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1. Introduction

1.1. Matching frequentist probability of coverage and Bayesian credibil-

ity in unrestricted parameter space problems

Frequentist coverage probability is an interesting and informative measure of the efficiency of a
Bayes credible set procedure, in particular when the latter is generated through a default or non-
informative prior. Of course, it has long been known that there are certain situations (e.g., Lindley,
1958) where a Bayes 1 — a credible set can be chosen to have exact probability coverage 1 — a.
Examples of such procedures include basic tools in the statistician’s arsenal such as the z and ¢
intervals T &+ 2,/00/+/n and Z % t,/0s/y/n with exact frequentist coverage probability and exact
Bayes credibility 1 — «, arising for samples from a N(u,c?) population, and the non-informative
priors 7(p) = 1 and 7(p,0) = % respectively. There are a vast class of location, scale, or location-
scale family inference problems (see Marchand and Strawderman (2006, 2013) for an enumeration
of specific examples) where there is a match between the credibility and frequentist probability

coverage of Bayes confidence intervals, and which will relate to the contributions of this paper.

Example 1. Consider an observable X with Lebesque density f(x;0),xz € X, 0 € © C RP and the
problem of estimating a parametric function 7(0) (R? — R). Assume there exists a pivot of the

formT(X,0) = %; as(-) > 0; such that —T(X,0) has cdf G and Lebesgue density g. Observe

at this point that if ¢,d are such that G(d) — G(c) =1 — «, then the confidence interval
I(X) =[a1(X) + caz(X), a1(X) + dag(X) | (1)

has frequentist probability of coverage Po(I1(X) > 7(0)) =1 — a, for all 6 € O.

Further assume that the decision problem is invariant under a group G of transformations and that
the pivot satisfies the invariance requirement T'(x,0) = T(gz,g0), for allz € X, 0 € ©, g € G,
geg, with X, O, G, and G being isomorphic. Relative to this group structure, consider the Haar



right invariant prior mg. 2 A key feature of this choice of prior is that
T(z,0)|z = T(X,0)|0, for all z,0, when 0 ~ mp, (2)

in other words the posterior distribution of T'(x,0) is free of x and matches the pivotal distribution

of T(X,0) ~ G (see Marchand and Strawderman, 2006, Corollary 1, for more details).
Now given property (2), the confidence interval in (1) has credibility
P(r(0) € I(z)|x) = P(—=T(x,0) € [c,d]|z) =1—«, for all z,

which matches indeed the frequentist probability of coverage.

1.2. Unmatching and challenges in the presence of parametric restric-

tions

Now, consider the context of Example 1 with the parametric restriction 7(6) > a for some known a.
Clearly, the truncation of 1(X) N [a,00) preserves frequentist probability of coverage 1 — « for the
restricted parameter space {6 : 7(6) > a} but it is not a Bayes credible set anymore. As investigated

2 several

by Mandelkern (2002) for estimating the mean p of a N(u,0?) distribution with known o
frequentist based and Bayesian options remain but they differ. Namely, the (1 — «) x 100% highest
posterior density (HPD) Bayes credible set associated with the prior mo(0) = 75 (0) Lja,00)(7(0)),
i.e. the truncation of 7y on the restricted parameter space, has frequentist probability of coverage

which fluctuates about its credibility 1 — . However, the HPD procedure does not fare poorly

as a frequentist procedure for large 1 — o as witnessed by the lower bound ijr—g on its frequentist
probability of coverage due to Roe and Woodroofe (2000, known ¢?) and Zhang and Woodroofe
(2003, unknown ¢?), as well as the better lower bound 1 — 3¢ (for v < 1/3, known o?) obtained by

Marchand et al. (2008).

2This satisfies the property 7 (A g) = g (A) for every measurable subset A of ©, and for every g € G. Such a
measure Ty exists and is unique up to a multiplicative constant for locally compact groups such as location, scale,
and location-scale. We refer to Berger (1985) or Eaton (1989) for detailed treatments of invariance and Haar invariant

measures.



In a generalization of the above, Marchand and Strawderman (2006) introduced the unified frame-
work of Example 1 and showed for unimodal and symmetric densities g that the Bayes (1—a) x100%
HPD credible set of 7(6), associated with the truncated prior m has frequentist probability of cov-

erage greater than }jr—g for all values @ lying in the restricted parameter space {6 : 7(0) > a}.

Marchand and Strawderman (2013) further extended the applicability of the L‘r—g lower bound for
frequentist probability of coverage without the symmetry assumption on g by focussing on different
choices of a (1— ) x 100% Bayes credible set associated with prior my. To this end, they introduced
the notion of a spending function as a descriptor of the Bayes credible set (Definition 1), and gave
conditions on the spending function guaranteeing frequentist probability of coverage bounded below
by ijr—z (see Theorem 1). Notably, such Bayes credible sets include an “equal-tails” procedure (see
Definition 2) which corresponds to the HPD credible set in the symmetric case.

