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SUMMARY

Our investigation concerns the estimation of predictive densities and a study of efficiency as
measured by the frequentist risk of such predictive densities with integrated Lo and L losses.
Our findings relate to a p—variate spherically symmetric observable X ~ px (||z — /|?) and the
objective of estimating the density of Y ~ gy (||ly — u/|?) based on X. For Ly loss, we describe
Bayes estimation, minimum risk equivariant estimation (MRE), and minimax estimation. We
focus on the risk performance of the benchmark minimum risk equivariant estimator, plug-in
estimators, and plug-in type estimators with expanded scale. For the multivariate normal case,
we make use of a duality result with a point estimation problem bringing into play reflected
normal loss. In three of more dimensions (i.e., p > 3), we show that the MRE estimator is
inadmissible under Lo loss and provide dominating estimators. This brings into play Stein-
type results for estimating a multivariate normal mean with a loss which is a concave and
increasing function of ||z — p||?. We also study the phenomenon of improvement on the plug-in
density estimator of the form gy (||y — aX||?),0 < @ < 1, by a subclass of scale expansions
L av(||(y — aX)/c||*) with ¢ > 1, showing in some cases, inevitably for large enough p, that all
choices ¢ > 1 are dominating estimators. Extensions are obtained for scale mixture of normals
including a general inadmissibility result of the MRE estimator for p > 3. Finally, we describe
and expand on analogous plug-in dominance results for spherically symmetric distributions with
p > 4 under L; loss.
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1 Introduction

1.1 The model and problem
Consider independently distributed
Xlp~ple—p),Y|p~qly —p);z,y,p € R (1)

where p and ¢ are known, not necessarily equal, and p is unknown. For predictive analysis
purposes, researchers are interested in specifying a predictive density §(y|x) as an estimate



of the density ¢(y — p). In turn, such a density may play a surrogate role for generating
either future or missing values of Y.

Our interest and motivation here lies in assessing the efficiency of such predictive densities
with integrated L, and L; losses and corresponding frequentist risk, where

Lo(p, §) = : lq(y — ) — G(y)|“ dy,

Rl ) = / oty =) = )1 e - o, 2)

RP

for « = 1,2. The set-up in (1) includes the normal model with
X~ Ny, o 1), Yl ~ Ny, 03 1) (3)

scale mixtures of normal distributions (Definition 2.1), and more generally spherically
symmetric distributions with

Xlp~px(lle = pl?), Vg~ av(ly — wl?), (4)

to which the developments of this paper will relate.

1.2 Motivation and overview of findings

Our research work is motivated by the need for understanding structural elements of
this problem, and, as expanded upon below, our findings focus mainly on: (A) the
benchmark minimum risk equivariant (MRE) estimator G, (B) the performance of
plug-in estimators q(y — 1(X)) of q(y — u), y € RP, where [1(X) is an estimator of y, and
(C) improvements on plug-in estimators obtained by expanding the scale (or variance).

(A) In our problem, the MRE estimator for L, loss is obtained by the generalized
Bayes estimator of the density ¢(y — ) with respect to the flat prior 7w(u) = 1
on RP. Furthermore, it is minimax and thus represents an important benchmark
and an attractive choice as an estimator. These features also hold for Kullback-
Leibler (KL) loss (e.g., Liang and Barron, 2004; Kubokawa et al., 2013), defined

as L (1, 4) = fgoa(y — 1) 1og(%) dy. Although G, can possess other inter-
esting features, such as being an admissible estimator for normal models (3) under
KL loss and with p = 1,2 (Brown, George, Xu, 2008), Komaki (2001) established
the inadmissibility of ... for such a normal model, KL loss, for p > 3, as well
as provide dominating estimators. With a striking parallel between this result and
Stein’s inadmissibility of the sample mean as a point estimator of the mean p of
a N,(u, 0% I,) population under squared error loss, further analytical relationships
between these predictive density estimation and point estimation problems were
obtained by George, Liang and Xu (2006), Brown, George and Xu (2008), and
Fourdrinier et al. (2010) among others.

In Section 3, we arrive at a replication of Komaki’s inadmissibility of .. result un-
der Ly loss for the normal model (3) with p > 3, and provide dominating estimators.
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(B)

(C)

We further extend the result to scale mixtures of normals in Section 4.2. These re-
sults are achieved by first establishing key relationships between our predictive den-
sity estimation problem and a problem of estimating x4 based on X ~ p(x — p) under
a loss of the type f(||it — u||*) where f (which depends on ¢) is shown to be increas-
ing and concave. Then, we capitalize on known results and/or familiar techniques
(e.g., Brandwein and Strawderman, 1991, 1981; Brandwein, Ralescu, Strawderman,
1993) for obtaining dominating point estimators of the usual procedure X, which
thus lead to dominating predictive density estimators of ¢,..., and the latter’s in-
admissibility. The dual loss functions that intervene are of independent interest on
their own and our findings also represent contributions from the point estimation
perspective. Namely, the dual loss for the normal model turns out to be reflected
normal loss (Spiring, 1993). Finally, we also provide, for Ly loss, various properties
and examples relative to ¢... These properties also apply for KL loss since the
MRE estimators coincide and a key representation of §,,,. involves a convolution of
p and ¢ in (1) (Proposition 2.1, Example 2.3 (a)).

Plug-in estimators are ubiquitous in statistical theory and practice. For the univari-
ate normal model (3) and KL loss, Aitchison (1975) showed that the flat prior Bayes
procedure (which is §pe) is a N(z, 0% + 0% ) density, and furthermore showed that
it dominates the plug-in N(z,0%) density. Lawless and Fredette (2005) present
an instructive approach using a pivotal quantity to obtain KL improvements on
plug-in estimators as well. Fourdrinier et al. (2010) elaborate on plug-in estimators
q(y — (X)) for normal models and KL loss. Their inadmissibility may be directly
attributable, in some cases, to the inadmissibility of (X)) in estimating p under (a
dual) squared error loss (also see part C below for another factor explaining their
inefficiency under KL loss).

In Section 5, we study the performance of plug-in estimators for L, loss and spher-
ically symmetric models. By making use of a key identity (Lemma 5.1), we obtain
a dual point estimation loss. We pursue this with inferences concerning the plug-in
density ¢(t — X), t € RP, establish its inadmissibility quite generally for p > 4, and
obtain dominating plug-in estimators of the form ¢(¢ — i(X)). This is achieved in
a similar manner as in Section 4.2 and as described in (A) by using the fact that
the dual loss is an increasing and concave function of squared error ||i — pl[*. A
larger class of dominating estimators is obtained in Section 5.2 for scale mixtures
of normals. For Ls loss, we do not deal as explicitly with plug-in estimators of
the form ¢(y — X)) since these are invariant and are thus dominated by the MRE
estimator ¢, under Lo loss. This explains our focus in (A) on rather providing
improvements of G,,. (if possible) under Ly loss.

Fourdrinier et al. (2010) show, for normal model plug-in estimators ¢(y — 1(X))

and KL loss, that a range of scale expansions (or variance expansions) always lead

1

to improvements of the form ¢.(y; X) = 5 (%(X)) with ¢ > 1 regardless of the

plugged-in estimator (X) and the dimension p as long as it is not degenerate.
This may appear paradoxical since the variance associated with the plug-in density



q(y — 1(X)) matches the variance of the true density q(y — i), but it is always best
to ignore this true variance and to opt for an estimator ¢. whose associated variance
overestimates the true variance. From the loss function perspective, this is also
somewhat paradoxical in that the estimate fi(x) approaches p, the loss associated
with the plug-in ¢; approaches 0, while the losses associated with other ¢.’s do not
approach 0.

We obtain various findings extending this phenomenon to Ls loss with i(X) = aX:
for normal models and a = 1 (Section 3.1), normal models and 0 < a < 1 (Section
3.3), scale mixtures of normal distributions and a = 1 (Section 4.3). In Section
3.1, the unbiased predictive density estimator, which is of the form §.(y; X) is also
improved on. A surprise arises : in some cases, typically when the dimension p is
large enough, all expansions ¢.(y; X) with ¢ > 1 improve on the plug-in estimator
Gi1(y; X) ! As an example, for normal cases with equal variances, this unusual
situation occurs for all p > 4. Taking ¢ to be infinitely large is of course silly as
it becomes equivalent to using a flat density estimate converging to 0, but the L,
penalty is bounded in the normal case (and in some generality), however silly your
estimate, and the result brings home another point of view on the inefficiency of the
plug-in estimator.

Other findings (Corollaries 3.2, 3.4, 5.3) in this paper relate directly to restricted param-
eter space settings, where p belongs to some known subset of RP, and are derived by
exploiting dual relationships between predictive density and point estimation problems
as well as restricted parameter space findings (e.g., Marchand and Strawderman, 2004).
The paper is organized as follows. Section 2.1 contains definitions and properties relative
to convolutions, scale mixtures of normals, and the L, distance between two multivari-
ate normal densities. The latter technical result is extended to a spherically symmetric
setting (Section 4) and to Ly loss (Section 5). Sections 2.2 and 2.3 focus on Bayes, best
equivariant, and minimax estimation, with properties and accompanying examples. The
developments of Sections 3.1 and 3.3 relate to themes (A), (B), (C) described above
and to the multivariate normal model (3) and L, loss. Section 4 extends several results
of Section 3 from multivariate normal to scale mixtures of multivariate normal models,
including a p > 3 inadmissibility result for ¢,. (Section 4.2) and improvements by ex-
pansion of scale (Section 4.3). Section 5 deals with L; loss and is highlighted by a p > 4
inadmissibility result for the plug-in density ¢(y — X) and the specifications of dominat-
ing predictive density estimators given for general spherically symmetric cases (Section
5.1), as well as for scale mixtures of normals (including normal) (Section 5.2). Several of
the approaches taken in Sections 3, 4 and 5 are analogous and involve dual multivariate
location vector point estimation problems under various loss functions (|| — u||?) with
generated from ¢, and with [ increasing and concave. Although our primary applications
relate to the predictive density estimation problem, several of our findings represent point
estimation findings, complement existing results, are of interest on their own.



2 Definitions, preliminary results. Bayes, best equiv-
ariant and minimax estimation under L, loss

2.1 Some definitions and preliminary results

We collect here various definitions and properties which will be useful throughout the
paper. Distributions in (1) include the subclass of scale mixture of normals, with examples
given by the multivariate Cauchy, Student, Logistic, Laplace, Generalized Hyperbolic,
Exponential Power distributions, among others (e.g., Andrews and Mallows, 1974).

