multiple correlation
coefficient, is postponed and expanded upon in Section 4. A last class of examples,
consisting of further mixtures of Gamma and type II Beta distributions are presented in
Section 5.

Example 2.1 (noncentral chisquare distribution) Consider W distributed as non-
central chisquare χ2

p(θ) with p degrees of freedom and noncentrality parameter θ. The
distribution admits the mixture representation W |K = k ∼ χ2

p+2k, K ∼ Poisson (θ/2),
i.e., as in (2.1) with

pθ(k) =
(θ/2)k

k!
e−θ/2, fk(w) =

2−p/2−k

Γ(p/2 + k)
wp/2+k−1e−w/2.

Condition (C3) holds here. With the estimator W − p (i.e., c0 = 1, d0 = p) unbiased for
θ, it is easy to see that (C1) holds with h(k) = E(W − p|K = k) = 2k and with the
choice gk(w) = 2wfk(w), i.e.,

d

dw
gk(w) = −(w − p− 2k)fk(w) .

Finally, with the family of densities fk for W having increasing MLR in W , condition
(C2) is satisfied. Theorem 2.1 thus applies and provides a class of dominating estimators
of θ̂UB(W ) = W − p, which includes W − ψ0(W ) with ψ0 given by

ψ0(w) =

∫ w

0

tp/2e−t/2dt/

∫ w

0

tp/2−1e−t/2dt.

As well, (2.4) holds for ν ≥ p/2 and the positive truncated linear estimators in (II) above
given by W − ψ1(W ), with ψ1(w) = min{αw, p} and p/(p + 2) ≤ α < 1, also dominate
θ̂UB.

Example 2.2 (noncentral F distribution) Let X and V be mutually independent
random variables such that X ∼ Np(µ, σ2Ip) and V/σ2 ∼ χ2

n , n > 2. Let W = X>X/V .
Then, the distribution of (n/p)W is noncentral F with (p, n) degrees of freedom and
noncentrality parameter θ = µ>µ/σ2, and admits the mixture representation W |K =
k ∼ Beta2(k + p/2, n/2), K ∼ Poisson (θ/2), as in (2.1) with

pθ(k) =
(θ/2)k

k!
e−θ/2, fk(w) =

1

B(p/2 + k, n/2)

wp/2+k−1

(1 + w)(n+p)/2+k
.
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Conditions (C3) and (C0) hold here with the estimator (n−2)W−p (i.e., c0 = n−2, d0 =
p) unbiased for θ. Condition (C1) holds with h(k) = E((n− 2)W − p|K = k) = 2k and
gk(w) = 2w(1 + w)fk(w) as

d

dw
gk(w) = −((n− 2)w − p− 2k)fk(w) .

With the family of densities fk for W having increasing MLR in W , condition (C2) is
also satisfied and Theorem 2.1 thus applies and provides a class of dominating estimators
of θ̂UB(W ) = (n− 2)W − p, which includes (n− 2)W − ψ0(W ) with ψ0 given by

ψ0(w) = (n− 2)

∫ w

0

tp/2/(1 + t)(n+p)/2dt/

∫ w

0

tp/2−1/(1 + t)(n+p)/2dt.

We point that series representation are available via incomplete Beta functions here (see
Appendix as well) , and via incomplete Gamma functions in the previous example. Finally,
condition (2.4) is satisfied for ν ≥ p/2 and the positive truncated linear estimators, given
by (n − 2)W − ψ1(W ) with ψ1(w) = min{(n − 2)αw, p} and p/(p + 2) ≤ α < 1, also
dominate θ̂UB.

Remark 2.1 Condition (C1) is satisfied for densities of the form fk(t) = ck(u(t))kf0(t),
with nondecreasing u(·), differentiable u(·) and f0(·), and with h(k) = E(c0W − d0|K =
k) = ak, for some a > 0. More precisely, we claim that the above set-up implies that one
can take

gk(w) = a
u(w)

u′(w)
fk(w) , w > 0, (2.5)

and that such a choice satisfies the other conditions limw→0 gk(w) = limw→∞ gk(w) = 0,
gk+1(w)/gk(w) ≥ fk+1(w)/fk(w) for w > 0 and all k, as well. To justify this, we will
use completeness of the family of densities {fk} (i.e., we are in presence of a natural
exponential family with parameter k) for inferring that

E(t(W )|K = k) = ak for all k implies t(w) = c0w − d0 almost everywhere.