Despite the wide applicability of the }jr—g lower bound for the probability of coverage, it remains
somewhat conservative as illustrations show (e.g., see above references), and as addressed by Marc-
hand et al. (2008) who established the tighter lower bound 1 — 2 (for v < 1/3) for frequentist
probability of coverage of the HPD credible set in the normal case with known variance, and more
generally for location families with logconcave density g. The main contribution in this paper is
the establishment of the 1 — 37“ lower bound for the frequentist probability of coverage of a class of
(1 — ) x 100% Bayes credible sets, and for location and scale families that verify a logconcavity as-
sumption but without an assumption of symmetry. Pivotal scale family examples include Gamma,
Weibull, and Fisher models, with the latter also arising in random effects analysis of variance (see
Zhang and Woodroofe, 2002). In contrast to Marchand et al. (2008), our results apply to a class of
Bayes credible sets even in the non-symmetric case, as well as for a much larger class of densities.
In contrast to Marchand and Strawderman (2013), we obtain a better lower bound for a subclass of
Bayes credible sets but we do require a log-concavity assumption (e.g., Example 2). Following defi-

nitions and preliminary results in Section 2, a sequence of results in Section 3 lead to the main result

of the manuscript. Illustrations and concluding remarks follow in Sections 4 and 5 respectively.



2. Definitions, assumptions, and preliminary results

We assume hereafter a location family structure in the context of Example 1 (i.e., as(-) = 1), and

we set Y = a1(X) so that we have a pivot of the form
T(X,0)=Y —7(0). (3)

We represent the distribution and density functions of —7'(X,6) by G and g respectively, and
we assume that ¢ is logconcave (implying its unimodality) with a mode at 0 (the latter assumed
without loss of generality as we can always rewrite the pivot as Y — m — (7(0) — m) when the
mode is equal to m # 0). Equivalently, the logconcavity means that the location family of densities
gt —7(0)),t € R, of Y has an increasing monotone likelihood ratio (mlr) in Y with parameter

7(#). Summarizing the above, we have for further reference.

Assumption 1. We have a model density f(x;0); v € X, 0 € ©; for an observable X, with both
X and 0 being vectors, and we seek to estimate a parametric function 7(0) (RP — R) with the
constraint 7(0) > 0. We assume there ezists a pivot T(X,0) = a1(X) —7(0) = Y — 7(0), such
that —T(X,0) has cdf G, Lebesgue density g taken to be logconcave with a mode at 0. We further
assume that the decision problem is invariant under a group G of transformations and that the pivot
satisfies the invariance requirement T'(x,0) = T(gx,g0), for allz € X, 0 €0, g € G, § € G, with
X, 0, G, and G being isomorphic.

Example 2. The set-up includes: (i) simple location parameter families X ~ fo(x — 0), such
as normal N(0,1) distributions, with g = fo logconcave and pivot X — 6; and (ii) simple scale
parameter families X ~ %fl(%) Lio,00) (), such as Gamma, Fisher, Weibull distributions, with Y =
a1(X) = log(X), 7(0) = log(0) and such that the density of log(#) — log X, given by e™* fi(e™"),
is logconcave in t. 3 We refer to Marchand and Strawderman (2013) for many further details and

examples. The Gamma and Fisher examples are noteworthy from a technical angle, as the resulting

3Tn terms of f1, this is equivalent to uf{ 1(:)) decreasing in v which is weaker than logconcave fi. A good illustration

are Fisher densities of the form fi(u) = F%;J;?i) ﬁ L(0,00) () , 7,5 > 0, which are not log-concave for 7 > 1 but

yet satisfy our conditions.



density of the pivot is not symmetric (with the exception of the Fisher densities with r = s) and
the results of Marchand et al. (2008) do not apply. Furthermore, from a practical point of view,
several models generate a sufficient statistic which is Gamma distributed (e.g., Rahman and Gupta,
1993), and the Fisher case arises in random effects analysis of variance, as described for instance
by Zhang and Woodroofe (2002), who were also motivated by the study of the frequentist probability

of coverage of Bayesian credible sets.

Remark 1. The findings of this paper are applicable as well to an upper bound restriction 7(0) < a,
such as an upper bounded location or scale parameter. Indeed, in such cases, we can set T'(X,0) =
Y'—7'(0) = —T(X,0), with Y = =Y and 7/(0) = —7(0), and use results applicable to estimate
7'(0) under the lower bound restriction 7'(0) > a' = —a with =T"(X, 0) having cdf equal to 1—G(—t)

and the logconcavity assumption on the corresponding pdf preserved.

