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ABSTRACT. We prove some multiplicity results for a class of first-order su-
perquadratic Hamiltonian systems and a class of indefinite superquadratic el-
liptic systems which lead to the study of strongly indefinite functionals. The
nonlinear terms are not assumed to satisfy the Ambrosetti-Rabinowitz su-
perquadratic condition. To establish the existence of solutions we apply a
version of the symmetric mountain pass theorem for strongly indefinite func-
tionals, also established in this paper, which covers the situations where all
the Palais-Smale sequences of the energy functional may be unbounded.

1. INTRODUCTION

This paper is concerned with the existence and the multiplicity of critical points
of strongly indefinite even functionals which appear in the study of periodic solu-
tions of Hamiltonian systems and of solutions of certain class of elliptic systems.
We recall that a functional ® : X — R defined on a Banach space is said to be
strongly indefinite if it is neither bounded from above nor from below, even mod-
ulo subspaces of finite dimension or codimension. Its study then gives rise to an
interesting and challenging variational problem, because the usual powerful critical
point theorems in [1, 3, 8, 33] cannot be applied directly.

Critical Point Theory for strongly indefinite even functionals was studied in
[4, 10, 12, 6, 13, 18, 21]. In his seminal paper [13], Benci introduced various index
and pseudo-index theories whose definitions, however, depended on the topology of
the sublevel sets of the functional, and he required a certain dimension property
which severely restricts the class of problems for which his results apply. In [4, 18,
21], the Galerkin type approximations were used to reduce the study of strongly
indefinite functionals to a semidefinite situation where the basic idea of Lusternik-
Schnirelmann theory applies. However, in order to control the critical points of the
reduced functional it is required in theses papers that the original functional satisfies
a strong version of the usual compactness condition in Critical Point Theory. In
the recent papers [10, 12], the first two authors of this paper generalized the well
known fountain theorems of Bartsch and Willem to the case of strongly indefinite
functionals. In contrast with [4, 18, 21], they used no reduction method and carried
out the proofs directly in the infinite-dimensional setting.

The first goal of this paper is to extend the results in [10, 12] to more general sit-
uations for which the Palais-Smale sequences of the functionals may be unbounded.
This will have a crucial importance in applications, since we can free ourselves from
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the Palais-Smale type assumptions such as the Ambrosetti-Rabinowitz superlinear
condition and its variations, which are extensively used in literature in the study of
superlinear problems. We stress that in contrast with the common feature in the
study of symmetric strongly indefinite functionals, our approach does not use any
reduction method. The main ingredient is a weak-strong topology introduced by
Kryszewski and Szulkin in [20]. Our critical point theorems are stated in section 2.

In section 3, we consider the applications to the problem of finding infinitely
many large energy periodic solutions of the following first-order Hamiltonian system

oru — Agu~+ V(x)u = Hy(t,u,v) in R xQ, (HS)
—0w — Agv + V(z)v = Hy(t,u,v) in R x Q,

where Q < RY (N > 1) is a bounded smooth domain, and H is a superquadratic
C!-function which is T-periodic (7' > 0) with respect to the t-variable. By periodic
solution, we mean a solution z = (u,v) : R x Q — R2M of (HS) satisfying the
conditions

z2(t,x) = z2zt+T,x) Y(t,z)eRxQ

z(t,x) = 0 V(t,z)eR x Q.

0 -1 0 1
j_<1 1)7 JO_(l 1)7 Z:(U,’U)7

A=TJo(-Ar +V), and H = —%(Az,z) + H(t,z,z2),

Setting

system (HS) simply reads
Jorz =H., (t,z)eRxQ,

which is the form of unbounded Hamiltonian systems or infinite-dimensional Hamil-
tonian systems in L2(Q,R?M). This kind of systems were studied under various
assumptions by Brezis and Nirenberg [14], and by Clément et al. [16].

Usually, in the study of superquadratic Hamiltonian systems, the nonlinear terms
satisfy the following condition introduced by Ambrosetti and Rabinowitz [1]

Ju>2 R>0 ; 0<upH(tz) < H,(t2)z for |z| = R, (AR)

see, for instance, [2, 5, 7, 29] and references therein. It is well known that this

condition is mainly used to verify the boundedness of the energy functional and

without it the problem then becomes very complicated. Moreover, without (AR) it

may happen that all the Palais-Smale sequences of the functional are unbounded.
Let

Fl(t,u,v) = %Hz(t,x,z) -z—H(t,z,z), S':=R/(TZ), and © = S' x Q.

Our assumptions on the potential V' are the following:
(Vi) VeC@,R).
(Vo) 0¢0(S), S=-A,+V.
For the Hamiltonian H we make the following assumptions:
(Hy) He C! (@ x R2M R) is T-periodic with respect to t.
(Hg) H(t,xz,0) =0 and |H,(t,z, z)| = o(|z|) as z — 0, uniformly in (¢, x).
(H3) H(t,xz,z) > 0 for z # 0 and % — 0 as |z| — oo, uniformly in (¢, z).
(H4) 3R > 0 such that
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(1) Ht.2,2) > a2 if |2] > R,
(2) (W) <agH(t,z,2) if |2| = R,
Whereal,ag>O,0>1ifN=1ando>%+1ifN>2.