With d
dw
fk(w) = fk(w)

(
k u
′(w)
u(w)

+
f ′0(w)

f0(w)

)
, we obtain for gk in (2.5):

d

dw
gk(w) = fk(w)

(
h(k) + a

u(w)

u′(w)

f ′0(w)

f0(w)
+ a

d

dw

u(w)

u′(w)

)
. (2.6)

Since
∫∞

0
gk(w) dw = 0, we obtain from the above, setting T (w) = −a u(w)

u′(w)

f ′0(w)

f0(w)
−a d

dw
u(w)
u′(w)

,

that E(h(k)−T (W )|K = k) = 0 for all k. By completeness, this now implies that T (w) =
c0W−d0 almost everywhere, and indeed that d

dw
gk(w) = fk(w) {h(k)−(c0w−d0)}, which

is (2.2). With the above, one readily recovers the g′ks of the previous two examples with
u(w) = w and u(w) = w

1+w
respectively for the Gamma and Beta type II cases.
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3 Improvements under a lower bound restriction

We provide here an extension of the main result of Section 2 to cases with a lower bound
parametric restriction θ ≥ θ0 > 0. A similar finding to Theorem 2.1 is obtained, but
the development is more delicate as the distribution of K under θ0 is, as opposed to the
case θ = 0, non-degenerate. We require an additional increasing MLR assumption for the
family {pθ, θ ≥ θ0} of mass functions for K. The additional applications are novel and
include the estimation of noncentrality parameters under a lower bound restriction for
chisquare and F distributions, as well as a lower bounded squared multiple correlation
coefficient.

Theorem 3.1 Consider model (2.1) as a mixture model for W and assume conditions
(C0), (C1), (C2). Further assume that the family of mass functions pθ for K has
increasing MLR in K for parameter θ. Then, estimators of the form θ̂ψ(W ) = c0W−ψ(W )

of θ dominate θ̂UB(W ) for squared error loss, under the parametric restriction θ ≥ θ0, if
the function ψ(w) satisfies the following conditions:
(a) ψ(w) is absolutely continuous, nondecreasing in w, and limw→∞ ψ(w) = d0,
(b) ψ(w) ≥ ψθ0(w), where

ψθ0(w) = c0

∫ w
0
tf(t; θ0)dt∫ w

0
f(t; θ0) dt

− Ew (h(L)) ,

where L is a discrete random variable with mass function proportional to pθ0(`)F`(w),
with F`(w) =

∫ w
0
f`(t) dt.

Proof. Proceed exactly as in the proof of Theorem 2.1 up to expression (2.3) to show
that θ̂ψ dominates θ̂UB whenever

ψ(w) ≥ d0 −
g(w; θ)∫ w

0
f(t; θ)dt

, for all w > 0, θ ≥ θ0. (3.1)

Our proof will be complete by establishing that ψθ0(w) is, for all w > 0, an upper bound
of the r.h.s. of (3.1). This will follow immediately from the identities:

(I) g(w;θ)∫ w
0 f(t;θ) dt

≥ g(w;θ0)∫ w
0 f(t;θ0) dt

for all w > 0, θ ≥ θ0 ;

(II) and d0 − g(w;θ0)∫ w
0 f(t;θ0) dt

= ψθ0(w) .

For identity (I), we first have for w > 0, θ ≥ θ0,

g(w; θ)

f(w; θ)
=

∑
k
gk(w)
fk(w)

fk(w) pθ(k)∑
k fk(w) pθ(k)

≥
∑

k
gk(w)
fk(w)

fk(w) pθ0(k)∑
k fk(w) pθ0(k)

=
g(w; θ0)

f(w; θ0)
, (3.2)
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given the incresing MLR property of the pθ’s, and thus of the mass functions proportional
to fk(w)pθ(k), k ∈ N, and given that the ratios gk(w)

fk(w)
are nondecreasing in k by condition

(C2).
Secondly, we make use of Lemma 5.1, which is stated and proven in the Appendix, and
which establishes an MLR property for mixtures such as the densities f(·; θ). Starting
from (3.2), we obtain for w > 0, θ ≥ θ0:

g(w; θ)

g(w; θ0)
≥ f(w; θ)

f(w; θ0)

=

∫ w
0

f(w;θ)
f(w;θ0)

f(t; θ0)dt∫ w
0
f(t; θ0)dt

≥
∫ w

0
f(t;θ)
f(t;θ0)

f(t; θ0)dt∫ w
0
f(t; θ0)dt

=

∫ w
0
f(t; θ)dt∫ w

0
f(t; θ0)dt

,

which is (I).