We consider throughout the uniform prior m(¢) = Iio,x)(7(¢)), i.e., the truncation of Example
1’s my onto the restricted parameter space, associated Bayesian intervals with credibility 1 — «a,
and the frequentist probability of coverage C'(0) = Pp(I,(X) > 7(0)) evaluated on the restricted
parameter space {6 : 7(6) > 0}. We obtain conditions on the choice of interval for which the
frequentist probability of coverage is bounded uniformly below by 1 — 370‘ This is achieved through
consideration of spending functions a(Y') and associated Bayes credible sets I, o()(Y"). To this end,
we recall previously established results of Marchand and Strawderman (2013), applicable for the

specific case of Assumption 1, and with details provided for sake of completeness.

Definition 1. For the uniform prior mo(0) = L) (7(0)) and credibility 1 — o, a spending function
a(-) : R = [0,a] is such that, for all y, Pr,(7(0) = u(y)ly) = a(y), Pr,(7(0) < U(y)ly) = a —aly),
and [l[(y), u(y)] is a (1 — a)) x 100% Bayesian credible interval for 7(0).

Lemma 1. Under Assumption 1, for the uniform prior () = Li,x)(7(0)) and a given spending

function a(-), the associated Bayes credible set I o()(y) is given by:

lo(y(y) = y+GHG(—y)+(a—a(y))(1-G(—y))} and uay(y) = y+G {1-aly)(1-G(—y))}. (4)



Proof. Since my = my truncated on [0, c0), we have for t > 0 and by making use of property (2):

Pry,(0<7(0) <tly)  Pry(-y<7(0)—y<t—yly) _Glt—y)—G(-y)
Pry (0 < 7(0)]y) P (—y <7(0) —yly) 1-G(-y)

Pry(T(0) < tly) =

Applying Definition 1 with this posterior cdf yields the endpoints given in (4) O

In what follows, the choice of the subclass C for analysis is inspired, as was the case in Marchand
and Strawderman (2013), in order to set the lower endpoint of I, o()(y) equal to 0 for a range of
y values replicating this feature of the HPD credible set when ¢ is symmetric, and approximating
it otherwise. Moreover, the specific “equal-tails” choice introduced by Marchand and Strawderman

(2013) coincides exactly with the HPD credible set for symmetric g.

Definition 2. (a) Relative to the uniform prior my and to a credibility coefficient 1 — o, we define

C as the subclass of Bayesian credible intervals such that

C = {Iﬂo,a(.) ca(y) = « for all y such that y < ag = —G_l(1 i a)} )

(b) The “equal-tails” credible set is Ir, o) € C is given by (4) with
. a G(_y) } 4
Qeg(y) =mins o, —+ —————— 7 . 6
s =minfa§ 4 552Gty o
Remark 2. With a(y) = a for y < ag, Bayesian credible intervals I, o) € C produces estimates
0,y + G 1 (1 —a(l = G(—y)))] fory < ag, as given in (4).

The next result, providing conditions on the spending function «(-) for which a Bayes credible set
in C has frequentist probability of coverage bounded below by L‘r—g, holds in a more general setting

but is expressed here in the context of Assumption 1.

Theorem 1. (Marchand and Strawderman, 2013) Under Assumption 1, the frequentist probability

of coverage of a Bayesian credible interval I, o) (Y) contained in C, is bounded below by }jr—g for

4Tt is constructed by starting with equal-tails under the pivotal distribution G' and transferring these tails to the
posterior distribution of 7(#). It does not refer to a(y) = a/2. See Marchand and Strawderman (2013) for further
details.



all 0 such that 7(0) > 0 whenever Iy, o¢) = Iry.aey(, and more generally whenever the spending

function a(-) is such that:

(1—0() G(_y)+ 1(12 o 1 1 o
< < < -
1= G(—y) <a(y) < (l—l—oz)l—G’(—y) , for all y such that y > —G (1+a

). (7)

3. Main results

Although Theorem 1 is quite general, the lower bound i—g remains conservative as seen namely
by numerical evaluations. Moreover in cases where ¢ is symmetric, logconcave, and o < 1/3, the
better lower bound for coverage 1 — 370‘ holds (see Marchand et al., 2008). A sequence of results in
this section lead to the 1 — 376” lower bound on the frequentist probability of coverage for a subclass
of Bayes credible sets in C that includes the “equal-tails” procedure without the assumption of
symmetry. The 1 — 370‘ lower bound for the frequentist probability of coverage of such a subclass
of Bayes credible sets is thus applicable to a large class of situations as specified by Assumption
1, including those of Example 2, and as further illustrated in Section 4. Various intermediate
properties, some of which make use of the logconcavity assumption for g as well as the following

Assumption 2, are derived and relate to the lower and upper endpoints of I () as well as to the

behaviour of the frequentist probability of coverage Co.y(6).