Under these assumptions, Mao et al. [26] obtained a nontrivial periodic solution
for (HS) by using a local linking theorem. We will prove here that in case where
the Hamiltonian is even with respect to z, the number of periodic solutions is in
fact infinite. This fact has already been observed by Bartsch and Ding in [5] where
they studied (HS) in both the cases where Q is bounded, or 2 = RY. However,
they used condition (AR) to verify the boundedness of the Palais-Smale sequences
of the energy functional associated to (HS), which was crucial for their argument.
Moreover, one does not know whether the solutions they obtained there are large
energy solutions. We would like to emphasize that in our situation we do not know
whether the Palais-Smale sequences of that energy functional are bounded.

Our result reads as follows:

Theorem 1.1. Assume that (V1), (V2), and (H1)-(Ha) are satisfied. If in addition
H in even in z, then (HS) has infinitely many pairs £z of T-periodic solutions
such that ||zk| e — 0 as k — o0.

Finally, as another application of our abstract result, we consider in section 4
the following elliptic system of Hamiltonian type

—Au = g(z,v) in Q,
—Av = f(x,u) in Q, (ES)
u=v=0on 08,

where Q is a bounded smooth domain in RY, N > 3. The solutions of this problem
describe steady states of some reaction-diffusion systems which are derived from
several applications, such as mathematical biology or chemical reactions.

We study this problem under the following assumptions:

(E1) f,g€C(Q x R) and there is a constant C' > 0 such that
[z, w)] < O+ [uP1) and |g(e,u)] < OO+ |ul™™Y) ¥(z,u),

1 1 2
where p,q > 2 satisfy — + — >1— —.
P q N

Furthermore, in case N > 5 we impose

1>1 2 q 1>1 2
->—-—— and ->_-——.
p 2 N q 2 N

(Es) f(z,u)=o(u) and g(z,u) = o(u) as u — 0, uniformly in z.
(E3) F(z,u)/u?> — o0 and G(x,u)/u? — oo uniformly in z as |u| — oo.
(Ey) u— f(x,u)/|u| and v — g(x,u)/|u| are increasing in (—o0,0) U (0, +0).

(Es) f(z,—u) = —f(x,u) and g(z, —u) = —g(z,u) for all (z,u).

Before we state our result on this problem, we recall the following definition.
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Definition 1.2. We say that (u,v) is a strong solution of (ES) ifu € WP/ =1 (Q)n
Wol,p/(z)fl)(Q), ve W24/ a=D(Q) A Wol’q/(qfl)(Q) and (u,v) satisfies

—Au = g(z,v) a.e. in Q,
—Av = f(x,u) a.e. in Q.

We will also prove the following

Theorem 1.3. Under assumptions (E1)-(E5), (ES) has infinitely many pairs of
strong solutions +(uk,vg) such that |(ug, vg)| — o0 as k — oo, where |- | represents
the norm in the space

W2p/e=1(Q) A Wy P (Q) x W21 (Q) A Wt ().

System (ES) has been already studied from the variational point of view by
many authors. Hulshof and van der Vorst [19], and de Figueiredo and Felmer
[17] obtained positive solutions by requiring among others that the Hamiltonian
H(u,v) = F(u) + G(v) satisfies (AR). In [18], Felmer and Wang considered the
case where the full superquadratic range is not reached, and by using a variation of
(AR) they obtained infinitely many solutions in case where H is even in (u,v) by
using the Galerkin approximation. Recently, Szulkin and Weth [31] improved the
above results by reducing the energy functional to the Nehari-Pankov manifold. To
circumvent the difficulty that the Nehari-Pankov manifold is not necessary of class
C!', they required the maps in assumption (E;) to be strictly increasing. In [9],
the first author of this paper showed that it is sufficient that these maps are only
increasing. He applied the generalized fountain theorem obtained in [11] to a family
of perturbed functionals. However, working with a family of modified functionals
makes things unnecessary complicated. We considerably simplify this approach in
the present paper.

Throughout the paper we denote by |- |, the norm of the Lebesgue space L".

2. CRITICAL POINT THEOREMS FOR STRONGLY INDEFINITE FUNCTIONALS

Let X be a separable Hilbert space which admits an orthogonal decomposition
X =X~ @®X", where X~ is closed and X* = (X~)*. We denote (,) the inner
product of X.

Let (a;);=0 be an orthonormal basis of X ~. We define on X a new norm by setting

a0

1 _

el = masx (3] e (P~ )l 1Pl ), we X,
i=

where P : X — X* are orthogonal projections, and we denote by 7 the topology

generated by this norm. This topology was introduced by Kryszewski and Szulkin

in [20] and is related to the topology on X which is strong on X* and weak on

X . More precisely, if (u,) is a bounded sequence in X then
Uy > u <= P u, — P"u and Ptu, — Ptu.

Now we recall some standard notations in Critical Point Theory:
Let ®: X >R, a,beR, Sc X, and a > 0. We denote

dist(u,S) := |u—S8|, dist-(u,S):= ||lu—>5||, Su:= {u e X ; dist(u,S) < a},
' :={ueX ; ®(u)<a}, ®u:={ueX;P(u)=>a}, and =P, N "



ON DIFFERENTIAL SYSTEMS... 5

We say that a functional ® € C1(X,R) satisfies the Palais-Smale condition at the
level c € R if the following holds:

(PS). Any sequence (u,) < X such that ®(u,) — c and ®(u,,) — 0 (Palais-Smale
sequence at level ¢) possesses a convergent subsequence.