For identity (II), use condition (C1) to first obtain

−
∑
k

pθ0

∫ w

0

d

dt
gk(t) dt = −

∑
k

pθ0(k) gk(w)

=
∑
k

pθ0(k)

∫ w

0

(c0t− d0)fk(t) dt −
∑
k

h(k)pθ0(k)Fk(w) .

Division by
∫ w

0
f(t; θ0)dt and a shuffling of terms establishes (II) and completes the proof

of Theorem 3.1. �

Among the class of dominating estimators, interest lies in the smooth estimator θ̂ψθ0 .
Observe that, for w > 0,

Ew[h(L)] =
Eθ0 [h(K)FK(w)]

Eθ0 [FK(w)]
≤ Eθ0 [h(K)] = θ0 ,

where K ∼ pθ0 , and where we made use of the covariance inequality with h(k) increasing
in k and Fk(w) decreasing in k by virtue of MLR property (C2). Along with the inequality∫ w
0 tf(t;θ0)dt∫ w
0 f(t;θ0) dt

≤ w, we obtain that

θ̂ψθ0 (w) = c0w − ψθ0(w) ≥ c0w − (c0w − θ0) = θ0 ,

for all w > 0. It is thus the case that θ̂ψθ0 takes values solely on the restricted parameter
space θ ≥ θ0.
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As shown by the next result, the estimator also satisfies the dominance conditions of
Theorem 3.1 for a class of mixture models in (2.1), which include Gamma and Beta type
II mixtures.

Proposition 3.1 (A) Under the set-up and conditions of Theorem 3.1, for mixture
models (2.1) with densities fk of the form fk(t) ∝ (u(t))k f0(t), with u(·) a non-
decreasing function, the estimator θ̂ψθ0 (W ) = c0W − ψθ0(W ) dominates θ̂UB(W )
under squared error loss under the parametric restriction θ ≥ θ0, and provided that:
(i) gk(w)

Fk(w)
is a nondecreasing function of w ∈ R+.

(B) For fk ∼ Gamma(a + k, b), a > 1, and fk ∼ Beta type II(a + k, b), a, b > 1, part
(A) applies with condition (i) verified.

Proof. (A) First, we have by the unbiased property limw→∞ c0 Eθ0 [T |T ≤ w] = c0 E[T ] =
θ0+d0, where T ∼ f(·; θ0). As well, it is easy to see that limw→∞ Ew(h(L)) =

∑
` pθ0(`)h(`) =

θ0. We thus obtain limw→∞ ψθ0(w) = d0.

There remains to show that ψθ0 is nondecreasing on R+. From representation (II) con-
tained in the proof of Theorem 3.1, it will suffice to show that

g(w; θ0)∫ w
0
f(t; θ0)dt

=

∑
k gk(w) pθ0(k)∑
k Fk(w) pθ0(k)

(3.3)

is nonincreasing in w with Fk(w) =
∫ w

0
fk(t) dt. We now make use of Lemmas 5.2 and

5.4, which are stated and proven in the Appendix. The nonincreasingness in w of (3.3)
will follow from Lemma 5.4 by setting γk = gk and βk = Fk as long as its conditions
(i) and (ii) are established. Condition (i) is assumed here, while condition (ii) is a

direct consequence of Lemma 5.2 which tells us that, for w1 > w0, ratios Fk(w1)
Fk(w0)

are nonde-

creasing in k under the conditions of our Theorem. The proof of part (A) is thus complete.