Assumption 2. (i) The spending function a(y) is a continuous function of y, and a(y)(1—G(—y))
> 0.

is non-increasing iy fory > ag. (i) ap = —G7'(1%5) >

Remark 3. Conditions (i) and (ii) are both technical conditions used in the proofs but they are
far from being overly restrictive. Condition (i) relates to the choice of the Bayes credible set and
is always met by the “equal-tails” procedure (and thus HPD credible set in the symmetric case) as
well as other Bayes credible sets that we have encountered (see Examples 3 and 5). Recalling that
we have set the mode equal to 0 without loss of generality in setting-up our pivot (Assumption 1,
Condition (ii)) is equivalent to G(mode) > 13—, which encompasses all pivotal distributions G with

the exception of those with a small fraction associated with the right-tail probability given that the



credibility 1 — « 1s typically large and assumed here to be at least equal to % (e.qg., as an example for

a = 0.10, condition (ii) is satisfied as long as this right-tail probability exceeds ﬁ)

The following result relates to monotonicity properties of the endpoints /o) and uq( in (4) of the

Bayes credible set I (.-

Lemma 2. Under Assumptions 1 and 2, for a spending function a(-), we have

(a) ua)(y) —y is non-decreasing in y for y > ao,
(b) lacy(y) is non-decreasing in y for y > ay,

(c) uacy(y) is non-decreasing in y.

Proof. (a) We have u,y(y) —y = G {1 —a(y)(1 — G(—y))}, which is indeed non-decreasing
given Assumption 2, and given that G~! is non-decreasing.

(b) First, observe that for y > ay > 0, we have from (4)

lay) —y = GH{G(=y) + (a — a(2))(1 - G(-y))}
< G HG(~ap)) = —ag < 0.

The above, along the with the unimodality (about 0) of g and the non-negativity of (. tell us that

9(=y) < 9(aty(y) =) - (8)
Finally, a direct evaluation using (4), along with Assumption 2(i) and (8), imply that
L Gt Ol 3 ()1 = G(-y))
ay " 9lat) () =)

=99y S 4 —a
! g(la<~>(y)—y)21 (1-a)=a20.

(c) Given part (a), it remains to show that u,()(y) increases in y < ag. Observe that, for such values

of ¥, ua()(y) is the quantile of order 1 — a of the posterior distribution of 7(f) which has density
%)()__yy)) I[0,00)(7(8)), in accordance with (5). Since the logconcavity of g implies that this family of
densities has an increasing monotone likelihood ratio in 7(f) with parameter y, the corresponding

quantiles are therefore increasing and we have indeed that uq(.)(y) increases in y, y < ao. O

9



Remark 4. As discussed by Marchand et al. (2008) for the symmetric case, if the density g of
the pivot —(y — 7(0)) decreases at +oo at a rate not faster than exponential, then it follows that
lim, , o ua(y) = a > 0. As seen in Lemma 3 below, this along with the monotonicity properties of
Lemma 2 implies that the interval I, o) can only fail to cover T(0) € [0,a] if the lower endpoint

lo(y) is > 7(0). To justify the above assertion, consider the posterior survivor function

G(t—y)
P(7(0) > tly) = , >0, (9)
G(-y)
and observe that for densities g of the form g(u) = e "+ for some b > 0 and R(-) such that
lim, o, R(u) =0, we have from the above
. T g(t+u) it
ykr_nOOP(T(Q) > tly) = JLTOW = e . (10)

—loga

In terms of Bayes credible intervals I, oy € C, the above tells us that I, o (y) — [0, . | as

—loga

2% > 0. Ezamples include the Gamma(r,0) and Fisher(r, s,0) models with

Yy — —00, i.e., a =
b =1 in both cases. Finally, we refer to Marchand et al. (2008) for further discussion on situations

where a 1s equal to 0.

The following quantities relate to the inverses of the endpoints [, and u,(.y, and are useful to

evaluate the frequentist probability of coverage.

Definition 3. We define

() 2ofz) = gl (5) — 2 fora < = < yo,
(ii) z1(z) = l;(l.) (2) — z for 2 >0,

(i) wo(z) = ugly (=) = = for = > yo.

with a = limy_, oo Ua()(¥), Yo = ua(ao), and ag as defined in Assumption 2.

Remark 5. We point out here that Lemma 2’s representation of Ir, o) implies that yo = ag +

G ().

14+«

10



The next lemma provides a convenient expression for the frequentist probability of coverage Cy(.(#),

as well as useful properties of the quantities x¢(7(0)), x1(7(0)) and xo(7(0)).

Lemma 3. Under Assumptions 1 and 2, we have
(A)

Ca(y(0) = § G(=x0(7(0))) = G(=21(7(0))) 4 7(0) € (a, 0] (11)
G(=x2(7(0))) — G(=a1(7(0))) if 7(0) € (yo,0),

where a = limy_,_ Uy (y) and yo = ua()(ao).