This is the famous compactness condition in Critical Point Theory introduced by

Palais and Smale [27]. Since we would like to consider some situations where this

condition does not hold, we will use its following generalization due to Cerami [15]:

(Ce). Any sequence (u,) < X such that ®(u,) — ¢ and (1 + ||Ju,|)P®’ (u,) — 0
Cerami sequence at level c) possesses a convergent subsequence.

If (Ce). holds we say that the functional ® satisfies the Cerami condition at the

level ¢ ((Ce).-condition for short).

We now consider the class of C! functionals ® : X — R which satisfy:

(KS) ®(u) = 5|PTul?—1||P~u|?— ¥(u), where ¥ € C' (X, R) is bounded below,
weakly sequentially lower semicontinuous, and ¥’ is weakly sequentially
continuous.

The following deformation lemma will play a key role in the proof of our abstract
results.

Lemma 2.1 (Deformation lemma). Assume that ® satisfies (KS). Let S ¢ X
(with S =S if ® s even), d>=bande,0 >0 such that

Vue & ([b— 25,d + 22]) 1 Sagy (1+ [ul) |2 ()| = % (2.1)

Then there exists n € C([0,1] x ®4+2¢ X) such that:

(i) n(t,u) =uift =0 orif u¢ ®1([b—2¢,d + 2¢]) N Sag,
(ii) n(1, @4 A S) c o=,
iii) ®(n(-,u)) is non increasing, Yu € I+,

) each point (t,u) € [0,1] x ®4+2¢ has a T-neighborhood Nty such that {U —
n(s,v) | (s,v) € Niguy n([0,1] x D92)} is contained in a finite-dimensional
subspace of X,

(v) n is T-continuous,
(vi) if @ is even then n(t,-) is odd ¥t € [0, 1].

Proof. We define the vector field
w(u) == 2V®(u)/|®'(v)[?, ue® '([b—2e,d+ 2]).

By assumption (K.S) we know that @ is weakly sequentially semicontinuous, and
this implies that the function

vE @g‘_"g: — <<I>’(U),w(u)> eR

v

(
(

is 7-continuous. Hence every u € @gfg; has a T-neighborhood N,, such that
(' (v),w(u)) >1 YveN,, (2.2)
Jull < 2|v]l Vve Ny, (2.3)
where (2.3) holds because the set {z € X ; |z| < a} is 7-closed for any « > 0.
Now since (KS) implies that ® is 7-upper semicontinuous, the set N = ¢! (] -

0, b — 2¢[) is T-open. It follows that N := Nu {Ny;b—2e < ®(v) <d+2e}is
a T-open covering of the metric space ((I>d+25, T). We can extract a 7-locally finite
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T-open covering M := {M;; i € I'} of ®°*2¢ finer than .

Let

il
For every i € I we have either M; c N, for some v or M; < N. In the first case we
define v; := w(v) and in the second case v; := 0. Consider a 7-Lipschitz continuous
partition of unity {/\1— ;iel } subordinated to M and define on V' the vector field

h(u) := Z)\i(u)vi.
i€l
Let us define
A:=3""([b—2e,d+2€¢]) N So5, B=:07'([b—e,d+¢]),

-1
Y(u) = dist, (u, V\A) [distT (u, V\A) + dist, (u, B)] on V,
and
F(w) i= —p(wh(u), ueV.
Clearly, the vector field f is locally Lipschitz continuous and 7-locally Lipschitz
continuous. By using (2.1), (2.3) and the definition of the vector field h we see that

0
IF@) < (1+2ul) vueV.

It follows from Corollary 7.6 in [30] that the problem

{ Go(t,u) = f(o(t,u)

o(0,u) = u e eI+2e

has a unique solution o(-,u) defined on R*.
We define 7 : [0,1] x ®9+2¢ by setting

n(t,u) ;== o((d—b+ 2e)t,u).

An argument similar to that in the proof of Lemma 8 in [10] shows that 7 satisfies
(i)-(v). If @ is even, then we replace h(u) by % (h(u) — h(—u)) in such a way that
f is odd. (vi) is then a consequence of the existence and the uniqueness of the
solution of the above Cauchy problem. O

Now we can state our first critical point theorem, which extends the generalized
saddle point theorem in [24] to the case where the Palais-Smale sequences of ® may
be unbounded.

Theorem 2.2 (Saddle point theorem). Assume that ® satisfies (KS). If there
exists R > 0 such that

(Ap) b:= inf ®(u)> sup P(u) and d:= sup P(u) < o,
ueX+ ueX—,|u|=R weX—,|u|<R

then for some c € [b,d], there is a sequence (u,) € X such that
P(uy) —> ¢ and (14 |lun|)® (up) — 0 asn — .

Moreover, if @ satisfies the (Ce), condition for all a € [b,d], then ® has a critical
value in [b,d].

The proof follows the lines of [24].
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Proof. We assume by contradiction that for every ¢ € [b,d] there is no (Ce). se-
quence for ®. Then there exists € > 0 such that
ue @ H([b—2e,d+2¢]) = (1+ [uf)|®'(u)] > e
Let
M := {ue X7 |u| = R}.