Definition 2.1. Model (1) is referred to as a scale mizture of normals model whenever

0= [ oG aGw) ) = [ o), )

for z,y € RP, where ¢ is (hereafter) taken to be the normal Ny,(0, I,,) density, and W ~ G,
V ~ H are mdependently distributed mizing random variables on R, for which we further
assume that E(VP/2) and E(W /) are finite. We will denote such models or densities
as p ~ SN,(G) and g ~ SN,(H).

Convolutions D * q will be omnipresent in this paper (e.g., Lemma 2.4) and are given by
pxq(t va — (u) du, t € RP, for densities p and ¢. Just as it is the case for the
subclass of normal dlstrlbutlons, the above subclass of scale mixture of normals is closed
with respect to convolutions.

Lemma 2.1. For p ~ SN,(G) and g ~ SN,(H), we have p*q ~ SN,(F) where F is the
cumulative distribution function (cdf) of T =2V + W.

Proof. Since, conditionally on (V, W), X and Y are independently distributed as N, (0, V 1,,)
N,(0,W1,) respectively, it follows that X + Y|V, W ~ N,(0,(V + W)I,) whence the re-
sult. O
The following result, of which the latter part gives the Ly distance between multivariate
normal densities, will be used several times. A generalization is given below in Lemma

4.1.

Lemma 2.2. We have for all py, 1o € RP and 01,09 € Ry :

oLty U2y gy (TL2 o g F1 M2 (©)

7 2 ,
Rp o1 o) o1 + 03 Voi+os

1 y—pm, 1 y—ps 1 1 2 o e
2 _ dy — — .
L ot S =g o = ot e~ A )

(7)

Proof. Identity (6) is readily verifed. For (7), expand the square on the left-hand side to
obtain

1 90 Y — I 1 2 Y = M2 2 / Y— 1y Y — M2
— dy + dy— dy .
(a?)P Jro a o1 ) dy (03)P Jro a op} ) dy (0102)P Jgo i o1 ) & o9 ) dy
Applying identity (6) to these three terms leads to (7). O
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2.2 Bayes and minimum risk equivariant estimators

As in the case of Kullback-Leibler loss, Bayes estimators under Ls loss are simply given
by the predictive density ¢(y|z).

Lemma 2.3. For model (1), integrated Lo loss, a prior density m for u, and a posterior
density w(p|x) with respect to measure v, the Bayes predictive density estimator of g(y—p),
y € RP, is given by

Golyiw) = / qly = )y elple) dv(p). (8)

Proof. The posterior loss for estimator ¢(-) is given by

/Rp{ IRp(q(y — ) — 4(y)) *dy} m(plz) dv(p) .

Interchanging the order of integration, we see that for each y the minimizing ¢(y) is the
posterior expectation E**(q(y — 1)) which, being a density as a function of y, yields the
result. O
For location models as in (1) with spherically symmetric ¢, we obtain an interesting
representation when the posterior density is location invariant.

Lemma 2.4. In Lemma 2.3, whenever the posterior density is location invariant of the
form w(p|z) = g(p — f(x)), the Bayes predictive density estimator of q(y — ), y € RP, is
equal to q x g(y — i(x)), where q * g is the convolution of q and g.

Proof. From (8) and with 7(u|x) = g(u—ji(z)), the Bayes predictive density of ¢(y—pu) is
equal to [p, q(y—p) g(p—fi(z)) dp = [y, a(y—fi(x) =) g(i) dp’ = (gxg)(y — fa(2)). O

Remark 2.1. Since the Bayes predictive density estimators coincide for Kullback-Leibler
and Lo losses, the above lemma and the examples presented at the end of this subsection
apply as well to Kullback-Leibler loss.

The minimum risk equivariant estimator can be derived as the Bayes rule with respect to
the Haar invariant prior m(u) = 1 for p, and is minimax. This follows as the problem is
invariant under the group of location changes (including the choice of loss), and from a
general representation for the minimum risk equivariant estimator as the Bayes estimator
associated with the corresponding Haar measure (e.g., Eaton, 1989), and with the min-
imaxity following from Kiefer (1959). The following Proposition summarizes the above
and provides a direct and instructive approach in deriving the minimum risk equivariant
(mre) estimator under Ly loss, which is analogous to results obtained by Murray (1977)
or Kubokawa et al. (2013) for Kullback-Leibler loss.

Proposition 2.1. The minimum risk equivariant estimator of q(y—p), y € RP, for model
(1) and Ly loss is given by

qmre(y;v) = q*ply — ), 9)

with p(t) = p(—t) for all t, and matches the Bayes predictive density with respect to the
uniform prior on RP given in Example 2.1 (a). Furthermore, mre(-; X) is a minimaz
predictive density estimator.



Proof. While Kiefer’s result, mentioned above, gives minimaxity quite generally for the
MRE estimator, minimaxity is established directly in Section 7 for the general location
case via the argument of Girschick and Savage (1951), using a (least favourable) sequence
of Uniform priors on the product sets {y : [p;| < k/2,i=1,...,p}, k=1,2,.... We give
a similar direct, but simpler argument specifically for the normal case in Section 2.3.

For the minimum risk equivariance property, we only need to establish (9). First,
equivariant estimators under the additive group of transformation (z,y) — (z+a,y + a);
a € RP; satisfy the identity

4(y;0) = q(y — x;0) for all z,y € RP, (10)

as seen by setting a = —x. The risk of such estimators is constant in ; € R? and given
by

ek /RP{ Rp(q(y —p) =y = 0))2dy} p(r — p)dx
= /Rp{ RP(Q(ZJ) — Gy — 2;0))2dy} p(z)da
= /Rp{ RP(Q(U +v) — §(v; O))Qp(u) du} dv,

with the last equality obtained with transformation (z,y) — (v = x,v = y — ). Now, for
all v € RP, the inner integral above is minimized by Choosing G(v;0) to be the expected
value of q(v +U) with U ~ p, L.e. Gopt(v = Jo» ¢(u+v) p(u) du.. Finally, this along with
(10) tell us that

qmre(y| ) = Gopt (y—2) = /R a(uty—z)p(u) du = / q(y—r—u) p(—u)du = ¢xp(y—z).

RP

Example 2.1. (a) Consider model (1) with the uniform prior 7(p) = 1 on RP and
with the corresponding Bayes predictive density estimator coinciding with the MRE
estimator (see Proposition 2.1). This gives us: x — u|lx ~ p and Lemma 2.4 applies
with g(y) = p(y) = p(—y) and the representation gmre(y;z) = (¢ * p)(y — ).
Moreover, if p is spherically symmetric as in (4), we have Gmre(y; x) = (¢*p)(y—z).

(b) For the normal case (3) with ¢ ~ N,(0,0%1,), p ~ N,(0,0%1,), we obtain immedi-
ately that g x p ~ N,(0, (6% + o¥)] ) and that gmre(y; ) = Ny(z, (6% + 0% )1,).

[

(c) Now, consider the normal case (3) with w(pu) ~ N,(0,72L,). Since p|lx ~ N,(i(x), (7/)?1,)

2 2 .2
with fi(z) = —- +72 + 2 +02 and (1) = U‘;(XJ:TQ, this corresponds in the notation of

Lemma 2.4 to q ~ N, (O 021,), g ~ N,(0,(7)*1,). The same Lemma 2.4 thus im-
plies that G, (y; x) ~ Ny(iu(x), (6% + (7)*)1,). As seen from above, we further point
out that all predictive densities Ny(aX + b, (o3 + ao%)I,) with0 <a <1,b € R are
unique Bayes estimators with finite Bayes risks and hence admissible. We will show
in Section 3 that the MRE estimator (i.e., a = 1,b = 0) is inadmissible for p > 3.




(d)

(e)

(f)

(2)

As a further illustration of (a) and extension of (b), consider the uniform prior
() = 1 and scale miztures of normals densities p ~ SN,(G), ¢ ~ SN,(H) as in
(5). It thus follows from part (a) of this Example and Lemma 2.1 that

qmre(y; © / 9( t1/2 VPR AR (), (11)

with F the cdf of T =W + V.

(Multivariate Student and Cauchy models) A prominent scale mizture of normals
example is the multivariate Student T (v, o) with degrees of freedom v > 0 and scale
parameter o > 0. In (1), this corresponds to X —pu~p~T(v1,01), Y —p~qr~
T (vy, 09) where the density of T(v,0) is given by

I(5(p+v))
(mvo?)P/2 (%)

Part (a) tells us that gmre(y;z) = (q * p)(y — ). Such a convolution density,
including cases where one of the densities is that of a normal distribution, has arisen
in other settings and been analyzed by others (e.g., Nason 2006; Berg and Vignat,
2010). The particular case of a multivariate Cauchy (11 = vy = 1) gives rise,
simply, to

( ” ||2)7% p+1/
vo?

F(%@"’l)) 14 ly — =|? )—%(pﬂ)
7 (o1 + 02)P (01 + 02)?
since T(1,01) * T'(1,02) = T(1,01 + 09).

@mre(y;ﬁ) =

(Ezponential location model- Kubokawa et al., 2013.) As a further illustration of
Lemma 2.4, or of part (a) of this sequence of examples, consider X = (X1,...,X,),
where the X;’s and Y are independently distributed as Exp(u, 1), Y ~ Exp(u, f2),

G
with densities B; e 5 Tipo0)(t) and known By, Ba. For the uniform prior 7(pu) =
p—p(x)

1, we obtain as the posterior density m(pulx) = %e " (o) (10 — fi()), with

f(z) = min; x;. Lemma 2.4 thus applies with g(u) = niﬁlem I(—o00)(u) and q(u) =
1

€ 2 L(0,00)(w). The convolution of g and q yields

(q*g)(u) = !

m {e—lul/nm H(—oo,()) (u) + e~ lul/Bz ]I(o,oo)(u)},

and
dmre(y;2) = (¢ * 9)(y — () -
(Uniform model) Consider Xi,...,X,,Y independently and uniformly distributed
on the interval (p, u+ 1). A uniform prior w(u) = 1 leads to the posterior p|x ~
Uniform(xm) — 1, xq)), with x¢y = min; x; and x4,y = max; x,. Applying (8) directly
yields
mre(si2) = [ Ty = 1) ey -1a) 1)
R

= W+ 1=2m)le,-1001) + (@) — 2@ + D,z (Y)
+ (o) + 1= 9lew 1),
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which 1s a trapezoidal shaped predictive density for Y.