(B) The quantities xo(+), x1(+), and xo(-) satisfy the equations

G(—zo(2)) = 1—a(l—=G(—xo(z) — 2)), (12)

G(—z1(2)) = a+(1—-a)G(—x1(2) — 2) —a(z1(2) + 2) (1 = G(—x1(2) — 2)), (13)

G(—x2(2)) = 1—oa(za(z)+2) (1 — G(—z2(2) — 2)) . (14)
Furthermore,

(1) zo(-) is non-decreasing with zo(z) € (—o0, _G_l(ﬁ)] for z € (a,yo);

ii) For the “equal-tails” case o = ey, and more generally for cases where (1 — a)G(—y) —
q

[e]

a(y)(1=G(—y)) decreases iny > ag, v1(-) is non-decreasing with x1(z) € [=G~H(725), )1 =

—G Yo —lim,_ o a(2))] for 2 > 0;

(iii) xo() is non-increasing with x2(z) € [-G™ =), yo = G711 —lim, 00 a(2))] for z > yo.
Proof of (A). For a < 7(6) < yo, we have

Coiy(0) = Py (L.



given Lemma 2’s monotonicity properties for the endpoints lo() and uq(). The other parts of (11)

follow analogously.

Proof of (B). Equation (12) is a rewriting of us()(y) in (1) for values of y = u;é(z) such that

a(y) = a, e, y < ap. Equations (13) and (14) are obtained in a similar fashion. For the other

parts, we have the following.

(1)

(ii)

(iii)

Part (c) of Lemma 2 tells us that zo(z) + z = u;(l)(z) increases in z € (a,yy) which implies

that the rhs of (12) decreases in z, whence the non-decreasing property of xy. Additionally,
we have that a = lim,_, o uq()(y) which implies lim,_,,+ 2o(2) = —o00; and uqy(ag) = Yo

which implies xo(yo) = u;(l.)(yg) — Yo = ao — Yo = —G (35 (see Remark 5).

The non-decreasing in y assumption for (1 —a)G(—y) —a(y)(1 —G(—y)) is readily verified for
the “equal-tails” a, in (6) and also implies that the rhs of (13) decreases in I (2) = z1(2)+ 2.
In turn, since ['(2) increases in z (Lemma 2), we must have by (13) that z;(z) increases in
z. Additionally, we have z1(0) = l;(l_)(O) -0 =ag, and y; = lim, .o 71(2) = —G Ha —
lim,,~ a(z)) by making use of (13).

By virtue of Assumption 2, the rhs of (14) is increasing in u;(l)(z) = x5(z) + 2z so that is
also increasing in z given Lemma 2. The decreasing property of 5 follows at once from (14).
Additionally, we have x2(yo) = 2o(yo) = a0 — yo = —G~'(35), and from (14), we obtain
directly ¥ = lim, o0 22(2) = —G7H(1 — lim,_, 5 a(2)). O

By virtue of Lemma 3, we obtain the following properties for the frequentist probability of coverage

Cats(0), 7(0) > 0.

Corollary 1. Under Assumptions 1 and 2, we have for the frequentist probability of coverage Cy .

of Iy aeq(-), and more generally for I oy in C such that (1 —a)G(—y) —a(y)(1 - G(—y)) decreases

iny > ao,

(a)

For7(0) > yo = a0+ G~ (735), Ca()(0) is non-decreasing in 7(6) and bounded above by 1 —a,

12



(b) For 7(0) € [0,a], Ca()(8) is a non-decreasing function of 7(0) and bounded below by C,(0) =
1+a”

(c) Coy(0) <1 —a+limy o afy) for 7(6) > 0.

Proof. (a) The non-decreasing property of Cy.y(6) follows directly from Lemma 3’s representation
G(—z2(7(0))) — G(—x1(7(0))) for the coverage, and given that G(-) and z1(-) are increasing on R,

while x5(-) is decreasing on 7(0) > yo. Furthermore, from Lemma 3, we have

Coy(0) = G(=22(7(0))) — G(—21(7(0)))
< G(=1) —G(=n) =(1- Jim a(y)) — (o — Jim a(y))

= 1-a.

(b) For 7(#) € [0,a], we have from Lemma 3 that Co)(f) = 1 — G(—z:1(7(#))). Since x; is non-
decreasing (Lemma 3), it follows that, for 7(0) € [0,a], Cy()(0) is non-decreasing and bounded
below by 1 — G(—1(0))) =1 — G(—a0) = 15 -

(c) Given part (a), it remains to prove the result for 7(6) < yy. Using the properties of Lemma 3

for such 6’s, we obtain

Coay(0) < 1—G(—z1(7(0)))
< 1-G(—wp)
= 1-G (07 (o~ lim a(2)))
= 1—a+ lim a(2). =

Z—00

Now, we show with the next results culminating in Theorem 3 that the frequentist probability of

coverage C,, () of the “equal-tails” credible interval I ) is bounded below by 1 — 37“ We will

eqt('

require the following inequality.

Lemma 4. Let g be a logconcave density on R with cdf G. Whenever ag = —Gil(ﬁ) > 0, then

we have the inequality

20 for a € (0, 1] (15)

—2ag) <
G ao)_l—oﬂ’ 3

13



Proof. We make use of the logconcavity of G which is a consequence of the logconcavity of g

(e.g., Bagnoli and Bergstrom, 2005). With the representation G(— inequality (15) is

a()) = ﬁ7

equivalent to

G(—2ay) < 2G(—ayp)
G(—ap) ~— 1 —2G(—ap)
2G*(—ap)
G(—2ay)

< H(—Clo) = — 1+ 2G(—CLO) > 0.