We apply Lemma 2.1 with S = X and 6 = 8, and we define p: [0,1] x M — X
by setting pu(t,u) := P~ n(t,u), where 7 is given by Lemma 2.1. Clearly, (iv) and
(v) of Lemma 2.1 imply that p is 7-continuous and each (t,u) € [0,1] x ®?*2¢ has
a T-neighborhood N,y such that {v — pu(s,v) | (s,v) € Niz.u) 0 ([0,1] x ®4F29)} is
contained in a finite-dimensional subspace of X.

We claim that 0 ¢ ([0, 1] x dM). Indeed, if there exists (to, uo) € [0,1] x M such

that u(tg,uo) = 0, then 7(tg, ug) € Xt and by (ii7) of Lemma 2.1 and assumption
(Ap) we have
(I)(’LLO) = (I)(W(O»UO)) = q)(n(t(huo)) =b> Sal}l\g)q)v

which contradicts the fact that ug € oM.
i is then an admissible homotopy (in the sense of Kryszewski and Szulkin [20})
such that 0 ¢ ([0,1] x M). It follows from Theorem 2.4-(iii) of [20] that the
Kryszewski-Szulkin’s degree (see [20]) degrs (p(t,-),int(M),0) is well defined and
does not depend on t € [0,1]. Hence

degrs (u(1,-),int(M),0) = degrs(n(0, ), int(M),0) = degxs (id, int(M),0).
It follows from Theorem 2.4-(7) of [20] that there is u € int(M) such that p(1,u) = 0,
which implies that 7(1,u) € X*. By the definition of b we have b < ®(n(1,u)).
But (ii) of Lemma 2.1 implies, since M < ®4*¢, that ®(n(1,u)) < b—e. This gives
a contradiction. (]

In order to obtain a multiplicity result we need to introduce some notations.
We consider an orthonormal basis (e;);>0 of X+ and we set

X=X @ (@_Re;), Xj =@ Rej, and By (p) := {ue X |[u] < p}.

Theorem 2.3 (Fountain theorem). Assume that ® satisfies (K.S), that ® is even,
and that there exist py, > ri > 0 such that:

(A1) ak == sup  P(u) <0, dy = sup  P(u) < .
ueX ;i llull=prk weX i lul<pr
(A2) by = inf ®(u) - 0, k— oo

uEX;r;HuH:Tk
Then, there exist a sequence (ug)n c X and a number ¢, = by, such that
D(up) —>cx and (14 |up])®'(up) — 0 asn — 0.

Moreover, if ® satisfies the (Ce). condition for any ¢ > 0, then ® has an unbounded
sequence of critical values.

Theorem 2.3 generalized Theorem 12 in [10] where the sequence (u}) was a
Palais-Smale sequence.

Proof. Let T', be the set of maps v : B (pr) — X such that:
(a) ~ is odd, T-continuous and 7|aB;(pk) = id,
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(b) each u € int(B~k(px)) has a t-neighborhood N, in X,  such that (id —
v) (N N int(By, (pr))) is contained in a finite dimensional subspace of X,
(c) ®(v(u)) < ®(u) Yu e By (pr)-
(A1) and (As) imply that there is kg big enough such that by > ay, for every k > ko.
We define for k > kg

cp = inf  sup  P@(y(u)).
VPR we By (o)

It follows from Lemma 10 in [10] that if v € T'y, then
V(By (o) 0 {we X5 Jull =i} # &,
which implies that ¢ = by.

We assume by contradiction that there is no Cerami sequence of ® at level c;. Then
there exist € € (0, “5*) and 6 > 0 such that

_ _ 8e
ue @ Hep —2e,c5 +2e]) 0 (B (01)yy = (L [ul)[®'(w)] = 7
where v € I'y, is such that
sup oy <y +e. (2.4)
By (pr)
We apply Lemma 2.1 with b = d = ¢ and S = v(B;; (pr)). We assume that
C — 2€ > ag. (25)

We define on By (px)
Blu) :=n(1,~v(u)).
It follows from (7)), (i), (iv), (v), (vi) of Lemma 2.1 and (2.5) that 8 € T'y.
Now by using (2.4) and (i) of Lemma 2.1 we obtain
sup ®(B(u)) = sup P(n(l,v(u))) <cp—e

ueX, ue X,

[ul=prk lul=p
giving a contradiction with the definition of c;. It then follows that ® has a Cerami
sequence at level cy. O

Using the same argument as in the proof of Theorem 6 in [12], we can prove the
following dual version of Theorem 2.3.

Theorem 2.4 (Dual fountain theorem). Let ®(u) = |lu™|2—3|u™ |2+ ¥ (u), where

U e C1(X,R) is even, bounded below, and weakly sequentially lower semicontinuous,
and V' is weakly sequentially continuous.
If Yk = ko, dpr, > i, > 0 such that

(By) a* := inf ®(u) =0, bk := sup  P(u) <0,
we Xy ul=pr weXy,Jul=rx
(By) d¥ := inf ®(u) — 0, k — oo,

ueX; Jul<pr
Then there exist c* € [d*,0] and a sequence (u}) = X such that
P(up) > and (1+ |luy|)®' (uf) =0, asn— .

Moreover, if ® satisfies the (Ce). condition for any c € [d*,0[, then ® has a
sequence (uy) of critical points such that ®(u) — 0~ as k — .
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3. PERIODIC SOLUTIONS OF SUPERQUADRATIC HAMILTONIAN SYSTEMS

In this section, we apply our multiplicity result above to the Hamiltonian system

0w — Agu = Hy(t,u,v) in R x Q,
-0 — Ayv = Hy(t,u,v) in R x Q.