2.3 Minimax estimator and least favourable sequence in the nor-
mal case

We provide here for normal case (3) a direct approach to obtain a least favorable sequence
of priors and show that the best equivariant estimator gmre(:|X) ~ N,(X, (6% +0%) I,) is
minimax under Ly loss. We proceed in a familiar way showing that ¢mre(:|X) is extended
Bayes with constant risk. We make use of the risk computation below in (16), which shows
that the constant risk of gmre(-|X) is given by Ry = (4702 )7 P2 — (4n(0% + o}))7P/2.
Consider the Sequence of priors m, ~ N,(0,ml,); m = 1,2,...; as in part (c) of Ex-
ample 2.1 with § = 0,72 = m, and with corresponding Bayes estimators ¢y, (| X) ~

Np(fir,, (X)), 07, 1), ,u,,m( ) = m+a§(, and o}, = gff‘x + 0%. The posterior loss

S (G (y|2) — q(y — 1) )? dy is obtained from (7) with of = 0% ,,, 03 = 0%, i1 = fir,, (),

W2 = i, and given by

1 1 2 fimy, () — o

+ - o | Pt
(47To.%,m)p/2 (477-0-52/)17/2 (U%,m + U%)p/Q o'im + 0'}2/

From this and by making use of (6), the expected posterior loss is evaluated as

km(u» ZE) =

1 1
J et )i = G

2 fir,, (T) — fir,, (x) —
_ m m d
T TP /R p</5 ¢ Y

g 2 2 2 2
( Lm \/ O1m + Oy O1m — Oy

B L1 2 (12
- (mof, )2 (dmod )t (dmof )P

Observe that the expected posterior loss, given in (12), is independent of z and thus
matches the Bayes risk ry, . Finally, since of,, — 0% + 03 when m — oo, we have
lim,;, oo 7, = Ro = R(p, gmre), which implies that the estimator gmre is indeed minimax

(and that the sequence 7, is least favorable).

3 Plug-in type estimators and L, loss: the normal
case

3.1 Duality and the efficiency of density estimators N,(i(X), % I,)

We consider here normal model (3) and the performance of density estimators ., ~
N,(ju(X), c*o¥ I,,), which combine both a plug-in component with /i(X) being an estimate
of 1, and a modification of variance component for ¢ # 1. As for Kullback-Leibler loss
(Fourdrinier et al. 2011), we demonstrate that the efficiency of such estimators relates to:

9



(i) the efficiency of the point estimator (X)) in estimating p, as well as (ii) the degree
of variance expansion governed by the choice of ¢*> > 1. With respect to (i) and the
duality with the point estimation problem, it is a reflected normal loss that arises, which
we denote and define as

_lla@-w|?

L(u, 1) =1—e 7, withy >0, (13)
in contrast to squared-error loss which intervenes in duality for Kullback-Leibler loss.

Lemma 3.1. For estimating a multivariate normal density of Y ~ N,(u,0y1,), the

integrated Lo loss of the density estimate ., ~ Ny(i(x), *oy1,) is given by

1 1 1 9 _ Ua@—ul)?
+ - R (14)
(0§ )p/2 \ (4m)p/2 — (dwc?)p/2 - (27 (c? +1))P/°
PQr(;of. This is a direct application of (7) with yuy = u, s = ji(z), o3 = 0%, and o35 =
coy. [l

Corollary 3.1. (a) For fized ¢*, the frequentist risk of the density estimator .2, ~
N,(j(x), Pot1,) under integrated Lo loss is equal to the frequentist risk of the

point estimator [1(X) of p under loss a + bL (u, t), with a = W,b =
m, and o = (> + 1) 05.. Namely, 45, ~ Npy(fu(X), ? 02 1,) improves

on ez g, ~ Np(fia(X), ? 0p 1) iff fur(X) improves on fio(X) under reflected normal
loss Ly (1, 1),

(b) For ji(X) = X, the risk R(u, e ) is constant as a function of p, and given by

1 - 1 2
(2mo3 )/ <(5) c (222 (r 42+ 1)p/2> ’ (15)

2
with r = ZX. For all p, the constant (and minimaz) risk of Gmre, corresponding to

g

Y
the optimal choice ¢* =1+ r is equal to

1 1
(dmo} e (dn(o% +o}))/?

R(l% er@) = (16>

(c) Furthermore, all estimators {.2 ; with c® > 1 dominate the plug-in or mle estimator
G1,p whenever p > py = log(l‘f+fj/2), and, otherwise for p < py, the estimator .,
dominates ¢ 5 iff 1 < ¢ < k(p,r), where k(p,r) is the unique solution on (1,00) in
c? of the equation

1 1 1

V7B | G /2 (/2 = . 17

<2) * (7"+02+1 7"+2) (202) (17)
Proof. Part (a) follows directly from Lemma 3.1. For part (b), use (14) with fi(z) =z
and .2 ~ N,(z,c*I,) to obtain

N 1 1 2 _X-w
R, qe2) = (O’S)pﬂ ((47?)7’/2 + (47T02)p/2 - (2 + 1)p/2 E, <¢( U%/(Cg T 1))>> .

10
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The use of identity (6) leads to (15). Now, set ¥(c?) = (2621)p/2 - (HCQZH)W so that

(2mo2)P/2 R(p, 42) = (3)"* + 1(c?), and observe that sgn(¢(c?)) = sgn{(2¢*)7#/2 — (r +
¢ 41)'P/2} for ¢ > 0. From this, we infer that 1’(c?) changes signs once, on (0, c0), from
— to + at ¢ = 1+, which along with the evaluation of (15) for ¢*> = 1+r establishes part
(b). For part (c), the comparison of .2 with ¢; for ¢ > 1 hedges on the sign of 1(c?)—(1)
for ¢ > 1. From above, we know that t(c?) — (1) is either negative for all ¢* > 1, or
negative iff 1 < ¢® < k(p,r). Finally, we have limz_,o {¢(c*) — (1)} = W — 57 <0
if and only if p > pg, concluding the proof. O

Example 3.1. For equal variances (i.e., r = 1) 0% and 0%, we obtain py ~ 3.419 so
that universal dominance for all choices e 5 with ¢ > 1 over ¢, arises for p > 4. And

for p > 3, the cut-off points k(1,p) are given by k(1,2) = 6 (ezxact), k(1,1) ~ 4.65, and
2

k(1,3) ~ 11.47. We remark upon the fact that py decreases as the ratior = Z—§ imcreases So
Y

that the above universal dominance occurs also for (at least) all p > 4 whenever % > 0%
For instance if 0% = 20% (i.e., r = 2), we obtain py = 2.

The following is a consequence of part (b) of Corollary 3.1.

Remark 3.1. For integrated Ly loss and model (3), the ratio of risks between the minimum
risk equivariant estimator Gi1, x ~ Np(X, (0% + 0%) I,) and the plug-in estimator 4, x ~
R('quLX) _ 9 17(T1T/2)p/2
R(1,q14r,x) 1—(ﬁ)?/2
increases in both r and p, and approaches 2 when either r or p increase to co. The

N,(X,0%1,) is given by . It is easy to verify that this ratio
. . . . . 0'2 .
monotonicity in the ratio of variances r = — translates, understandably, to worsening
Y
performance of ¢1 as the relative variability of the observable X increases.

Remark 3.2. (On the unbiased predictive density estimator) An unbiased predictive den-
sity estimator of the density of Y|u, (i.e., of W ¢(ya_—y“)) exists whenever o% < oi (for
the univariate case, see for instance Lehmann and Casella, 1998; or Shao, 1999). Indeed,
considering density estimates qz x ~ No(X, ot 1,), we have from (6)

| i ) e o o= s )
o (22 N ey ) (022 TN oy (0% + 202 )p/? (0% + 2o2)"’

so that a N,(X, c*c}1,) density is an unbiased estimator of a Ny(u, 0% + c*o3-1,) density
2

(pointwise and globally), and the choice ¢* =1 — Z—§(> 0) yields an unbiased estimator of
Y

the density of Y |u. Since X is a complete sufficient statistic, it follows that this estimator
is the sole unbiased estimator. ' Here, the unbiased predictive density estimator shrinks
the variance, instead of expanding it. It will thus, with its risk given by (15) and as
already analysed as a function of ¢, perform even worse than the plug-in ¢i x. In fact,
it 1s dominated by the plug-in, the best equivariant estimator, a range of choices . x,

1—r<c®<kolp,r), and with ko(p,) = +00 as soon as p > —10;()%.

2
!The more standard setup, perhaps, has 0% = UT", where n is the size of a sample drawn from X.
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3.2 Improvements over the minimum risk equivariant estimator

As presented in part (a) of Corollary 3.1, there is a dual point estimation loss to predictive
density estimation for plug-in estimators in the sense that the frequentist risk of a plug-in
density estimator is given by the frequentist point estimation risk of the same plug-in
estimator under reflected normal loss a + bL.,. Reflected normal loss was introduced by
Spiring (1993), namely as an option for a bounded loss. It is also not convex in ||d — p|,
but strictly bowled shaped in ||d — p||. We can thus borrow results applicable to such
loss functions. For instance, results from Marchand and Strawderman (2005), or again
Kubokawa and Saleh (1994), show that for p = 1 the Bayes estimator fi, (X) with respect
to the uniform prior either on a compact interval (a,b) or left-bounded interval (a,co)
dominates the MRE estimator X under strictly bowled shaped loss and hence reflected
normal loss. Here is a formulation of such an inference.

Corollary 3.2. For estimating a univariate normal density Y ~ N(u,0%) based on

X ~ N(u,c%) under integrated Ly loss, and with the restriction u € [a,b] (1 € [a,0)),

the estimator % gb(%‘;()()) dominates % qb(ycgf), where fir, (X) is the Bayes point

estimator of p associated with a uniform prior on [a,b] (on [a,o0)) under reflected normal
loss Lo, (p, ft) with v = (¢* + 1)o3..