(B) Both the Gamma and Beta type II fk densities are of the form fk(t) ∝ (u(t))k f0(t)
with u(t) = t, f0(t) = ta−1e−t/b; u(t) = t/(1 + t), f0(t) = ta−1/(1 + t)a+b respectively.
Hence, we can apply part (A) and there remains to test condition (i). For the Gamma

case, condition (i), which requires that gk(w)
Fk(w)

be nonincreasing in w, is a consequence of

Lemma 5.3 since, for the Gamma case, we have gk(w) = 2wfk(w) as seen in Example
2.1.
For the Beta case, it will suffice to prove that g(w)

F (w)
is nonincreasing in w for the Beta

type II(a′ = a + k, b) case with a, b > 1, i.e., for f(w) ∝ wa
′−1

(1+w)a′+b
, w > 0. We have

F ′(w) = f(w), w(1 + w)f ′(w) = ((a′ − 1)− (b+ 1)w) f(w) and we use these expressions
throughout the proof. For g(w) = 2w(1 + w)f(w), as in Example 2.2 we can write

d

dw

g(w)

F (w)
= −2(1 + w)f(w)

F 2(w)
H(w) ,
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with

H(w) = w f(w) +
(b− 1)w

1 + w
F (w) − a′

1 + w
F (w) .

We need to show that H(w) ≥ 0 for all w ≥ 0. Since H(0) = 0, it will suffice to show that
H is nondecreasing on R+. A further differentiation tells us that sgnH ′(w) = sgnT (w),
with

T (w) =
H ′(w)

(1 + w)2
= (b+ a′ − 1)F (w) − w(1 + w) f(w) .

Yet another differentiation tells us that T ′(w) = (b−1) (1+w) f(w) > 0. Since T (0) = 0
and limw→∞ T (w) = b + a′ − 1 > 0, we infer that both T (w) and H ′(w) are nonnegative
for w ≥ 0, which establishes the result. �

We conclude this section by illustrating how our above finding applies to estimating a
lower bounded chisquared noncentrality parameter.

Example 3.1 (lower bounded parameter of a noncentral chisquare distribu-
tion) As a follow-up to Example 2.1, consider W ∼ χ2

p(θ) with θ ≥ θ0. For providing
improvements on the unbiased estimator W − p, Theorem 3.1 applies just as Theorem
2.1 did for Example 2.1, along with the additional MLR property of the Poisson mixing
distribution for K. Furthermore, Proposition 4.7 tells us that the function ψθ0 satisfies
the conditions of Theorem 3.1, namely the nondecreasing property. We thus infer that the
unbiased estimator θ̂UB(W ) is dominated by W−ψθ0(W ), as well as estimators W−ψ(W )
with ψ satisfying conditions (a) and (b) of Theorem 3.1. The function ψθ0 is given by

ψθ0(t) = Eθ0(W |W ≤ t)− Et(h(L)) ,

with h(`) = 2`, and where L has mass function proportional to e−θ0/2(θ0/2)l

l!
Fl(t), Fl the

cdf of a χ2
p+2l(0) distribution. Observe, that the first term corresponds to the expectation

of a truncated χ2
p(θ0), while the second term simplifies to

Et(2L) = θ0

P(χ2
p+2(θ0) ≤ t)

P(χ2
p(θ0) ≤ t)

,

with the Poisson identity E(LFL(t)) = θ0
2
E(FL+1(t)). Finally, it is easily seen that the

trivial improvement max(θ0,W−p) also satisfies the dominance conditions of Theorem 3.1,
as well as convex linear combinations of the form αmax (θ0,W − p)+(1−α) θ̂ψθ0 (W );α ∈
(0, 1).

4 Estimation a Function of the Multiple Correlation

Coefficient

4.1 The problem and its motivation

We now expand on the problem of estimating a function of the multiple correlation coef-
ficient. Let Y be a scalar random variable, and let Z = (Z1, . . . , Zm−1)T be an (m − 1)-
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dimensional random variable. Suppose that (Y,ZT)T has a normal distribution Nm(ξ,Σ),
with

ξ =
( ξ1

ξ2

)
, Σ =

( σ11 σ12

σ21 Σ22

)
.

The conditional expectation of Y given Z may be written as

E[Y | Z] = α + βTZ = α + β1Z1 + β2Z2 + · · ·+ βm−1Zm−1,

where β = Σ−1
22 σ21 = (β1, . . . , βm−1)T and α = ξ1 − βTξ2. This represents a lin-

ear regression model with the dependent variable Y regressed by independent variables
Z1, . . . , Zm−1. The population multiple correlation coefficient is defined by

ρ2 = σ12Σ
−1
22 σ21/σ11, (4.1)

which may be rewritten as ρ2 = θ/(1 + θ), with

θ = σ12Σ
−1
22 σ21/σ11.2 = ρ2/(1− ρ2), (4.2)

for σ11.2 = σ11 − σ12Σ
−1
22 σ21.