We assume here that assumptions (V1), (V2), and (H;)-(H4) are satisfied, and that
H is even in z.

By (V1) the operator S = —A, + V acting on L?(Q,R?M) is self-adjoint with
domain D(S) = H%(Q,R*M) ~ HE (9, R?M),
Let L := J0; + A. Observing that he operators A and JA acting on L?(£2, R2M)
with domains D(A) = D(JA) = H2(Q,R?M) n H}(Q, R*M) are self-adjoint, then
the operator L acting on L?(S*, L?(Q, R*M)) is also self-adjoint. We know by [5]
that

L2(SY, L2(Q,R*M)) = L2(S' x Q,R*M), 0¢ o(A) uo(TJA), 0¢o(L),
so there is an orthogonal decomposition

L*(QR*M)=FE*@E",

(HS)

such that L is negative on £~ and positive on E*.
The space X = D(|L|2) is a Hilbert space with the inner product

(w,w) = {|L|*w, |L[Fw) ,
and norm [z]? = (z, 2).
Moreover, we have an orthogonal decomposition
X =X " @®X" with XT = X n E*.
We have the following

Lemma 3.1 ([5], Lemma 4.6). The embedding of X in L"(S* x Q,R*M) is compact
forr=2if N =1, and for r € [2,2(N + 2)/2) if N = 2.

Define the functional ® : X — R,

1
T2

Critical points of ® are weak solutions of (HS).

Lemma 3.2. (1) ® e C}H(X,R).
(2) U is bounded below and is weakly sequentially lower semicontinuous.
(3) ¥’ is weakly sequentially continuous.

Proof. (1) By (Hy4)-(2) we have for |z| = R and for (¢,z) € ©

‘Hz(ta T/»Z)V < QQﬁ(tvxa Z)|Z|U

D(2) 2+ — %Hsz — U(z), where U(z) = J@ H(t,z,2). (3.1)

1
< a2(§HZ(t7m7 Z)Z - H(t7 xz, Z)) ‘Z|U

a
< S|H(t 7, 2)|]217 "
Hence

|H.(t,z,2)| < as|z|™ V|z| =R, Y(t,z)e0,
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{
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where as > 0 is constant.
On the other hand, since H, is continuous, we have |H,(t,z,2)| < a4 for
|z] < R and (¢,z) € ©. We deduce that
|H,(t,z,2)| < ag+ a3\2|% Vze R*™  V(t,z)e 0. (3.2)
Let € > 0. (Hs) implies that there is § > 0 such that
|H,(t,z,2)| < elz] pour tout |z| < 4.
If |z| = 0, then we have in view of (3.2)

|2[P ag

5;47 +as)|z[P ( with p =

a+1)
c—1/"

or
Hence

Ve >0, 3C(e) > 0; |H.(t,z,2)| <elz| + Ce)|2]P Vze R*M, (3.3)
Now one can easily verify that

o>1ifN=1 p+1>2siN=1
c>1+4ifN>2 2<p+1<2(N+2)/N)if N>2.

It then follows from Lemma 3.1 that U is well defined on X. We can now
use a standard argument to show that @ is of class C' on X and

<@'(z),w> = <z+ — zf,w> — f@ wH,(t,x,z), Vz,weX. (3.4)

Since H = 0, the functional ¥ is bounded below. Let z, — z and c € R
such that ¥(z,) < c¢. By Lemma 3.1 we have 2z, — z in L? and, up to a
subsequence, z,(t,z) — z(z,t) a.e. in ©. Using Fatou’s lemma we obtain
U(z) < ¢, which shows that ¢ is weakly lower semicontinuous.
Let z, — z. By Lemma 3.1 we have z, — 2, in LPt! (Where p = g—ﬂ)
which implies, using (3.3) and Theorem A.2 in [32], that |H (¢, x,z,) —
H(t,x,z)|p+1 — 0. It is then easy to deduce, using Fatou’s lemma, that ¥’
is weakly séquentially continuous.

(Il

We now prove that the functional ® satisfies the Cerami condition.

Lemma 3.3. Let (z,) € X be such that

d=sup®(z,) <0 and (1+ [z,])® (z,) — 0.

Then (z,) possesses a convergent subsequence.

Proof. Let us first show that the sequence (z,) is bounded.

Arguing by contradiction we suppose that (z,) is unbounded. Then, up to a sub-
sequence, we have |z, — co.

Note that

Since

(O'(2n), 20 — 20 ) = lad I? + 2717 - f@(ZI — 2, ) Ho(t, 2, 20)

= Han2<1 o f@ (24 — 23) 'HZ(tvxvzn)).