Proof. Since i, (X) dominates the MRE estimator X as shown by Marchand and Straw-
derman (2005), the result is a consequence of part (a) of Corollary 3.1. O]

Another class of applications of part (a) of Corollary 3.1 are generated by estimators
@(X) that dominate X, for X ~ N,(u,0%1I,) and for loss functions f(||d — ul||*) with f
increasing and concave. Such findings were given by Brandwein and Strawderman (1991,
1981), as well as Brandwein, Ralescu, and Strawderman (1993), and apply for the above
reflected normal loss. It is interesting that such an example arises naturally here in view
of the fact that Brandwein and Strawderman’s (1981) examples (but not theory) concern
L, loss with 0 < p < 2. The developments that follow make use of similar techniques
but exploit the specific nature of the loss function to obtain a wider class of dominating
estimators for p > 3 of ¢mre.

Lemma 3.2. Let X ~ N,(u,0%1,) with known %, and consider estimating pu under
la—p)

reflected normal loss loss L(p, 1) = 1 —e” . Then (X)) dominates X under L,

V03

ok

whenever (i(Z) dominates Z for the model Z ~ N,(u, I,) under loss ||fi — pl]*.

la—rl? _ le—ull?

1 ~ 2 2
Proof. Since —e~ o = —¢~ 2 x e 27 UAmplE=llz=pl)

, it is seen that
0 Slel® | lesu — 35 (@) =l l|lz—pl?)
L,(u,p(x))=1—e o +e = (1—6 a5 (@) —p 7 ) ’

for all x € RP. In terms of the risk R, (x, 1) = E,(L (1, (X)), we thus have

Ry (i, 1) = Ry(1, X) + EX {e—'xz‘i"? (1 _ e—zbm(X)—un?—X—m)] |
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and

Ay (1) = By, i) — Ry, X) = (— "> EZ (1 _ e—%(Hﬂ(Z)—uHQ—IIZ—uHQ)) 7
Y+ ok

where Z ~ N,(u, ng I,). Now, note that 1 —e~® < d for any d # 0, so that

Ytox
g N
Ay () < (=P BL (l(Z) = ulP? =12 = ul?)) . (18)
Y+ o
which yields the result. O]

Corollary 3.1’s duality between the performance (I) of plug-in density estimators under
Ly loss and the performance (II) of the corresponding point estimator under reflected
normal loss, coupled with the previous lemma which links the latter’s point estimation
performance (II) with the one under squared error loss (III), lead to the following inad-
missibility result and comparisons for our predictive density estimation problem (I).

Corollary 3.3. For estimating a multivariate normal density Y ~ N,(u,0%1,) based on
X ~ N,(p, 0%1,) under integrated Ly loss, the estimator Gmre(+; X) ~ Np(X, (6% +0%)1,)
is inadmissible for p > 3, and dominated by any ¢(+; X) ~ N,(a(X), (6% + 03)1,), where
(202 +0%)0%
2(02+0%) -

W(Z) dominates Z for Z ~ N,(u,o% I,) under loss ||fi — p||* and with 0% =

Proof. This is a direct consequence of part (a) Corollary 3.1 and Lemma 3.2, applied
forc2:1+2—§(and'y:(c2—l—1)0)2,:2032/—1—0%(. O
The above results establishes the inadmissibility of gmre for p > 3. Along with Stein
estimation findings under squared error loss, we can generate explicit dominating plug-in
type densities p ~ N,(ii, (0% + 03)I,). Here are some examples.

Example 3.2. If 7 is superharmonic prior, the Bayes estimator [i,(Z) dominates Z for
Z ~ Ny(p,0%1,) for p > 3 as an estimator of p under squared error loss (Stein 1981),
and the corresponding plug-in density N,(fix(X), (0% + o%)1,) dominates Gmre under
Ly loss. In terms of the secondary problem of estimating p under reflected normal loss
L., Lemma 3.2 implies the dominance of ji-(X) over X. Wider classes of dominating
estimators arise, for instance, by requiring that \/m,(z) be superharmonic where m.(z)
is the marginal density of Z under © (Fourdrinier, Strawderman, Wells, 1998).

Example 3.3. Another class of dominating estimators of Z ~ N,(u,0%1,) for p > 3,
which will arise Section 4 as well, are given by Baranchik type estimators (Baranchik,
1971) fiary(Z) = (1 — aT(ZZ,/ZZ)) Z, such that r(-) is an increasing function, 0 < r(-) <1,
r(-) # 0, and 0 < a < 2(p — 2) 0% . In view of Corollary 3.3, the corresponding density
estimators Ny(fiar(1(X), (0% + 03)1,) dominate Gmre for p > 3 under Ly loss.

Further applications of Corollary 3.3 include the following Hartigan type result for cases
where p is restricted to C, C' being a strict subset of R” which is convex with a non-empty
interior. Such cases include restrictions to balls and to cones such as order constraints
1 < pg < ... <y, tree order constraints y; > puq for all 4, ete.
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Corollary 3.4. Let Z ~ N,(u, 0% I,,) with 0% = %, and let ji.(Z) be the Bayes
Y X

estimator of u associated with prior density ™ and loss ||i — pl|?. For estimating the
density of Y ~ N,(u, 03 1,) based on X ~ N,(u,0%1,) under integrated Lo loss, and for
the restriction p € C' with C' a convex subset of RP with non-empty interior:

(a) the estimator (; X) ~ Np(fir, (X), (6% +0%) I,) dominates Gmre(-; X) ~ Np(X, (6% +
0% 1,) with 7y being the uniform prior on C;

(b) for the univariate case with C = [a,b], dominance of Gmre(:; X) is achieved by
any §(+; X) ~ Ny(jix(X), (0% + 0%) I,) as long as the prior density 7 is absolutely
continuous, symmetric about (a + b)/2, and increasing and logconcave on [“£2, ).

Proof. The results are a consequence of part (a) of Corollary 3.1 and Lemma 3.2 (with
c? = 1+4r) paired with point estimation results of Hartigan (2004) for (a), and Kubokawa

(2005) or Marchand and Payandeh Najafabadi (2011) for (b). O

Remark 3.3. In the context of Corollary 3.3, for cases where ||u|| < m, as well as cases
where 1 € C with C' a convex cone, ||fi,,1.(x) — pl|* is stochastically smaller than ||z — u||?
for all p so that fi,,;.(X) dominates X as an estimator of u under loss L., v > 0.
Therefore ER Np(fig1e(X), 2 0% L)) dominates ez py ~ Np(X, 03 1,) for such

restricted parameter spaces, ¢ > 0.

3.3 Plug-in estimators with i(X) = ¢X: improvements by ex-
panding the scale

We revisit here the normal case (3) and analyze the performance of the estimators
Gz ~ Np((X), 2oy I,) with more development for the affine linear case ji(z) = ax,
0 < a < 1. As seen in Section 3.1, there exists for a = 1 an optimal choice (i.e., ¢ = 1+7r
variance as much as desired and still dominate the plug-in N,(z, 0% I,). The objective here
is to assess whether such results hold for other choices of i(X) and more specifically: (i)
to determine a range of variance expansions or values ¢? that lead to improvement, and
(ii) to determine whether there exists a universal dominance result for sufficiently large p,
where universal means for all ¢ > 1. Explicit findings with respect to (i) and Kullback-
Leibler loss were obtained by Fourdrinier et al. (2011) with the maximum amount of
allowable expansion to retain improvement for all ¢ an increasing function of the infimum
squared error risk.

2
with r = Z—é() of the expansion factor ¢? and, for p > py = we can expand the
Y

We start off with the risk expression (see Lemma 3.1)

1 1 1 2 _H;(QX)EMHQ
7 ~) = _ 0%, (c?+1)
R(p, Gez ) CEARE - CLALE ((2 P2 (2 + 1)p2 Eule > )|, (19)
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and the derivative

0 . 1 1 __z Z D
@ R(,UlanQ,/l) - (271'0}2,)1’/2 ((CQ + 1>p/2+1 Eu (e 2D (p - c? + 1)) - (262)p/2+1 ’)
(20)
with Z = NAX) —pl? ) #HQ

Y

Remark 3.4. Plug-in estimators ¢1; ~ N,(f(X), 0% 1,) with non-degenerate fi(X) can
always be improved locally at p by an expansion Gz ~ Ny(f(X), 2oy 1,) with ¢ €
(1,c2(p)) for some c(n) > 1 (dependent on ji(X)). If possible, global dominance p € © is
thus achieved by selecting ¢* € (1,inf e c3(1)]. This can be seen by a continuity argument
and (20), since

0 R 1 1 z A
02 R(Na@c2,ﬂ>|r:2=1 =3 W (Ep(6 (p — 5) - p) <0,

as e i(p— %) — p <0 for all y > 0, with equality iff y = 0.

For the particular case i(X) = aX,0 < a < 1, we arrive at more explicit expressions
for the risk and its derivative in (19) and (20) by using the exact distributional result

X2 — 12014112 . .
Z = % ~a*r Xﬁ(%), and the mixture representation :

5 —1 2 2 2
Z|L ~ Gamma(z—) + L,2a*r), L ~ Poisson( = ), with § = %, r= 0—;(
2 2 a*oy oy
Lemma 3.3. For Z = ”‘UZ—E””Z, we have
Y
Z Z P
EM (e 2(c2+1) (p — 2 1)) = (p — h) (9§+1 67% ) (21)
with h = &M’ gng g = E+1
a’?o%+(c?+1)o3 a?r4c241°

Proof. Straightforward calculations yield

P P 1
By (T (- SEpIE 1) = b a0k - ),

2_|_1

with L ~ Poisson(¢/2). The result follows by the Poisson related evaluations E(#z+1+1)
02+l e=/2 and E(LO5HH) = 954192 =12 and by collecting terms.

o

Setting ¥,(c?) = 2% R(u, G2 5) for 4(X) = aX, it thus follows from the above expression
and (20) that

1 1 a’r+c*+1
o —h/2 p/2+1
(2) = —h —p(——=5— , (22
Yal€) (2mo2)P/2 (a?r + c2 + 1)p/2H <(p a P =

with h as in Lemma 3.3.
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Lemma 3.4. For all a € (0,1), p € R?, 1,(c*) changes signs once from — to + as c*
increases on [1,00).