Let (Y1,Z
T
1 )T, . . . , (YN ,Z

T
N)T be a random sample from the m-dimensional normal

distribution Nm(ξ,Σ). Let Y = N−1
∑N

i=1 Yi, Z = N−1
∑N

i=1Zi, s11 =
∑N

i=1(Yi − Y )2,

s21 =
∑N

i=1(Zi−Z)(Yi−Y ) and S22 =
∑N

i=1(Zi−Z)(Zi−Z)T. Based on these statistics,
consider the m×m matrix

S =
( s11 s12

s21 S22

)
.

Then S has a Wishart distribution Wm−1(n,Σ) with degrees of freedom n = N − 1. Let

W = s12S
−1
22 s21/s11.2, s = s11.2/σ11.2,

U = Σ
−1/2
22 s21/

√
σ11.2, V = Σ

−1/2
22 S22Σ

−1/2
22 ,

η = Σ
−1/2
22 σ21/

√
σ11.2.

From multivariate normal distribution properties, it follows that s is independent of
(U ,V ), s ∼ χ2

n−m+1, U | V ∼ Nm−1(V η,V ) and V ∼ Wm−1(n, I). Note that

X | V ∼ Nm−1(V 1/2η, I) for X = V −1/2U . (4.3)

Thus, W = s12S
−1
22 s21/s11.2 = ‖X‖2/s.

It is worth commenting on the estimation of θ, some of which was stated in Muirhead
(1985). Using the conditional variance Var(Y | Z) and unconditional variance Var(Y ),
we can express ρ2 and θ as

ρ2 =
Var(Y )− Var(Y | Z)

Var(Y )
= 1− Var(Y | Z)

Var(Y )
,

θ =
Var(Y )− Var(Y | Z)

Var(Y | Z)
=

Var(Y )

Var(Y | Z)
− 1,
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so that the difference lies in the estimated quantity Var(Y | Z)/Var(Y ) and its reciprocal
Var(Y )/Var(Y | Z). The R-square statistic, given by R2 = W/(1 +W ) is the MLE of ρ2,
and is used to measure fitness of dependent variables regressed on independent variables
in the multiple linear regression model. As pointed out in Muirhead (1985) however, the
distribution of R2 is highly skewed on (0, 1) and R2 overestimates ρ2. Olkin and Pratt
(1958) derived the minimum variance unbiased estimator of ρ2 which is expressible in
terms of the hypergeometric function 2F1. Transforming to W , whose range is on (0,∞),
yields more symmetric distributions and the estimation of θ is somewhat easier to handle
and more tractable. For instance, the unbiased estimator of θ is a linear function of W .
When θ can be estimated efficiently, substitution into ρ2 = θ/(1+θ) leads to a reasonable
estimate of ρ2.

4.2 Improved estimators of θ = ρ2

1−ρ2

We apply Theorem 2.1 to the estimation of θ. It is known (see Gurland 1968, Muirhead
1982, theorem 5.2.5) that the conditional distribution of ‖X‖2 given K is the chisquare
distribution with m−1+2K degrees of freedom χ2

m−1+2K , and K has a negative binomial
distribution with

pθ(k) =
Γ(n/2 + k)

k! Γ(n/2)

θk

(1 + θ)n/2+k
. (4.4)

Then, the probability density function of W may be expressed as in (2.1) with the above
mixing pθ’s and

fk(w) =
1

B((m− 1)/2 + k), (n−m+ 1)/2)

w(m−1)/2+k−1

(1 + w)n/2+k
. (4.5)

Condition (C0) is verified with an unbiased estimator of θ given by θ̂UB = c0W − d0,
with c0 = (n − m − 1)/n, d0 = (m − 1)/n. Condition (C1) holds here with h(k) =
E(c0W − d0|K = k) = 2k/n and gk(w) = (2/n)w(1 +w)fk(w). Alternatively, this follows
as a consequence of Remark 2.1. Finally, conditions (C3) and (C2) are satisfied with
fk+1(w)/fk(w) ∝ (w/(1+w) increasing in w. The function ψ(w) in Theorem 2.1 is written
as

ψ0(w) = c0

∫ w
0
t(m−1)/2/(1 + t)n/2dt∫ w

0
t(m−1)/2−1/(1 + t)n/2dt

. (4.6)

From Theorem 2.1, we get the following.