22

(@' (zn), 2 — 20 )1 <12 ()2 — 20| < 2] zn |2 (z0) ] — O,
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one necessary has

f (zF —27) - H.(t,x, 2n) Y (3.5)
e

Set wy, = zn/||2n]|-
Assumption (Hy)-(1) implies that H (¢, x,z) > a1|z|? —¢; for all (¢, z, z). We deduce
that for n big enough one has

1+d=P(z,) — %<<I>’(zn), zn> = J@ f[(t,x, Zn) (3.6)

> ag|zn|2 — 1|0, (3.7)

where |©| denotes the Lebesgue measure of ©. (3.7) shows that (|z,]2) is bounded.
Hence
|Zn|2

LI (3.8)
e

|wn|2 =

On the other hand we have

” (24 = 2) - Ha(t, 2, 20)

|2nl®

J 2n = 2 | [H(t, @, 2
)

2 Izl

|H,(t, 2z, 2|
MG

|2n]

< ([ 2D (] (o - wnlhua”)

with % + % = 1. Since

i —wy llwn| = Jw; —wy [l +wi| < (Jwi| + Jwy [)? < 2(jwy | + oy ),
we have
. Gt =) < o (hoi 5 + o ).
By using the fact that 20’ = p + 1 € [2,2(N + 2)/N], we have
|wE oo < [wE|S|wE |2(N+2)/N ( interpolation inequality),
where a € [0,1] is such that § 2(1\%% = 1. Since X embeds continuously in
L2XIN+2)/N " we have |w \2(N+2)/N < es|wi| < es (because |wi| < |w,| = 1).

Now, since the decomposition X = X~ @ X is also orthogonal with respect to the
L2-norm, we have |wi |y < |wy|2. Hence |w|apr < c3|w,|S, which implies

2t —27) - H,(t,z, 2, H,(t,x, zp| o\ Vo
2w | o |2n|

Let € > 0. By (Hz) there exists 6 > 0 such that |H,(t,z,2)| < ¢|z| for |z| < 4.
Then

j (\Hz(t,a:,zn|)°’ :f <|Hz(taxazn|>a+f (\Hz(t,z,zn|)‘7
o EM On{|2n| <5} |25 O {6<|2n|<R} | 2]

+J (\Hz(t,z,zn|)‘7
On{|zn|=R} |Zn‘
(|Hz(ta $,2n|

o ~
< |Oe7+ sup ) |@|+a2J H(t,x,z,),
|20 On{|zn|=R}

On{d<|zn|<R}



12 C. J. BATKAM, F. COLIN, AND T. KACZYNSKI

where we have used (Hy)-(2) for the last term in the r.h.s. of the equality. We de-
duce from (3.6) that (S@m{\zn\;R} H(t,z, zn)) is bounded. Hence (Se (W)“)
is bounded. It then follows from (3.9) and (3.8) that
J (zF —27) - H.(t,x, 2n) o
e

EA

which contradicts (3.5). With this contradiction, we conclude that (z,,) is bounded.
We may now suppose that z,, — z in X. Since

|z — 2%)? = (P (2,) — ' (2), 2F — Zi> + J (2 — 25 H.(t,z,2,),
e
a standard argument using Lemma 3.1 shows that z,, — z. O
Proof of Theorem 1.1. Let (e;) be an orthonormal basis of X*. We recall that
Xy = X~ @ (@) Re;) and X;| = &7, Re;.
Let z € X, . By (H3) we have
V6 >0 3c;>0; H(t,z,2) = 0]2|* — cs.
Then
1 +12 Lo _ 2 1 +12 Lo 2 2
(2) = S|z7I1F =Sl 17 = | Htz,2) < 51277 = Sl=7 |7 = dl2]; + cs[©).
2 2 o 2 2
Since the decomposition X = X~ @ X T is orthogonal with respect to L2-norm, we

have |2%[3 < |z]2. Since all norms are equivalent on @¥_yRe;, there is ¢; > 0 such
that ¢z |? < |2|3. Hence

1 1, _
2(2) < (5~ 1d) =712 = =[P + crle].
Let us choose ¢ such that ¢;6 > 1. Then we have

1
D(z) < —§||ZH2 +¢5|0] > —ow as |z]| — . (3.10)

Let z € X;7. Then for every € > 0 we have

B(:) = 5l:1° - [ H(to.)

Lo & o cle) +1
> 52— GIel = I by (3:3)

Cf)l 2211 (because X — L?)
p

1
> Slal? = caelel -

1 C(E) 1
> (5 - ) alP = g

where ), = sup, .+ [w|p+1. By choosing € < ﬁ we obtain
k
[wl=1
1

1
(2) > 5 (5lul? - esBL ).

Hence, since By — 0 as k — oo (see [32], Lemma 3.8), we have
1 1

)% -0, k — 0. (3.11)

, +1y1/(1-p) 1
|2 = r& == (ea(p+1)BT) = 2(2) > 5 (57577
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(3.10) and (3.11) show that the conditions (A;) and (As) of Theorem 2.3 are
satisfied. In view of Lemmas 3.2 and 3.3, we can apply Theorem 2.3 and get the
result. (]

4. SOLUTIONS OF SUPERQUADRATIC ELLIPTIC SYSTEMS

Now we consider the problem
—Au = g(z,v) in Q,
—Av = f(x,u) in Q, (ES)
u=v=0on 08,
and we assume in the sequel that the assumptions (E)-(Es) are satisfied.
Consider the Laplacian as the operator

~A: H*(Q) n HY(Q) c L*(Q) — L*(Q),

and let (¢;)j>1 a corresponding system of orthogonal and L?(Q2)-normalized eigen-
functions, with eigenvalues (A;);»1. Then, writing

[ee]
u = Zajapj, with a; =f up;,
i=1 @

we set, for 0 < s < 2

0
B° = {u e L2Q)] Y XJay P < oo}
j=1
and
0
A (u) = Z )\j/2aj<pj, Vu e D(A®) = E°.
j=1
One can verify easily that A® is an isomorphism onto L?(Q2). We denote A~ :=
(A%)71. It is well known (see [22]) that the space E° is a fractional Sobolev space
with the inner product

<u,v> =J A’uA’v.
o Ja
Lemma 4.1 ([28]). E*® embeds continuously in L™ () for s > 0 and r = 1 satisfying
% = % — ~- Moreover, the embedding is compact in the case of strict inequality.