Proof. We have already established (Remark 3.4) that 1,(1) < 0, and 1,(c?) is clearly
negative for h > p, ie., 1 < ¢ < ko, with ky = (1 A (w — a’r — 1))) Otherwise,

poy
it is easy to see that 1,(c?) is increasing in ¢? for ¢® > ko. Finally, the result follows since
lime2 o0 ((a? 4+ ¢ 4+ 1)P/2) (203 )P/2 1he(c?) = p(1 — (5)P/*T) > 0. O

Theorem 3.1. For i(X) =aX, 0<a <1, 2, dominates ¢, under integrated Ly loss

if and only if 1 < ¢ < kq(p), where k,(p) = oo whenever p > pyla) = 1 2(1105?—2)r);
og(14+45-

otherwise when p < po(a), kq(p) is the unique solution in ¢* € (1,00) of the equation

and

1
2 +a’*r+1

1
a?r + 2

PR (o = 0. (23)

p/2 _ 9
) ( 2c2

(3177 + 2

Remark 3.5. For a = 1, we recover part (c) of Corollary 3.1 and, namely, the universal
in ¢ dominance for p > po(1). Observe that the universal dominance property for all
c? > 1 is inevitable for large enough p. This is not necessarily the case for other estimators
(see footnote below).

Proof of Theorem 3.1. We accompany the proof with several observations. Here are
the elements of the proof.

(A) Locally at p, it follows from Lemma 3.4 and for i(X) = aX that
R(p,G1p) — R(p, G2 ) > 0 if and only if 1 < ¢ < ¢f(p), (24)
with equality only at ¢ = c3(u).

(B) Tt is possible that ¢3(u) = 400, not only for i(X) = aX but also more generally
for other ji’s. In fact, a necessary and general condition for this type of universal
dominance is as follows.

Lemma 3.5. For any non-degenerate i(X) and T = WT+“”2, we have
Y

2 (25)

DO | —

R(p, ¢r,p) — lim R(p, Ge2n) > 0 for all o if and only if sup Eu(e’T/‘l) <
c—00 I

Proof. From (19), we obtain (4702 )P/? limez o R(pt, 4e2 ) = 1, and (4m02)P/2 R(p, 41 5) =
2 —2E,(e7T/*), yielding the result. O

2With Jensen’s inequality and focussing at u = 0, a necessary condition for this is Eo(T') > 4log,(2).
2
For p > 3 and the James-Stein estimator fi;5(X) = (1 — %)X7 we have Eo(T) = 25 Eo(||fiss(X) —
Y

0[] = 2r, so that dominance at ¢ — oo is not possible for fi taken to be the James-Stein estimator, or
any other estimator dominating fi75(X) such as its positive part, whenever r < 4log, 2.

16



(C) Applying Lemma 3.5 for i(X) = aX, we make use of the stochastically increasing
property of the family of distributions of Z = |[aX — pul|* ~ a%xi(w), with

242
a“oy

l|p||? viewed as the parameter, to infer that

_ _ a’r.
sup B, (e %" = Eg(e™?") = (1 + 7) P2
HERP

Therefore, condition (25) becomes equivalent to (1—1—%)_1’/ 2 < £ which is p > po(a).
(D) We set A2(p) = R(p, G1,u) — R(i, Gz ). Using Karlin’s variation diminishing prop-
erties (e.g., Brown, Johnstone and MacGibbon, 1981) and a monotone likelihood
property of the family of non-central Chi-square distributions, we obtain the follow-

ing global comparison.

Lemma 3.6. For i(X) = aX, a € (0,1), we have for all fized ¢* > 1: Ap(pn) > 0
for all p € RP if and only if A2(0) > 0. Furthermore, A2(0) > 0 if and only if
1 < < ka(p) (as stated in Theorem 3.1).

Proof. First, the condition Az(0) > 0 is equivalent to 1 < ¢* < k,(p) as can be
seen by making use of the risk expression in (19) and the evaluation Fy(e=%/?) =
(1+ 2“72”)_7’/2 (here for u = 0, Z ~ Gamma(p/2,2a?r)) applied for d = 4 and
d = 2(c*+1). Secondly, we obtain from (19) (4702)?2 Ap2(p) = Ej2(g(2)), with

g(z)zl—c_p+2((—

)P/2 e 2(c22+1) _ e—i
3 .
cc+1

C2
With (i) ¢'(2) > 0 if and only if » < % (i) (0) = 2(Z5 )2 —1—c7 < 0
for all p,c® > 1, and (iii) lim,_,o g(2) = 1—c™ > 0 forall p > 1,¢* > 1, we infer that
g(z) changes signs exactly once from — to + as z increases on R,. Consequently,
the variation diminishing properties applicable to the family of distributions of Z,
which has an increasing monotone likelihood property in Z with parameter ||u|[?,
imply that Ej,2(g(Z)) changes signs at most once as a function of ||ul|* € Ry

whence the result. O

With the steps above, we have now established Theorem 3.1. O

Remark 3.6. For = 0, the optimal value ¢** of ¢? is available from (22) and the
equation (c*?) = 0 yielding c¢** = 1+ a’r. We thus have kq(p) > 1+ a®r in view
of the previous Lemma.

4 Extensions to scale mixtures of normals under in-
tegrated L, loss

The developments in this section parallel those of Section 3 but relate to scale mixtures of
normals. In Section 4.1, which applies more generally for multivariate location families, we
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obtain an explicit representation for the L, distance (Lemma 4.1) between two densities
of the same multivariate location family which brings into play a convolution related to
these densities. This leads to a duality between the L, risk of the MRE estimator, and
more generally for density estimators of the form f(y—a(X)), y € RP, of a density ¢(y—p)
with a risk function (under a certain loss) of ji(X) as a point estimator of p. For many
spherically symmetric choices of ¢, namely all scale mixtures of normals, the dual point
estimation resulting loss is an non-decreasing and concave function of ||ji — u||* and, as in
Section 3.2, we establish in Section 4.2, for p > 3 and with risk finiteness conditions, the
inadmissibility of gmre as well as provide dominating estimators. Finally, in Section 4.3,
we assess the risk performance of scale expansion estimators of the form Cip q(=F), ¢ > 1,
in comparison with the plug-in estimator ¢(y — x), and replicate some of the normal case
features with improvements always to be found in this subclass.

4.1 An identity for L, distance and general dominance results
of plug-in type predictive density estimators

We begin this section with a general L, distance identity conveniently expressed in terms
of convolutions.

Lemma 4.1. Whenever finite, the Ly distance pr, = [g, | q(t—p)— f(t—p2)|* dt between
densities f(t — 1) and q(t — pa), p1, o € RP, is given by pyq(p2 — ) with

pra(8) =qxq(0)+ fx* f(0)—2q%* f(s), s€RP, (26)
q(t) = q(—t), and f(t) = f(—t) for all t € RP.
Proof. In a straightforward manner, we have

PL, = /C]Q(t—ﬂl)dt+
RP Rp

= [atvan+ [ i =2 [ g -0

q*q(0) 4 fx f(0) = 2q* fpo — 1)
= prqlp2 — ). O

ﬁu—ugw—zj‘«wwmfu—ugw

RP

In our predictive density estimation context, we will be seeking to estimate the density
q(y — ) under Ly loss and the above provides the loss associated with the subclass
of estimators of the form f(y — f1) with f fixed. Comparisons with the MRE estimator,
which we carried out in the previous section for the normal case, are of particular interest.
As shown in Example 2.1, such a choice corresponds to f = ¢ * p and ji(z) = =, with
X ~ p(t —p) and p(t) = p(—t) for all t € RP. As a direct consequence of the above
Lemma, we have the following Corollary which relates to the MRE estimator.

Corollary 4.1. For estimating the density q(y — p), y, u € RP, under integrated Lo loss
and based on X ~ p(x — p),

(a) The frequentist risk of the estimator f(y — (X)) is equal to the frequentist risk of
the point estimator [u(X) of p under loss pgq(ft — p);
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(b) The estimator f(y — 1(X)) dominates the estimator f(y — fi2(X)) if and only
if f11(X) dominates [i12(X) as a point estimator of p under loss pg,(ft — p) or,
equivalently, under loss

C o 2qxf(p—p)
q*q(0)+ f*f(0)

(c) The estimator q * p(y — (X)) dominates the MRE estimator q * p(y — X) if and
only if (1(X) dominates X under (0SS pgspq(ft — p) or, equivalently, under loss

1 (27)

2q*q*p(jt— p)
S Lk . (28)
q*q(0) 4+ q*px*qx*p(0)

Proof. Parts (a) and (b) follow directly from Lemma 4.1. Part (c) follows from Propo-
sition 2.1’s representation of the MRE estimator and by applying part (b) for f = ¢ *p
and f = qx*p. ]

Remark 4.1. With the above results, Corollary 3.1 turns out to be a particular case of
Lemma 4.1 by taking q (= q by symmetry of q) ~ N,(0,021,), f(= f) ~ N,(0,c%0%1,),
1 = p, and poy = fi. Indeed with these values, (26) yields expression (14) with the normal
convolutions: q x G ~ Ny(0, 2021L,), f* f ~ Ny(0,2c*021,), and q x f ~ N,(0, (1 +
) o2 1,). Similarly, part (a) of Corollary 3.1, as well as its dual reflected normal loss
Lie241)02, follow from part (b) of Corollary 4.1 by setting f ~ N,(0, *o3-1,) and q ~
N,(0, 021,). Namely, the implications of Corollary 3.1 relative to the MRE estimator
Gmre(-|X) (i.e., 2 =1+r, 15(X) = X) are given in part (c) of Corollary 4.1.

4.2 Inadmissibility of the MRE density estimator for p > 3 and
dominating estimators

Despite the fact that Lemma 4.1 and parts (a) and (b) of Corollary 4.1 apply for general
densities ¢, f,p, we will focus on new applications in part (c) of Corollary 4.1 for scale
mixtures of normals. As in Section 3.2, we exploit the fact that the dual loss in (27) is
an increasing and concave function of ||ji — p|/? for scale mixtures of normals, and that
dominating estimators of X for such a dual loss can be derived using familiar techniques
first put forth by Brandwein and Strawderman (1991, 1981), as well as Brandwein, Ralescu
and Strawderman (1993).

The first part of the following result is an adaptation of part (c) of Corollary 4.1 for
scale mixtures of normals and for comparing estimators with the MRE predictive density
estimator gmre, the middle part establishes that point estimation dominance results with
squared-error loss under an associated scale mixture of normals model generates dominat-
ing estimators of mre, and the last part capitalizes on an existing result (Strawderman,
1974) for scale mixtures of normals and leads to an inadmissibility result for ¢mre and
p=3.