Observe that for a € (0,1/3), —ag ranges from —G~'(1/4) to —oo, with —G~1(1/4) > 0. Since

H(-G7Y(1/4)) = G(l_/fa -1+ 2> G(l/g 5~ 1 =0, it will suffice to show that H(y) increases in y

for y > yo. Taking a derivative, we have indeed

1d _ 9y | Gl 9y 9(2y) Gly) 9y)  9(2y)
12, =72 Taeyay " Wery) T eencw ey =0 1Y
since g(éy)) G( ) for all y > 0 given the logconcavity of G. O

Theorem 2. Let 2y = G711 — 2 + Tia) — G (55%). Under Assumptions 1 and 2, we have

Coy(1(0) > 1 =32 for all § such that 7(6) € [0, z1] .

Proof. First, it is the case that G(—xo(z1)) = 1 — 32 + 1=, as can be inferred by working with

(12). For 7(0) < 21, we have using Lemma 3’s properties of xy and x; and the above property of z

Cay(0) = G(=zo(7(0))) — G(=21(7(0)))

> G(=wo(21)) — G(—21(0))
3

= 1-= 0
2

Before pursuing, we point out that z; < yo, for @ € (0, 3], since we have G(—zo(z1)) = 1 -3 + 2 >

1+_a = G(—x0(yo)), which implies z; < yo given that x( is non-decreasing (Lemma 3).

Theorem 3. Under Assumptions 1 and 2, the Bayesian “equal—tails” credible interval I, ) has

0, Oéeq

manimum frequentist probability of coverage C.,,(.)(0) greater than 1—= for all 0 such that 7(0) > 0.
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Proof. Given that C,_,()(0) > 1— 22 for 0 < 7(0) < z (Theorem 2) and that C,_,)(6) is a non-
decreasing function of 7(6) for 7(6) > yo (Corollary 1), it will suffice to show that C,, )(0) > 1—=*

for all 7(0) € [z1,yo]. Exploiting the properties of Lemma 3, we have

Ca()(0) = G(=x0(7(0))) — G(=z1(7(0)))
> G(—zo(y)) — G(—z1(7(0)))
1
Z TTa” G(=1(z1))-
Furthermore, we have
Glen(a) € - (1= )
a 1l—-« a(1+ 3a?) , B
& 5 + G(—z1(z1) —21) < m (by (13) with a(-) = aeq(+))
& Glm(n) - a) < T
< G(—2a9) < 2 i ( since z1(z1) + 21 > x1(ao) + ag > 2ay) ,
and the result follows by virtue of Lemma 4. O

Our last analytical result establishes that the lower bound 1— 370‘ for frequentist coverage probability

holds for the Bayesian credible intervals included in C which satisfy I,y > I, ()-

Lemma 5. For Bayesian credible intervals Ir, o,y € C, for i = 1,2, such that ai(y) > as(y) for

all y > ag, we have under Assumptions 1 and 2

infG:T(G)ZO {Oa1(~) (0)} Z infO:T(Q)ZO {0042(') (8)} :

Proof. First, since Cy()() is increasing on 7(0) € [yo, o] (Corollary 1) and as yo does not depend
on «a(-), we have in f;9)>0{Ca()(0)} = infr@)<yo{Cac)(#)} and it suffices to show that
infro)<u{Cai()(0)} = infro)<yo{ Can( (0)}-
Now, from (11), we have for 7(6) < yo and i = 1,2
Coi()(0) = (min(1, G(=20(7(0)))) — G(=21.0,0)(7(0))), (17)
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where we emphasized that 1 4¢)(7(6)) depends on «f-), while z4(7(0)) does not (see Definition 3).
It thus follows that the ordering a;(-) > as(+) implies

loa () (¥) < law(y(y), Yy,

I (1(0)) > 15, ()((8)), Y7(0) < o,

T1,00() (T(0)) 2 T1,05()(7(0)), V7(0) < 0,
—G(=21,0,()(7(0))) 2 =G(=T105()(7(0))), V7(0) < 0,
Car()(0) > Coy((0), given (17), and for 7(0) < yo. O

I

Corollary 2. Under Assumptions 1 and 2, a Bayesian credible interval Iy, o) satisfying the con-
ditions of Theorem 1, with a(-) > aey(+), has minimum frequentist probability of coverage bounded

below by 1 — 3?'1

Proof. The result is obtained directly from Lemma 5 and Theorem 3. O]

We have thus obtained a class of Bayesian credible intervals with frequentist probability of coverage
bounded below by 1 — 370‘ In cases where the underlying pivotal density ¢ is symmetric, this adds
to the result applying to Iypp (see [2]). For general cases with g logconcave and G(0) > 15+, the

findings are new. In the next section, we will present examples which illustrate the results.