By assumption (E;), there exist s,¢ > 0 such that s + ¢ = 2 and

1 1 ] 1 1 t
S>-— 2 and S > —. 41
p>2 N an q>2 N (4.1)

‘We consider the functional
O (u,v) 1= J ASuAlv — U(u,v), (u,v) € E° x E.
Q
where
U(u,v) = J (F(x,u) + G(:c,v)).
Q

It follows from Lemma 4.1 that the inclusions E* — LP(Q2) and E! — L4(Q) are
continuous. This, together with the estimate

[ Asuae] < 4wl Al = Jul. ol
Q



14 C. J. BATKAM, F. COLIN, AND T. KACZYNSKI

imply that the functional ® above is well defined on E := E* x E*.

Now a standard argument shows that if assumption (E7) holds, then the functional
® is of class C! on E and its critical points are weak solutions of (ES).

We recall that (u,v) € E* x E! is a weak solution of (ES) if

JQ (A*uA'k + A°hA'v) — J (hf(:z,u) + kg(x,v)) =0, V(hk)e E®x E".

Q
The following regularity result is due to de Figueiredo and Felmer [17].

Lemma 4.2. If (u,v) € E* x E? is a weak solution of (ES), then (u,v) is a strong
solution of (ES).

We endow E = E* x E! with the inner product
((u,0), (6,9)) yp = (W 0), + (v, 0),s (u,0), (¢, ) € E,

and the associated norm |(u,v)|2,; = ((u,v), (u,v)), .

In the following we assume without loss of generality that s > t.
One can easily verify that E has the orthogonal decomposition (With respect to
<-, ->Sxt) E=FE*®E, where

Et = {(u, A ) jue Es} and E7 = {(u, —AM) |ue ES}. (4.2)

If we denote by Pt : E — E7 the orthogonal projections, then a direct calculation
yields

PE(u,v) = = (ut A" %v,0 £ A* '), V(u,v) € E, (4.3)

N =

and
1 + 2 1 — 2
2(w,0) = 5P 0) 2 = 5IP 7w 0) s = | (Flew) +Glav). (4)
Let us recall the following technical result, which will play a crucial role in the
verification of the Cerami condition.

Lemma 4.3 (23], Lemma 3.2). Let x € RV, u,v,5 € R such that s > —1 and
su+v #0. If (Ey)-(Ey) are satisfied then

f(z,u) [s(gu +(1+ s)v)] + F(z,u) — F(z,u +v) <0,
g(z,u) [s(gu +(1+ s)v)] + G(z,u) — G(z,u+v) <0.

Lemma 4.4. Let (z, = (un,v,)) € E and ¢ > 0 such that
D(z,) > ¢ and (14 ||zn]sxe)® (2) — 0.
Then (z,) has a convergent subsequence.

Proof. Let us first show that (z,) is bounded.

If (25,) is unbounded, then we can assume that |z, |sxt — 0. Set wy, = 2,/|2n|sxt-
Then, up to a subsequence, we have w,, — w in F.

Since F,G = 0, we have for n big enough

1 1, _ 1 —
c= 1< ®(zn) < 5llan Iixe = 5llzm [3xe = lanlEce (w7 1Fxe = Tz [3xe)-
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Recall that ||w, |2, + |w, |, = 1. Hence Hw*stt > 14 H;F But since

|2n |2y, — o0, we have for n big enough B le Hll . It follows that [w;[2,, > 3.
Znllsxt

Now fix r > 0 and set s, = —1and y, = —>——=2, = —rw,,. Then

”Z HGXf Hzn”sxf, n

Sn = —1, y, € E~ and the sequences (s,) and (y,,) are bounded.
By setting y, = (an,by), where a,, € E* and b, € E*, we have

<<I)'(Zn)7 sn(% + Dz, + (1 + sn)yn> = <z$ — 2z Sn(—= + Dzn + (1 + sn)yn>

_ f (sn(% + Dup + (1+ sp)an) f2, uy)
Q
- J (Sn(% + 1)vn + (1 + sn)bn)g<x7vn)'
Q
Since (s,,) and (y,) are bounded, we obtain

Sn Sn
9 (). 052+ Dz (14 0] < 19 () a2+ Dzt (L4 8wl
< H(I)/(zn)H |2nllsxt + CZHQ)/(Zn)” — 0.