Corollary 4.1 In the multiple regression framework of Section 4.1 or, equivalently, for
model (2.1) with the pθ’s and fk’s as defined in (4.4) and (4.5), the estimator θ̂ψ(W ) =

c0W − ψ(W ) improves on the unbiased estimator θ̂UB = c0W − d0 = (n−m−1)
n

W − m−1
n

if
the following conditions on ψ(w) hold:

(a) ψ(w) is nondecreasing in w and limw→∞ ψ(w) = d0.
(b) ψ(w) ≥ ψ0(w).
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As expanded upon in Section 2 following Theorem 2.1, we can provide at least three types
of improved estimators from the corollary, which include θ̂ψ0 . An alternative expression
for ψ0(W ), which is justified in the Appendix, is as follows: 2

θ̂ψ0(w) = c0w

∞∑
k=0

k + 1

k + 1 + (m− 1)/2
Ak/

∞∑
k=0

Ak, (4.7)

where

Ak =
Γ(n/2 + k)

Γ((m− 1)/2 + k + 1)

wk

(1 + w)k
.

Other dominating estimators satisfying the conditions of Corollary 4.1 are provided
by ψ1(w) = min{c0(m − 1)w/(m + 1), d0}. This occurs as expression (2.4) holds for
ν = (m− 1)/2, and we get the dominating truncated linear estimator

θ̂ψ1(W ) = max
{
c0W − d0, c0

2

m+ 1
W
}

=
1

n
max

{
(n−m− 1)W − (m− 1), (n−m− 1)

2

m+ 1
W
}
. (4.8)

We conclude this section by pointing out that Theorem 3.1 leads to dominating estimators
of θ̂UB under the lower bound constraint θ ≥ θ0, in other words when ρ2 ≥ θ0

1+θ0
.

4.3 Modifying the R2 and the adjusted R2

The R2 = W
1+W

and adjusted R2 (Fisher, 1924) statistics are much used measures of fitness
of dependent variables regressed on independent variables in the multiple linear regression
model. Efficient estimators θ̂ of θ = ρ2

1−ρ2 , such as those given in the previous Subsection,

lead to interesting estimators θ̂

1+θ̂
of ρ2. 3 As an illustration, the estimator

θ̂UB∗(W ) =
n−m+ 1

n
W − m− 1

n
= θ̂UB(W ) +

2W

n
,

is a minor modification of θ̂UB that leads to the adjusted R2 given by

R
2

=
(n−m+ 1)W − (m− 1)

n+ (n−m+ 1)W − (m− 1)
= 1− n

n+ 1−m
(1−R2),

which is widely used for variable selection in econometrics. This means that the adjusted
R-square, which is obtained by adjusting the degrees of freedom, can be derived by sub-
stituting the adjusted unbiased estimator of θ. However, it is noted that the unbiased
and the adjusted unbiased estimator of θ take negative values with positive probability.

2http://dlmf.nist.gov/8.17)
3We point out that, working directly with the estimation of ρ2 under squared error loss, Marchand

(2001) obtained affine linear estimators that dominate the adjusted R2 for n ≥ 6, as well as estimators
that dominate the mle R2 for m ≥ 8.
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It is indeed such properties that motivate the search for nonnegative improvements and
represent a main theme of this paper. In this regard, the positive truncated linear esti-
mator θ̂ψ1 , as well as the estimator θ̂ψ1 , are proposed here as competitors. The former, as
given in (4.8), yields the alternative

R
2

ψ1
= max

{
R

2
,

2(n−m+ 1)W/(m+ 1)

n+ 2(n+ 1−m)W/(m+ 1)

}
.

It is noted that R
2

ψ1
is positive almost everywhere, while R

2
takes negative values with

positive probability (for all ρ2).