4. Examples

For the illustrations and discussion below, the following Bayesian credible intervals I o) € C are

considered. Recall that they produces the same estimates for y < ag (see Remark 2).

(i) The “equal-tails” Bayesian credible interval Ir, ., )(Y) given by the spending function in

a+<1—a>G<—y>>
2

(6). Applying Lemma 1, we obtain the endpoints lxa.,)(y) =y + G} ( and

Unoaeg()(Y) =y + G (1 - w> for y > ay.
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(ii) The Bayesian credible interval I+ a,....()(Y) is defined by the largest spending function in
(7), i.e.,

Qupper (y) = min {0" 1+ a)(la— G(=y)) } '

Applying Lemma 1, the endpoints of I, . .)(Y) become for y > ao: lryupper(y) = y +
G (1= )G(—y) + 125 ) and tmyuper (9) =y + G (1),

(iii) The Bayesian credible interval I, y(Y) defined by the spending function

Qower (Y) = min § « 1~ 26 y>+1+_0‘ ;
lower\Y) = ) 1—G(—y) )

(iv) The Bayesian credible interval I op(Y) = [lrgopt)(Y), Urgopt)(Y)], defined as the choice

Ovo‘lower('

Iyay € C, which for all y > ap, minimizes the length w.; o) (y) — lzya¢)(y). The corre-

sponding spending function is thus defined implicitly as aope(y) = Py (7(0) > Uy opt(Y)|Y)-

(v) As well for further reference, the HPD Bayesian credible interval and spending function are

denoted respectively by I, ppp(Y') and aypp.

Theorem 1 tells us that Bayesian credible intervals (i) to (iv) have, under Assumption 1 (and log-
concavity is not required) minimum frequentist coverage probability bounded below by ljr—g for
estimating 7(6) > 0. On the other hand, under Assumptions 1 and 2, Theorem 3 and Corollary 2
tell us that the lower bound 1 — 32 for frequentist coverage probability in the case of I a.,)(Y)

and I a,ppe () (Y), as well as any other I oy € C with a(y) > ae,(y) for all y > ay.

The choice to consider I, a,,p..

(7(Y)) is inspired by Lemma 5 which implies the following optimality

property.

Corollary 3. Among Bayesian credible intervals I, o) € C, I

rosaupper(-) (Y) mazimizes the mini-

mum frequentist coverage probability Cy(0) for 6 such that 7(6) > 0.

When g is symmetric, Ir) a.,()(Y) and I, gpp(Y') coincide, Assumption 2 is satisfied, and the lower

bound 1 — —a applies under Assumption 1. In general though without symmetry, I, ppp(Y') does
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not belong in C and the Bayesian credible interval I, ,,:(y) is an adaptation (to C) of the HPD

credible interval which forces a(y) = a for y < ag, and which coincides with I, gpp(y) for values

Y such that OéHPD(y) € [Oélower<y)a aupper(y)]'

We now turn to specific examples. In each case, Assumption 1 is satisfied.

Example 3. Consider a Gamma model X ~ Gamma(r = 5,0) with @ > 1, and 1 —«a = 0.95. The

density of the pivot —T(X,0) = —(log(X) —log(8)) is given by g(t) = FQ;)G’T(’;*e_t). Since log(g(t))

s concave and ag = —G_l(p%a) ~ 0.613 > 0 (with a« = 0.05 and r = 5), Theorem 3 and Corollary

2 apply for estimating 7(0) = log(#) > 0.

8 2. |
- (=]
o ———Copt
8 - s
= X Capp + Copt
~
Qo
© e |
S ] ©
—_2 o] |
o o 3 Ceqt
ot 2 * 1. |
=] o
3 4
& - o
= = 3u
g n 1- T= 0.925
8 e [ e e i
= 8 -
T T 1 T T T e i —— T T T
0 1 Yo2 3 4 5 0 1 Vo2 3 4 5
In(6) In(0)
@ ®)

Figure 1: Frequentist coverage probability of Bayesian credible intervals for X ~ Gamma(5,6);

0> 1, 1-a=0.95.

Here are some observations in relationship to Figures 1 and 2.

(a) Observe that the frequentist coverage of Iry a.,(\(Y), In (Y), and I, (Y) is non-

0704upper(') Oaalower(')

decreasing for log(0) > yo in accordance with part (a) of Corollary 1. Moreover, notice that
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the applicability of the lower bound 1 — %a Jor Iny ae, () and I, (), but not for I

0,Qupper O»alower(') :

(b) The value of a = lim,,_,_ o u,(y) is addressed in Remark 4 and is given here by a = —@ =

—% ~ 0.599. In accordance with part (b) of Corollary 1, we see that the coverage is non-

decreasing on the range [0,a]. The frequentist coverage of I, (Y) is actually constant

Oyalower(')

on [0,a] in general. To see this, first compute the lower bound Iy, q,,...)(y) by making use
of Lemma 1 obtaining lxye,,..)(y) = y + G (1), From this, we obtain l;liwer(.)(z) =
2= G (535) and 21(2) = l;liww(.)

from (11) that Ca,,.(5(6) = 1 — G(~1(2)) =

(2) =2 = =G~ (1), which is constant in z. We thus infer

HL& for T(0) € 10, al.