We deduce that for n big enough

_ s s
<z;[ -z, sn(?n + Dz, + (1 + sn)yn> <1+ J (sn(?n + Du, + (1 + sn)an)f(m, Up)
Q

Sn
+J (Sn(? + Do, + (1 + Sn)bn)g(xa Up,). (*)
Q
Noting that rw;} = 2z, + (spzn + yn) and

1 _
2w 2t 572wy 12,

1 1
<ZTJLF7Z7L7 ( 9 +1)Zn (1+5n)yn> = 7§”Z+”9><t+ ”Zn ||‘;><t+ 92

2
we have

_ s
O(rw,) — O(zn) = *Hw [3xe + (28 = 2 80(5

+ JQ (F(x,un) — F(z, (1 + sp)u, + an)>

+ Dzn + (14 50)¥n)

+ J (G@,un) = G, (14 s)un + an) ).
Q
We deduce by using (x) that for n sufficiently large
O(rw)) — ®(z,) <1
1
+f [(sn(§sn + Duy, + (1 + sn)an)f(x,un) + F(x,up) — F(x, (1+ sp)up + an)]
Q

+ J-Q [(sn(%sn + D, + (1 + sn)bn)g(m,un) + G(x,up) — G(az, (1+ sp)vp + bn)]

We conclude by using Lemma 4.3 that for n big enough, ®(rw;}) — 1 < ®(z,).
If wt =0, then w; — 0in LP(Q) x LI(Q) by Lemma 4.1. By (F;) and Theorem
A2 in [32] we have So F (2, (1+ s0)un +an) — 0 and §, G(z, (1+ s5)vp +by) — 0.
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Since ®(z,) — ¢, we then obtain for n sufficiently large

c+128(z,) = 0(rw)}) — 1

1r2||wanxt — fﬂ F(:E, (1 + sp)u, + an) — J G(ac, (1 + sp)vp, + bn) -1

2

Q
L o 2
> Sl 2
r? 2 1
> i 2 (because |w, |7, = §)

This leads to a contradiction if we take r arbitrary large. Hence w* # 0 and then
w # 0.
Setting w,, = (w},w?) e E* x E!, we have
@(Zn) +H2 _ 1|‘w—H2 _f F(377Un) _J G(Qf,Un)
t t
212 mre 2 g lalia Ja lznli
_ 1|‘w+H2 o 1”“’_“2 _ F(‘va}sznnsﬂ) _ G(szinznusxﬂ
- 2 n llsxt 2 n llsxt 1 2 1 2
wvlﬂéo ‘wnnznusxt‘ w%;&O ’wnHZanxt’
- C*J F (@, wp | 2nlsxt) 7] Gz, wp|2nsxt)
~
w} #0 w2 #0

2 2
|w}L”ZnH5Xt| ’w}LHZnH3><t|

_

Since (®(z,)) is bounded and |z,||sx¢ — 0, the Lh.s. tends to 0. By applying
Fatou’s lemma and using (E3), we see that the r.h.s. goes to —oo, which is a
contradiction. Consequently the sequence (z,) is bounded.

Now a standard argument shows that the bounded sequence (z,) has a conver-
gent subsequence. ([
Proof of Theorem 1.3. Let (a;) =0 be an orthonormal basis of E°. We define an
orthonormal basis (e;);>0 of E* by setting

1 —
ej = ﬁ(aj,As taj).
Let
E, = E~ ®(@}_Re;) and B} = @7 Re;.
(E3) implies that for every § > 0 there is Cs > 0 such that
F(x,u) = 6u*> = Cs and G(z,u) = dlu|®* — Cs, V(z,u). (4.5)

Let z € E; . Then z = (u, A**u) + (v, —A*'v), where v € E* and v € E} :=
@?:O]Raj. We obtain by using (4.5), the fact that E*~% embeds continuously in
L?(f2), and the parallelogram identity

D(2) = Jul? - Jv]? - f (Fla,u+v) + Gla, 4 (u —v)))

< [ullf = vl = 2Ca(Jul3 + [v]3) +2C51].
Since all the norms are equivalent on the finite-dimensional subspace Ej, there is
a constant ¢; > 0 such that ¢1|u]s < |u|2. Hence
®(2) < (1= c20)[ull = v]3 - 2C51€.
Choose § > i Hence ®(z) — —o0 as |z]sxt — 00, and consequently assumption
(A1) of Theorem 2.3 is satisfied.
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Let z € E;". Then z = (u, A 'u) with u € @7 Ra;, and
1
B() = glell— | (Pl + Gla a5 0)
Q

1 .
= iHZ”gxt_Qj (F(J?,U)—FG(x,A tu)>
Q

By (E4) there is a constant C; > 0 such that
F(w,u) < Ci(1+ [uf) and |Gz, A*t)| < Cy(1+ |A*tu[7),

Hence
D(z) = HuHi — 2Cﬂu|§ — 2C1|A57tu|g —4C4|9.
We define
Bik = sup ‘u|pa Bak = sup ‘U|Qa
uedjRa; ve@iL  R(A% " ay)
] s=1 [vfe=1
and B = max {31 x; Bo.x }-
Then

O(2) > [[ulf — 2C1 87 Jull? — 201 B flul? — 4C1[92].
We assume without loss of generality that ¢ < p and we set
i = (CipBy) 7.
Then for |z]sx: = vV/2|uls = 7% we have
o(x) = b= k57 (Lo L) 45| —ucuq) (4.6)
z) = by = H[(f— )— 27’7]— 1182, .
o p(V2)r g
where K, A > 0 are constant.
We know by Lemma 3.8 in [32] that 51, — 0 and B2, — 0 as k — co. This implies
that by — o0 as k — 00, and then that assumption (Ag) of Theorem 2.3 is satisfied.
An argument similar to that in the proof of Lemma 3.2 shows that ¥ is weakly
sequentially lower semicontinuous and that ¥’ is weakly sequentially continuous.
Since we have shown above that the functional ® satisfies the Cerami condition at
every critical level, we can apply Theorem 2.3 and get the desired result. O
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