Theorem 4.1. Consider estimating a scale mizture of normals density q(y — ), y € RP,
with ¢ ~ SN,(H) under Ly loss and based on X ~ p(x — u), p ~ SN,(G). Let Wy, Wy ~
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H, Vi ~ G be independently distributed, and let F and J be the cdfs of Vi + Wi and
Vi + Wi + Ws respectively.

(a) The estimator q * p(y — (X)) dominates the MRE estimator q x p(y — X), with
qgxp~ SN,(F), if and only if i(X) dominates X under loss

Pl =) = & = | ety 725 a ), (29)

K being a constant.

(b) The estimator q * p(y — (X)) dominates the MRE estimator q x p(y — X), with
q*p ~ SN,(F), whenever i(X') dominates X' under squared-error loss ||fi — ||
and for X' — pu ~ SN,(Fyz), Fyz being the cdf of

1 Zy , 1
z =1 th (Z1, Zs) ~ d S —
7+ 7y with (Z1, Z») 7(21, 22) X 20 (21 + 2P/

dG(z1)dJ(z2). (30)

(c) Assuming E(Z) and E(Z™') exist, Gmre is inadmissible for p > 3 and dominated
by q % p(y — flar) (X)) with g * p ~ SNy(F), and with a Baranchik type estimator

flary(X) = (1 — arg(X,/j(())X such that r(-) is an increasing function, @ decreases

int, 0 <r()<1,7(:)#0, and 0 <a < ;((”Z__Ql)) .

Proof. Part (a) follows from part (a) of Corollary 4.1 and Lemma 2.1’s convolution
properties for scale mixtures of normals. For part (b), we seek a condition that suffices for
the difference in risks A(f, pn) = E, [ f(||(X) — pll*) — F(|X — u]|?)] to be less than 0,
where f is given in (29). Since f is strictly concave, the inequality f(s)—f(t) < f'(t)(s—t),
for s # t and for such f’s, implies for the difference in losses that

Flla@) = pll®) = flllz = @) < £z = pwl®) (i) = pll® =1z —pl?) . (31)
for all z, u € RP such that = # ji(x). Now, using the above, part (b) follows since

dJ(t)

N N > _pjp _IX—u?
M) < 3B (A0 =l = 1 = ul?) [ (mypize 5 0

1

2

L R T

_ ! / (i) =l = 12 — ) / / sty be Hoda(s) P g,
2 Rp 0 0 t

N % orst —”12‘2”2
[ Qi) =l ==y [T TR e

s+t
p o llz—p|?

s [ (i) =l == lP) [ (2m)E e ape(e) d,

0

Finally, part (c) follows from pairing Theorem 2.1 of Strawderman (1974) with part (b)
above, for the model X' — p ~ SN,(Fy), with the finiteness conditions Ey||X'X| =
pE(Z) < oo and Fyl| X'X||7! = IﬁE(Z_l) < 00, and with the upper bound on the

constant a given by W O]
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Remark 4.2. The dual loss in (29) may be labelled as reflected scale mizture of normals
analogously to reflected normal loss. For the normal case with degenerate Wy, Wo, Vi at
0% and o% respectively, part (a) of Theorem 4.1 applied to the MRE estimator reduces
to Corollary 3.1, while part (b) reduces to Corollary 3.3 with Z in (44) degenerate at

ag( (o%( +20%,)
2(03( +O’%) :

We pursue with some examples of applications of Theorem 4.1.

Example 4.1. (Cases where both H and G are Gamma cdf’s) We illustrate some of the
features of Theorem 4.1 for situations where Wi, Wy ~ H ~ Gamma(ay,1), Vi ~ G ~
Gamma(az, 1), with oy > p/2 for i = 1,2 which guarantees that E(V p/2) < oo and
E(Wl_p/Q) < oo (see Definition 2.1). We have Vi + Wy ~ F ~ Gamma(ay + as, 1) and
Vi+ Wi+ Wy~ J~ Gamma(oq + 20, 1). Part (d) of Example 2.1 indicates that

dmre(y;x) = q*ply —x), with q*p ~ SN,(F).

Theorem 4.1 tells us that gmre(y; X) is inadmissible as an estimator of q(y — p), y € RP
forp > 3, and dominated by any qxp(y— (X)), where (X') dominates X' under squared
error loss and for X' — p ~ SN,(Fyz) as giwen in (44). The joint density of (Z1,Zs) in
(44) becomes

a1 12,31-&-20(2 26—(z1+22)

dT(Zh ZQ) - k (Zl T 22)17/2 HR+(Z1) HRJr (ZQ) )
I'(2a1+2a2—1) . .
with k = R CTINCTES TS 11 (22a1+2a2 ) and where we have used the identity

a 1 b 1 r r r o
/ / (21+22) ledZQ _ (a) (b) (Cl +b C) 7
Ry JR, (21 (21 + 22)° I'(a+0)

fora,b >0, a+b> c. Finally, using again the above identity, calculations yield

(Oél + g — 1)(20&1 + 20(2 - 3)

BAZ7) = BB+ B = o T (o 1) (o0 + 20— 2)

so that part (c)’s subclass of dominating Baranchik predictive density estimators is ex-

plicitly determined with 0 < a < E((Z 1y and the above E; (Z71).

Example 4.2. (Cases where the mizing distribution G is lower bounded) Consider sit-
uations where either X — u ~ N,(0,0%1,) or, more generally, the scale parameter dis-
tribution for X is bounded below by some known ax > 0 (i.e., G (ax) = 0 where G~
is the left-hand limit of G). With such an assumption, without any additional knowledge
on G, one can obtain an upper bound for Theorem 4.1’s E(Z~') and, hence, a lower

bound for part (c)’s upper limit é((pz_j)). Indeed, the lower bound assumption implies that

P(Zy>ax) =1, P(Zy>ax) =1, E(Z7') < %, and 0 < a < (p — 2)ax for Theorem
4.1’s Baranchik-type estimators fi, . Similarly, if the mizing variance distribution H
for'Y is bounded below by some ay > 0, the above bounds become E(Z71) < L 4 —1

ax ax+2ay’

and 0 < a < 2= 2)2’;(&’(””) with the degenerate case bringing us back to Example 3.3.
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4.3 Dominating estimators of a plug-in estimator by expanding
the scale

We consider here scale mixtures of normals in (1) as described in Definition 2.1:
X —p~SNy(G), Y —p~ SNy(H). (32)

As in Section 3.1, we focus on the class of estimators ¢.(y; z) = & ¢(*=%) of the density
q(y — p), y € RP, with ¢ = 1 corresponding to the plug-in maximum likelihood estimator
q(y — x), and choices ¢ > 1 representing expansions of the known scale associated with
the underlying density ¢(y — i). As shown in Theorem 4.2 and Remark 4.3, we extend
parts (b) and (c) of Corollary 3.1, applicable to the normal case, which : (i) provides
the best estimator within the class of ¢.’s; (ii) shows the superiority of a subclass of
estimators ¢. over the plug-in ¢; for a range (1,¢;) (say) of values of ¢; (iii) establishes
that ¢. dominates ¢; universally for all ¢ > 1 for sufficiently large dimension p. The next
intermediate result follows from Lemma 4.1 and gives the loss incurred by using §. to
estimate q(y — u),y € RP.

Corollary 4.2. Whenever finite, the Ly distance between densities §.(y;x) = Cipq(t_Tx)
and q(t — p); t,x,u € RP, ¢ > 0, is given by

(C—lp +1)q#q(0) — 2qh(z — p) (33)

where h(t) = % q(%) and h(t) = h(—t) for all t.

C

Proof. With the evaluation % = h(0) = 4 ¢ * g(0), the result follows as Lemma 4.1 by
setting pu; = x, o = p, and f = h. O

Theorem 4.2. Let Wi, Wy ~ H, Vi ~ G be independently distributed. Define M, =
E[(Vi + Wi+ EWy) 7?2 ¢ > 1; N = E[(Wy + W) /2.3

(a) The risk R(u,q.) for estimating a normal scale mizture density q(t — u), t € RP,
with ¢ ~ SN,(H) under Ly loss and for X ~ SN,(G), is constant in p and given

by

Rl = s (0 )N = 28 (34

(b) The optimal estimator among the class of estimators q. is .-, where c* is the unique
value of ¢ > 1 such that

W,

2PT2
[(Vl + Wy + 2 Wy )p/2H1

| =N; (35)

(c) Estimators 4. with 1 < ¢ < ¢; dominate the plug-in ¢, where ¢; = oo if N > 2M;
and, otherwise, ¢ is the unique value of ¢ > 1 such that N(1 — &) = 2(M, — M.) .

3The assumptions of Definition 2.1 imply the finiteness of M, and NN.
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Proof. (a) The risk of §. is given by

R(ud) = By |(14 —)q%q(0) — 2= h(X —p) | | (36)

cP

by taking the expected value of (33) with respect to X —u ~ SN,(G), and since § = ¢ and
h = h by spherical symmetry of ¢ and thus also . By making use of Lemma 2.1, we have
for the scale mixture of normals density, ¢ ~ SN,(H), the convolutions g * ¢ ~ SN,(F})
and gxh ~ SN,(F.), F. being the cdf of W; 4+ *W, for any ¢*. With the above, we obtain

g*q(0) = (2m) "2 N. (37)
Furthermore, we have

a—p|? _ lle—p?

EJqsh(X — )] = /R p /R (emp” ( /R (ot o~ ch(t)> 5 4G () da

_ /R + /R +(47rzm)—p/z ( /R p e—"”z"2<i+i)dx) dF.(t)dG (v)

_ /R /R (M%t)p/?(i”—ﬁ)pﬂ dF.(t)dG(v)

= @2n)PRPE[(Vi+ Wi+ W) P2 = (27) P2 M, . (38)

Finally, the given expression for R(u,q.) in (34) follows from (36), (37), and (38).

(b) It is easy to see from (34) that

(2m)P/2 19 c?

—R(p,§.) = =N +2E[W. /217
P e (/"LJQ) + [ 2(‘/1+W1+02W2) ]

Evaluated at ¢ = 1, the above is negative, while it is positive evaluated at ¢ — oo. More-
over, since the above is increasing as a function of ¢ € [1,00), we have that %R(u, qc)
changes signs once from — to + as ¢ increases on [1, 00).