Finally, it is interesting to investigate the connection of θ̂UB∗ to the Akaike Information
Criterion (AIC). Note that s11.2 corresponds to ‖y− ŷ‖2 for the predictor ŷ based on the
model with m − 1 regressors. Let σ̂2

0 = s11/(N − 1) =
∑N

i=1(Yi − Y )2/(N − 1). Since

W = s11/s11.2 − 1, θ̂UB∗ is expressed as

θ̂UB∗ = (N −m)
σ̂2

0

‖y − ŷ‖2
− 1,

which can be approximated as

−N log(θ̂UB∗ + 1) =N log
(‖y − ŷ‖2

N

)
−N log

(
1− m

N

)
−N log σ̂2

0

=N log
(‖y − ŷ‖2

N

)
+m−N log σ̂2

0 +O(N−1).

On the other hand, AIC is

AIC(m) = N log
(‖y − ŷ‖2

N

)
+ 2(m+ 1).

Noting that σ̂2
0 does not depend on the selected model, it can be seen that θ̂UB∗ leads to

a smaller penalty than AIC.

5 Concluding Remarks: additional examples

The main theoretical developments (Theorems 2.1, 3.1), which apply for mixture models
(2.1), have been applied to Gamma and Beta type Ii fk’s mixed with respect to Poisson
and Negative Binomial mixing parameters. But, the results are broader and various other
applications can be envisaged.

For instance, consider in (2.1) the Gamma mixture model with a Poisson mixture
mixing distribution

W |λ,K ∼ Gamma(a+K, b) , K|λ, θ ∼ Poisson(λ) , λ|θ ∼ hθ , (5.1)

with a, b > 0, θ ≥ 0, and hθ being a mass function or a density on R+ with increasing MLR
and which is degenerate at 0 when θ = 0. The above includes, of course, Poisson mixing
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(i.e., λ is degenerate at θ) and Negative Binomial mixing when gθ is a Gamma density.
In general, for model (5.1) and denoting γ(θ) = E(λ|θ), we have that the estimator
W
b
− a is an unbiased for γ(θ) that takes negative values with probability one (for all θ).

Such estimators can be improved by estimators of the form W
b
− ψ(W ), just as above.

To establish this, all that is required is to amend Theorem 2.1 by replacing θ by γ(θ)
throughout. Otherwise, the proofs are identical. A similar development applies for the
lower bound restriction as in Section 3 given that the family of p′θs have increasing MLR
(i.e., as in Lemma 5.1). Finally, similar inferences apply for Beta mixtures with W |λ,K ∼
Beta type II(a+K, b), as well as for Gamma mixtures W |λ,K ∼ Gamma(a, b+K).
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Appendix

Here are some useful and possibly familiar lemmas, nevertheless accompanied by proofs for
sake of completeness. This first result, as well as stronger versions related to variational
properties, have been known for some time (e.g., Brown, Johnstone and MacGibbon,
1981). Here is a direct proof.

Lemma 5.1 Let {fk, k ∈ K} be a family of densities for a continuous random variable W
with increasing MLR in W for parameter k. Let {pθ, θ ∈ Θ} be a family of mass functions
for a discrete random variable K with increasing MLR in K for parameter θ. Then, the
family of mixture densities

f(w; θ) =
∑
k

pθ(k) fk(w)

has increasing MLR in W for parameter θ ∈ Θ.

Proof. We have for θ1 > θ0 :

f(w; θ1)

f(w; θ0)
= Ew(

pθ1(J)

pθ0(J)
) , (5.2)

where J is a discrete random variable with mass function proportional to fj(w)pθ0(j),

and where the ratio
pθ1 (j)

pθ0 (j)
is nondecreasing in j by assumption. The result follows with

this family of mass functions for J having increasing MLR in J for parameter w, which
is itself a consequence of the increasing MLR property of the fk’s. �
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Lemma 5.2 Let fk, k ∈ R+ be a family of densities on R+ of the form fk(t) ∝ u(t)kf0(t),

with u(·) a nondecreasing function on R+. Then, for any w1 > w0, the ratio Fk(w1)
Fk(w0)

is a
nondecreasing function of k ∈ R+.

Proof. We have

Fk(w0)

Fk(w1)
= E

(
I(0,w0)(Z)

)
, with Z ∼ u(z)kf0(z)I(0,w1)(z) .