(¢) Part (c) of Corollary 1 also gives the upper bound 1 — « + lim,_, a(y) for frequentist cov-
erage of probability. As dllustrated in Figure 1, for Iy ...)(Y) and 1 —a = 0.95, we obtain
an upper bound of 0.975, while for I, .. .. (Y) the corresponding upper bound is equal to
0.95 + % ~ 0.9976. Moreover, Iy a,er()(Y) has globally very high coverage surpassing
1 —a = 0.95 for small values of 7(0), and otherwise quite close to 1 —a = 0.95. Part of
this behavior is consistent of course with Corollary 3, but the overall good frequentist coverage

of this Bayesian credible interval, replicated for other examples such as Example 5 below, is

nevertheless surprising.

(d) Figure 2 shows how close agpp and oy, are, while part (B) of Figure 1 reproduces the same
imformation as seen through the frequentist probability of coverage. In this case as well, ob-
serve that both appp and oy exceed o, (this is only empirical) with corresponding coverage

g - 3a
probability exceeding 1 — =5 for all 0 > 1.

Example 4. Consider X ~ Weibull(r,0), v known and 8 > 1. The cumulative distribution func-
tion(cdf) of the pwot T(X,0) = —(log(X) — log()) is G(t) = e " and its density is given by

_ —rt—e~ "t ; ; _ 1 «a 1~
g(t) =re "t . Since log(g(t)) is concave and G(0) = ¢ > %5 when a < = ~ 0.582, Theorem

3a

8 and Corollary 2 apply. The frequentist probability of coverage C,,,.y(0) is thus greater than 1 — =

for all 7(8) = log(0) > 0. We refer to Ghashim (2013) for numerical illustrations, which turn out

to be somewhat similar to Example 3.
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Figure 2: Spending functions «(-) for Gamma model (5,6), § > 1, and 1-a=0.95.

Example 5. Consider the normal model N'(0,1), 6§ > 0, with location parameter and the linear
pivot is T(X,0) = X — 0 with density given by g(t) = \/%6_% which is logconcave. From the fact

that G(0) = 5 > 5= for all a € [0,1], we can apply Theorem 3 and Corollary 2 yielding a lower

>
bound of 1 — 370‘ for the frequentist probability of coverage of I a.,(yv) = Ino,marp(Y), as well as
for Ing awpper()(Y) for 8 > 0. The former result is due to Marchand and al. (2008), but the latter
result is new. As for the Gamma example, the frequentist probability of coverage of Iry aupper()(Y)

will have high infimum (Corollary 3), and the actual coverage is quite impressive and either above

or quite close to the credibility 1 — a = 0.90 for all 6 > 0.

20



§_ _Cupper
g%_ Ceqt
S
@ Clnwer
o ]
S
3
1-21=0.
Y (OSSO - SPORI .. .. . .
<
1-a
\/ 1+01
T T T 1 T T T T
0 1 2 o 3 4 5 & 7

Figure 3: Frequentist coverage probability of Bayesian credible intervals for the Normal model

N(0,1) with 6 > 0 and 1-a=0.90.

5. Concluding remarks

For estimating a lower restricted parameter in the framework of Marchand and Strawderman (2006),
such as lower bounded Gamma or Fisher scale parameters, we have shown how (1 — «) x 100%
Bayesian credible intervals can be constructed so that the frequentist coverage probability is no less
than 1 — 370‘ when evaluated on the restricted parameter space. In a continuation of Marchand and
Strawderman (2013), the emphasis is on the actual choice or determination of the Bayesian credible
interval endpoints as represented by the spending function. Our findings, both theoretical and
empirical, clearly show how such a choice matters and influences the performance as measured by

the criteria of frequentist coverage probability. Among the Bayesian credible intervals with coverage
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lower bounded by 1 — 370‘, the “equal-tails” procedure is conceptually simple and matches the HPD
credible set when the underlying pivot is symmetric. Another choice given by the largest spending
function satsifying the conditions of Theorem 1 has higher infimum coverage theoretically, and
numerical evaluations show that it comes close to having infimum coverage equal to its credibility.
The findings do require a key logconcavity assumption but it seems likely that a similar lower bound
for coverage holds in other situations. In this respect, a key example is the case of estimating a
lower bounded normal mean with unknown variance (e.g., Zhang and Woodroofe, 2003; Marchand
and Strawderman, 2006, 2013) where the pivotal distribution is Student and thus not logconcave,
1—a

and where the best established lower bound is e
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