(c) Given that, as a function of ¢, R(u,q.) is strictly decreasing for 1 < ¢ < ¢*, and
strictly increasing for ¢ > ¢*, we have indeed R(u,q.) < R(u,q;) for all ¢ > 1 as soon as
lime oo R(it,4.) < R(p,¢1) <= 2M; < N. Otherwise, we have R(u,q.) < R(u,q) for
¢ < ¢ with R(p, e,) = R(p, 1) <= N(1 — ) = 2(My — M,) . u

Remark 4.3. The above Theorem is presented for fixed p, but there also implications for
varying p analogously to part (c) of Corollary 3.1 established for normal models. Indeed,
assuming all the inverse moments associated with H and G exist, which guarantees the
finiteness of N and M, for all p > 1, it is inevitable that the interval of values of ¢ such
that 4. dominates G, is given by (1,00) for large enough p > po. This is justified by the
fact that if N > 2M, for a given py (which can be shown to ezist), i.e.,

1 1

E >2F
((W1+W2)p°/2) a ((‘/1+VV1-|—VV2)1”°/2)7
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then we must also have

1 1
E(

>2F
(Wh + WQ)(1+po)/2) - <(v1 + Wi+ W2>(1+po)/2 ),

telling us that N > 2M; for all p > py.

Example 4.3. Theorem 4.2 and Remark 4.3 apply in the normal case with P(W; = %) =
1 fori=1,2 and P(Vy = 0%) = 1, and it is readily verified that results in parts (b) and
(c) of Corollary 3.1 follow.

As a further illustration, consider situations where Wy, Ws, Vi share the same distribution
with P(a; < Wy < ag) = 1 for some 0 < a1 < ay < 0o. By setting T =V, + W, =4
Wi+ Wy and D = Wy /T, equation (35) may be expressed as

2D
+2 T (=2 DT _ T (-2
2B (T M (e )W“)) BT (1)

so that the condition

2D

_ +2 D|T=t
C(t) _Cg E ((1+03D)p/2+1)§17

(39)

for all t € [2r1,2r3], and for some cy, implies ¢* > ¢o. Using the covariance inequal-
ity Cov(f1(D), f2(D)) < 0 for increasing fi and decreasing f2, as well as the property
E(D|T) = 1/2 which is a consequence of the iid assumption on Wy, W, Vi, we obtain

1
(1+ ED)r/2+1

C(t) < (co)™™ BV )-

Now, with the bounded support assumption setting 5 = ——, we have P(D > B|T =1t) =

ri+re’

1 and C(t) < (%)p/2+1 for all t. Finally, setting this upper bound on C(t) equal to 1,
0
we obtain the lower bound .
P >14 .
T2

Turning now to a value py such that all §. with ¢ > 1 dominate the plug-in ¢, for all
p > po, Theorem 4.2’s condition N > 2M; may be written as

N > oM, « B(T~%) > 2E7 (T—% EPT(1 + D)—%> ,

which becomes satisfied as soon as EPT=t(1 + D)~% < : for all t. Finally, with P(D >

BIT =t) =1, we conclude that all §. with ¢ > 1 dominate the plug-in G, for all p > py
log 4
log(1+6)
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5 Integrated L; loss and plug-in estimators

The results of this section apply, as in Section 4, to the spherically symmetric set-up in (4),
but relate to integrated L, loss. We focus on the performance of plug-in estimators gy (||y—
w(X)|1?), v € RP, with fi(X) an estimator of . We capitalize on an explicit representation
for the L, distance (Lemma 5.1) between two densities of the same spherically symmetric
family to establish that our predictive density estimation problem for plug-in estimators is
dual to a point estimation problem for the same plug-in estimators under a loss which is a
concave function of ||fi—u||? (Corollary 5.1). As in Sections 3 and 4, using Stein estimation
results and techniques applicable to such concave losses, we establish the inadmissibility
of plug-in densities gy (||ly — X||?) for p > 4 and obtain dominating predictive density
estimators. In subsection 5.2, we provide further specific developments for scale mixtures
of normals py and ¢y, which includes of course the normal case. Finally, in subsection
5.3, for univariate situations where p is either restricted to an interval (a, b) or restricted
to a left-bounded interval (a, 0c0), we proceed as in Corollary 3.2 to show that the plug-in
density estimator gy (|y — fir, (X)|?) dominates the plug-in gy (|y — X|?) for log-concave
px(2?) in x, where [ir, (X) is the Bayes point estimator of u associated with a uniform
prior on the restricted parameter space and the given dual loss.

5.1 An identity for L, distance and general dominance results
of plug-in predictive density estimators
We begin with a useful L; distance identity which is also of independent interest.

Lemma 5.1. Let Y = (Y3,...,Y,)" be a spherically symmetric distributed random vector
with unimodal, Lebesgque density qy (|ly — pl|?); y € RP. Then for any py, po € RP, the Ly
distance between f,, and f,, is given by

[ — pa|
i = [ Jav(ly = mlP) = av(ly = palP)ldy = 4P 22
RP

where F(t) = Py(Yr <t), t € R, is the cumulative distribution function of Y1 when py = 0.

) =2, (40)

Remark 5.1. This result was given by Das Gupta and Lahiri (2012) for the normal case.
An existing reference for the general case seems likely to us, but we could not find such
a reference. Observe that the distance pr, is always a concave function of ||u1 — psa|| on
(0,00) since F' is unimodal, and also of |1 — pal||? given that F is increasing.
Proof. We have gy ([ly — m[*) = av (ly — p2l®) = lly = i |* < lly — paf|* & Lly) <0,
where L(y) = (uo — 1)'y + M Setting A = {y € R : L(y) < 0}, we obtain
splitting the integration on A and its complement A€
PL, = PM1<Y € A) _PM(Y € A) +PM2(Y € AC) _PM(Y € Ac)
= 2{P,(L(Y) <0) + P, (L(Y) 2 0) = 1}. (41)
Observe that L(Y') is a linear function of the spherically symmetric distributed Y. For
such linear functions, we have (e.g., Muirhead, 2005)
('Y +k)—('u+k)
1]
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for all | € R? — {0}, k € R'. We thus obtain P, (L(Y) < 0) = F (—(L(mn))) = F(laseely
Similarly, we obtain P,,(L(Y) > 0) = F (”“1—;“2”), and the desired expression for pr,

follows from (41). O

Corollary 5.1. For estimating an unimodal spherically symmetric Lebesque density qy (||y—
wl|?), t € R?, under integrated Ly loss and based on X ~ px(||z — u||?), the frequentist
risk of the plug-in density estimator gy (||y — 1(X)||?) is equal to the frequentist risk of the
point estimator 1(X) of p under loss 4F(w) — 2, with F being the common marginal
cdf associated with qy. Consequently, qy(||ly — f1(X)||?) dominates qy (|ly — f=(X)||?) iff

f1(X) dominates fio(X) under loss 2F(@) —1.

Proof. This is a direct consequence of Lemma 5.1. O

Since the dual problem described above involves loss functions [(||d — u||?) with [(¢) =
2F (‘/7'2) — 1 being concave (see Remark 5.1), we consider using Stein estimation techniques
and results for such concave losses ( Brandwein and Strawderman 1991, 1981); Brandwein,
Ralescu and Strawderman, 1993), along with Corollary 5.1, to obtain dominating estima-
tors of the plug-in density gy (|ly — X||?), ¥ € R?, which we now proceed to do, elaborate
on, and illustrate. For what follows, we denote f as the density of || X — u|| under px and
we recall that f(t) = 12&1,//;) P~ p,(t*) (e.g., Muirhead, 2005). Here is an adaptation of
Theorem 2.1 of Branwein and Strawderman (1981) applicable to Baranchik type estima-
tors, and followed by related inferences for improving on plug-in density estimators under
L loss.

Theorem 5.1. (Brandwein and Strawderman, 1981) Let X have a spherically symmetric
distribution with density px (||x—pu||?), z € RP, with respect to o-finite measure v. Forp >
4 and for estimating ju € RP under loss I(||d — u||*) with | non-decreasing and concave on

R, estimators fiq ) (X) = (1 — ar(XX,,;(())X dominate X, and are thus minimaz, provided:

(i) 0<r(-)<1andr(-) #0;

(i1) r(t) is non-decreasing for t > 0;
(11i) r(t)/t is non-increasing for t > 0;
(i) 0 < Ep (X — ) < o;

(v) 0 < a < 1)2%’2 m , where h(s) is a density on R, proportional to I'(s*) f(s) =
xP/2 _
Fz(pp/Q) I'(5%)sP ™" pa(s?) -

This now follows from Corollary 5.1 and Theorem 5.1. O]

Corollary 5.2. For estimating a unimodal spherically symmetric Lebesque density gy (||y—
wll?), y,pu € RP and p > 4, under integrated Ly loss and based on X ~ px(||lz — pul]?), a
plug-in Baranchik density estimator qy (|y — fiar(1(X)||?) with figr)(X) = (1 —aT(XX,,;(())X
dominates the plug-in qy (||y — X||*) provided conditions (i), (i), and (iii) of Theorem 5.1
are satisfied as well as:
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S X —pull?
(1) 0 < By (WA o,

2p f(o o) “T PX(“) F/( ) dv(u)

v)0<a< .
() 2 ooy u"7 px () /(%) dufuw)
Proof. This follows from Corollary 5.1 and Theorem 5.1 with I(u) = 2F(§) — 1 and
Fr(
V(u) = 2.

Remark 5.2. In our setup, the model densily qy determines the loss | via Lemma 5.1
and is thus taken to be unimodal and Lebesque. On the other hand, there no restrictions
on px other than risk-finiteness for the estimators fiq (X ). Condition (iv’) is weak. For
instance, it is satisfied when both the densities qy and px are bounded. The upper bound
for the multiplier a in the estimator fi,,.)(X) in condition (v’) depends on both gy and

pPx-
Here is an evaluation for the particular case when both px and ¢y are normal densities.

Example 5.1. (normal case) For the normal case (3) with q,(u) = (2r02)~P/% e=v/27%
and px(u) = (2rn0%) P2 e 27%  Corollary 5.2 applies with (iv’) satisfied and (v’) spe-
cializing to

0cag W JonWT PR AL (po2)(p-3) Sokeb
- p— 2 fOoouT e—u/ZUg(e—u/Sa% du P O'g( -+ 40-)2/ ’

We point out that a simultaneous dominance result is available for a family of px models
by taking the infimum with respect to px on the rhs of (v’). For the normal case, if we have
for instance X ~ N,(u, 0%1,) with % unknown, but known to bounded below by ax > 0,

2
then simultaneous dominance occurs for all such px s by taking 0 < a < (p_2);p_3) ai?fi;/% .