The result follows since this family of densities has an increasing MLR in u(Z), and thus
Z, with parameter k, and since I(0,w0)(z) is a nonincreasing function of z ∈ R+. �

Lemma 5.3 Let sσ(x) = 1
σ
s1(x

σ
) be a scale family of densities on R+ for a continuous

random variable X with increasing MLR in X. Then, xs1(x)
S1(x)

is nonincreasing in x, where
S1 is the cdf corresponding to s1.

Proof. For c ∈ (0, 1), we have

cxs1(cx)∫ cx
0
s1(t)dt

≥ xs1(x)∫ x
0
s1(t)dt

⇐⇒ s1(cx)∫ x
0
s1(ct)dt

≥ s1(x)∫ x
0
s1(t)dt

⇐⇒
∫ x

0

s1(x)s1(t){s1(cx)

s1(x)
− s1(ct)

s1(t)
} dt ≥ 0 ,

since the ratio s1(ct)
s1(t)

is, by virtue of the MLR property, nondecreasing in t ∈ (0, x). �

Lemma 5.4 Let K be a non-negative discrete random variable with mass function pk.
Let {βk, k ∈ K} and {γk, k ∈ K} be functions taking values on R+ such that: (i) γk(w)

βk(w)

decreases in w for all k, and (ii) βk(w1)
βk(w0)

increases in k for all w1, w0 such that w1 > w0.

Then, subject to its existence, E(γK(w))
E(βK(w))

is nonincreasing in w.

Proof. We have for w1 > w0, making use of assumption (i):

E (γK(w1))

E (βK(w1))
=

∑
k pk

γk(w1)
βk(w1)

βk(w1)∑
k pkβk(w1)

≤
∑

k pk
γk(w0)
βk(w0)

βk(w1)∑
k pkβk(w1)

= Ew1

(
γJ(w0)

βJ(w0)

)
,

where J has mass function proportional to pj βj(w1). Observe now that assumption (ii)
implies that the two-member family of densities proportional to pj βj(w), w = w1, w0 has
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increasing MLR in J . Therefore, we have with assumption (i) again

E (γK(w1))

E (βK(w1))
≤ Ew1

(
γJ(w0)

βJ(w0)

)
≤ Ew0

(
γJ(w0)

βJ(w0)

)
=

E (γK(w0))

E (βK(w0))
. �

We conclude with details justifying expression (4.7), which is a series representation for
θ̂ψ0 exploiting familiar techniques for re-expressing incomplete Beta functions.

Proof of (4.7) Starting from θψ0(w) = c0w − ψ0(w), make the transformation x = t/w
in (4.6) to obtain Then,

θ̂ψ0/c0 =w −
∫ 1

0
(wx)(m−1)/2/(1 + wx)−n/2 dx∫ 1

0
(wx)(m−1)/2−1/(1 + wx)−n/2 dx

=w

∫ 1

0
(1− x)x(m−1)/2−1/(1 + wx)−n/2 dx∫ 1

0
x(m−1)/2−1/(1 + wx)−n/2 dx

.

With the transformation z = 1− x, we have

θ̂ψ0 = c0w

∫ 1

0
z(1− z)(m−1)/2−1/(1− βz)−n/2dz∫ 1

0
(1− z)(m−1)/2−1/(1− βz)−n/2dz

, (5.3)

for β = w/(1 + w). From the negative binomial expansion

1

(1− z)α
=
∞∑
k=0

Γ(α + k)

k! Γ(α)
zk,

we obtain for h = 0, 1∫ 1

0

zh (1− z)(m−1)/2−1/(1− βz)−n/2 dz =
∞∑
k=0

Γ(n/2 + k)

Γ(n/2)k!
βk
∫ 1

0

zk+h(1− z)(m−1)/2−1 dz

=
∞∑
k=0

Γ(n/2 + k)

Γ(n/2)k!
B(k + h+ 1, (m− 1)/2) βk.

Along with (5.3), we obtain

θ̂ψ0(w) =
n−m− 1

n
w

∑∞
k=0

Γ(n/2+k)
k!

B(k + 2, (m− 1)/2) βk∑∞
k=0

Γ(n/2+k)
k!

B(k + 1, (m− 1)/2) βk
,

which leads to expression (4.7). �
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