5.2 Improvements for scale mixture of normals

Further developments for scale mixtures of normals are provided in this section and lead
to wider classes of dominating estimators than those given by Corollary 5.2. We revisit
this latter corollary for situations in (1) where

X —pu~SN,(G) Y —pu~ SN,(H). (43)
We define Z as a random variable, I, as its cdf, and 7 as a bivariate cdf such that

d 4Zl ZQ 25/2_ !

g =4 — s with (Zl, Zg) ~ dT(Zl, ZQ) X m dG(Zl) dH(ZQ) . (44)

Zy + 47,

Theorem 5.2. Let X ~ px(||lz — pll?) and Y ~ qyv(ly — pl|?), z,y,u € RP, be scale
miztures of normals as in (43) and consider estimating qy (||y — w||*) under integrated L,
loss based on X.
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(a) For p > 1,* the plug-in density estimator gy (|ly — (X)||*) dominates the plug-in
density gy (||ly — X||*) provided ji(X') dominates X' under loss ||i — pl|* and for
X' o (| — ), with

pe(llsll*) = (2),s € R?. (45)

(27Tz)

(b) In particular, a plug-in Baranchik density estimator gy (||y — fiar¢)(X)[?), with

flag(y(X) = (1 —a (X,X )X, dominates the plug-in density gy (||ly — X||?) provided
conditions (i), (ii), and (i1i) of Theorem 5.1 are satisfied, p > 4, the expectations

E(Z'Y?) and E(Z73/?) are finite, and 0 < a < 2(p — 3)22—32;

Proof. (a) We apply Corollary 5.1. We thus seek conditions for which the difference in
risks A(f, ) = By [1([|4(X) = pl?) — 11X — p]|*)] is less than 0, where I(||it — pl*) =
F(w) — 1. We apply the inequality I(s) — I(t) < I'(t)(s — t) for strictly concave [ and
s # t, which implies for the difference in losses that

i) = pl®) = Wz = pll*) < V(e = pl®) (1) = pl* =z = pl?) , (46)

for all z, u € RP such that x # fi(z). Observe that

1 [z — pl]
ll x_MQ — Fl
(e =l) = g P

1 /°° 19 _llz—ul?
e —all Jo T ” o

since the marginal distributions associated with a scale mixture of normals as in (43)
are themselves univariate scale mixtures of normals with the same mixing distribution. °
Now, using (46) and (47), it follows that

M) < g5 [ MHHX—MH) /°°<2W)_1/2 I

? _ 2 —ptl IIZ M”
a(x) — p x — p? (2m)~ =

SN N2 o0 S
N / (lA) = pl* = lle = ull?) / / 87”““ %o B dr(v,w)dr
RP

2|z — p] v+4w
(la(x) = pl* = llz = pl?) / pf2 sl
X 21z dF dzx
/Rp ol — p | (@m2) #(2),

which establishes part (a).
(b) We show below that the density p*(||s||?) is a scale mixture of normals. This permits us
to apply the dominance result of Strawderman (1974) for Baranchik estimators satisfying

4For p = 1, the density in (45) is not well defined.
5Tt is not the case that spherically symmetric distributions share a similar consistency property, but
it is true for scale mixtures of normals distributions (e.g., Kano, 1994) .
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conditions (i), (ii), (iii) of Theorem 5.1, in cases where both EX || X||? and EY || X|~2 are
finite, and for 0 < a < 2/(EY || X||7?). The finiteness conditions are satisfied for p > 4
and with the finiteness of £(Z'/2) and E(Z~%?), and a calculation yields

S |:p||3/2 Jo (2mz

(
Jar ||x||1/2 Jo~ (2mz

7

(

(2) dx
—r/2 ”32:!2 dT(Z) dx
()
7(2)

—p/2 o~

2mz

Jo~ Jeo ||xu
fo pr ||27H1/2

1 E(Z73?)
(p—3)E(Z71/?)

2rz

)™
)
)
)P

using expectation expressions for a central XZ distribution. This yields the desired result.
It remains to show that p*(||s|?),s € RP, is a scale mixture of normals density. Recall
that, in general, a spherically symmetric density f(||t — p|/?) is a scale mixture of normals
if and only if f is completely monotone on (0,00), i.e., (=1)¥ f®)(¢) > 0 for t > 0 and
k=0,1,2,... (e.g., Berger, 1975). Since both ¢~/? and f(07oo)(27rz)‘p/2 e~z dr(z) are
completely monotone, it follows that their product is completely monotone (e.g., Feller,
1966, page 417) and that the density in (45) is indeed a scale mixture of normals. O

Example 5.2. (normal case) In the normal case (3) which arises as a particular case of
(43) for degenerate V. W, we obtain that Z in (44) is also degenerate with P(Z = zy) = 1,

. 402 o2 . .
with zo = =X2. In this case as well, we obtain
UX+40'Y ’

~lsI?
(2#20) TP/ T 2m

p(llsl®) o sl

which is the density of a Kotz distribution (see for instance Nadarajah, 2003). By virtue

of part (a) of Theorem 5.2, minimaz or dominance results applicable to this particular

Kotz distribution generate plug-in N,(ji(X), 032,_7) density estimators (such as those in

part b) which dominate the plug-in density of a N,(X, oy 1,) under Ly loss. The cut-off

_ 8(p— 3)0’X0'§,
- 3) <0 = 02 +402
X Y

cutoff point given in (42), the cut-off point here is larger by a multiple of p/(p — 2).

point in part (b) reduces to 2(p . In comparison to Corollary 5.1°s

5.3 Improvements in the case of univariate parametric restric-
tions

We briefly expand on dominance results applicable to univariate (p = 1) cases where
 is either restricted to an interval (a,b) or a left-bounded interval (a,00). Combining
Corollary 5.1’s duality with point estimation loss 2F'(*5 [B=1ly _ 1, which is a strictly bowled
shaped function of |1 — p| on R, with findings of Marchand and Strawderman (2005), we
derive an L; analog of Corollary 3.2 for estimating an univariate density gy (|y — pu|?) based
on X ~ px(|z — p|?) for cases (such as the normal case) where the family of densities for
X has an increasing monotone likelihood ratio (or equivalently py(#?) is log concave in
teRy).
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Corollary 5.3. For estimating an unimodal and uniwvariate symmetric Lebesque density
av(ly — n*), v € R, u € (a,b) (or p € (a,00)) under integrated Ly loss and based on
X ~ px(|lz — p|?) with px(t*) logconcave, the plug-in density estimator qy (|ly — fir(X)]?)
with iy (X) the Bayes estimator of u with respect to the uniform prior on (a,b) (or on
(a,00)) dominates the plug-in density estimator qy (ly — X|?).

Proof. The result follows directly from Corollary 5.1 and results in Marchand and Straw-
derman (2005). O

6 Concluding Remarks

We have investigated the frequentist risk performance of various predictive density esti-
mators under both integrated L, and Ly loss. For multivariate normal models, we have
established a connection between the Lo risk of plug-in type estimators and point es-
timation risk under reflected normal loss. Paired with Stein estimation techniques and
results for estimating a multivariate normal mean under loss which is a concave function
of the squared error ||ji — u||?, we establish the inadmissibility of the minimum risk equiv-
ariant (MRE) density estimator and obtain dominating predictive density estimators for
three dimensions or more. The duality is further exploited to obtain improvements of
the benchmark MRE density estimator in the presence of restrictions on the underlying
mean parameter. We have also analyzed the performance of scale expansion plug-in den-
sity estimators N, (/i(X), c*o%-1,,) with varying ¢?, obtaining notably instances (i.e., large
enough dimension p and ji(z) = ax with 0 < a < 1) where all scale expansions ¢? > 1
improve uniformly on ¢ = 1.

For scale mixtures of multivariate normal observables, we have obtained analogous de-
velopments with regards to the MRE density estimator by making use of a general L,
distance identity, including its inadmissibility and the determination of explicit improve-
ments, in general for three of more dimensions. As well, we obtain improvements on the
plug-in maximum likelihood estimator by scale expansion. Finally, we have considered L,
integrated loss and spherically symmetric observables, and, via an L; distance identity,
obtained dominating estimators of a benchmark plug-in density estimator, in general for
four dimensions or more.

In summary, the findings of this paper provide fundamental identities and results for
assessing the efficiency of predictive density estimators of multivariate observables for
both Ly and L, integrated losses. The main themes, simplified somewhat, revolve about
the inefficiency of MRE estimators in high enough dimensions and about the inefficiency
of plug-in estimators by either improving on the plug-in for a dual point estimation loss
or expanding the scale. Developments for such models with unknown scale represents one
of several challenging and interesting problems worthwhile pursuing.

7 Appendix

A.1. Proof of the minimaxity in Proposition 2.1.
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We proceed as in Girshick and Savage (1951). For p = (g1, ..., 1), let Ay = {p] |l <
k/2,1=1,...,p} for k=1,2,..., and consider the sequence of prior distributions given

by
. k=P if [IRS Ay
m(p) = { 0 otherwise,

which yields the Bayes estimators

T (yle) = / 4y — a)p(z — a)da/ | plz - a)da

A
with the Bayes risk function

k(T @) = 1 /Ak//{qy ) = i (yl)}* dy p(e — p) da dp.

Since i (mk, qF) < 7:(7k, Gmre) = R(i, gmre) = Ro, it is sufficient to show that lim infy_, 7 (7, ¢F) >

Ry. Making the transformations z = ¢ — p (dz = dz), t = a — p (dt = da) and & = p;/k
(d&; = du;/k) gives that

.....

-----

for any € > 0, where
i (yle) = / aly — ) plo — t) di/ plx —t) dt.
+kEEA t+kEE A

For |&] < (1 —€)/2, it is seen that {t + k& € Ay} D {—ke/2 < t; < ke/2,i=1,...,p},
which implies that ¢7*(y|z) = Gmre(y|z) as k — oo. Using Fatou’s lemma, one gets

hlgnmfrk(m,qk) > lim inf //{q — 4 (y|2)}? dy p(x) dx dp,

k=0 Jigl<(-e)/2,i=1,...

- (1 - 6)pR(M7 qmr‘e(y'x)) - (1 - E)pRO :
From the arbitrariness of € > 0, it follows that liminf, . ri(mk, ¢f) > Ro, which proves
the minimaxity of the MRE predictor. m
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