ON A SUPERQUADRATIC ELLIPTIC SYSTEM WITH
STRONGLY INDEFINITE STRUCTURE

CYRIL JOEL BATKAM

ABSTRACT. In this paper, we consider the elliptic system

—Au = g(z,v) in Q,

—Av = f(z,u) in Q,

u=v =0 on 09,
where Q is a bounded smooth domain in RV, and f and g satisfy a general
superquadratic condition. We prove the existence of infinitely many solu-
tions. Our argument relies on the application of a generalized variant fountain
theorem for strongly indefinite functionals. Previous results in the topic are
improved.

1. INTRODUCTION

In this paper, we study the existence of multiple solutions of certain superquadratic
elliptic systems of the form

—Au = g(z,v) in Q,
—Av = f(x,u) in Q, (S)
u=v=0on 08,

where Q is a bounded smooth domain in RY, N > 3, and the functions f,g :
2 x R — R are continuous and superlinear. Such systems describe steady state
solutions of reaction-diffusion and hydrodynamical problems. The difficulties in
studying (S) originate mainly in two facts. First, the associated energy functional
is strongly indefinite, in the sense that it is neither bounded from above nor from
below, even on a subspace of finite dimension or codimension. Therefore, the usual
critical point theorems cannot be applied. Second, due to the growth conditions
on f and g below, the energy functional associated with (S) is not defined on the
Sobolev space Hj(2). We will use fractional Sobolev spaces in order to apply
variational methods.

Elliptic systems leading to strongly indefinite functionals have been studied by
many authors. See, for instance [1, 6, 5, 16, 3, 11, 4] and the references therein. In
a recent paper [16], Szulkin and Weth considered (S) with f and g both subcritical
and odd, and they assumed among others that the mappings v — f(z,u)/|u| and
u > g(z,u)/|u] are strictly increasing in (—o0, 0) U (0, +0). By developing a Nehari
manifold method for strongly indefinite functionals, they obtained the existence of
infinitely many solutions. We recall that if both f and g are subcritical, then the
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2 C. J. BATKAM

energy functional associated to (S) is well defined on the space E = Hg () x Hg (2)
and has the form

T = 5l =5l = | (Flaam) + Glav) ).

where
E=E"@E su= (uj,up) =u" +u", uwreFE*={uekE;u=+u}.
Let the following set introduced by Pankov in [12].
M ={we E\E™ [{J'(w),w) =0 and (J'(w),z=0)=0Vze E~}.

The argument in [16] relies on the observation that for every u € E\E~, the set
E~ ®R*u intersects M at exactly one point, namely 77 (u). This allows the authors
to reduce the problem on the manifold M, and then on the unit sphere ST of E*,
where they can applied a classical multiplicity critical point theorem. If u +—
f(z,u)/|u| or u — g(x,u)/|u| is not strictly increasing in (—o0,0) u (0, +00), then
m(u) need not be unique, and their argument collapses.

The main goal of this paper is to extend the result of [16] by considering more
general growth conditions on f and g, and by only requiring the above mappings
to be increasing. Our precise assumptions on f and g are the following.

(H1) f,g€C(Q x R) and there is a constant C' > 0 such that
[f (@, u)| < C(1+ |ul?) and |g(z, w)| < C(1 + [u]?),

for all (z,u), where p, g > 2 satisfy

1+1>1—3.

Poq N

Furthermore, in case N > 5 we impose
1 1 2 1 1 2
PR T e s Sl

(H2) tuf(w,u) > F(z,u) >0 and ug(z,u) > G(z,u) =0, Y(z,u).
(H3) F(z,u)/u?> — 0 and G(z,u)/u? — 0 uniformly in z as |u| — oo.
(Hy) u— f(z,u)/|u| and v — g(x,u)/|u| are increasing in (—o0,0) U (0, +00).
(Hs) f(z,—u) = —f(x,u) and g(z, —u) = —g(z,u) for all (z,u).
Before we state our main result, we recall the following definition.

Definition 1. We say that (u,v) is a strong solution of (S) if ue W2P/P=1(Q) A
Wol,p/(p—l)(Q% ve W2,q/(q*1)(Q) A W&’Q/(q_l)(Q) and (u,v) satisfies

—Au = g(z,v) a.e. in Q,
—Av = f(z,u) a.e. in Q.

The main result of the paper is the following.

Theorem 2. Under assumptions (H1) — (Hs), (S) has infinitely many pairs of
strong solutions £ (uy,vy) such that |ug| p- ) — © or |vg| Lo @) — ©, as k — .
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In [6], Hulshof and van der Vorst obtained the existence of at least one nontrivial
solution of (S) by using the Ambrosetti-Rabinowitz’s superquadraticy condition:
3y > 2 and 3R > 0 such that

0 <~F(z,u) <uf(x,u) and 0 < yG(x,u) < ug(z,u) for |u| > R. (AR)

This condition was mainly used to verify that the energy functional has a linking
geometry in the sense of Benci and Rabinowitz [3], and also satisfies the Palais-
Smale condition. A similar result was obtained by de Figueiredo and Felmer in [5].
We recall that (AR) implies f(z,u) > clu|” and g(x,u) = clu|? for |u| > R, hence
it is stronger than (Hs).

As far as we know, Theorem 2 is new under assumptions (Hy) — (Hs). It will
be proved by using the generalized variant fountain theorem for strongly indefinite
functionals, established by the author and Colin in [2]. This theorem combines
the degree theory of Kryszewski and Szulkin [8], with the idea of the monotonicity
trick developed by Jeanjean [7]. It also has the advantage that it produces bounded
Palais-Smale sequences of the energy functional, and is not based on any reduction
method.

The paper is organized as follows. Section 2 contained the variational framework
for the study of (S). The proof of Theorem 2 will be given in section 3. In section
4, we state a similar result concerning an indefinite semilinear elliptic equation.

2. VARIATIONAL SETTING
Consider the Laplacian as the operator
~A: H*(Q) n HY(Q) c L*(Q) — L*(Q),

and let (¢;);j>1 a corresponding system of orthogonal and L?(Q2)-normalized eigen-
functions, with eigenvalues (A;);>1. Then, writing

0
u = Z ajpj, with a; = f updz,
Q

j=1
we set, for 0 < s < 2
0
E* = {ue L*(Q)] ) Ajla;|* < o0}
j=1
and
J

0
A (u) = Z A‘?/2aj<pj, Vue D(A®) = E°.
j=1

It is well known (see Lions-Magenes [9]) that the space E° is a fractional Sobolev
space with the inner product

<u7v>g = f A’uA’uvdzx.
) Q

We refer to the paper of Persson [13] for the proof of the following lemma.

Lemma 3. E*® embeds continuously in L"(Q) for s > 0 and r = 1 satisfying

% = % — «- Moreover, the embedding is compact in the case of strict inequality.
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By assumption (Hp), there exist s,¢ > 0 such that s + ¢ = 2 and
1 1 S 1 1 t
— d ->-—-—. 1
p 2 N an q 2 N (1)

‘We consider the functional

D (u,v) = fﬂ AsuAtvdr — JQ (F(x,u) + G(a@v))dnc7 (u,v) € E% x E*.

It follows from Lemma 3 that the inclusions E® — LP(Q) and E! — L9(f2) are
continuous. This, together with the estimate

U AuAtode] < | A%ulo] Aluls = ul. ol
Q

imply that the functional ® above is well defined on E := E® x Et.

Now a standard argument shows that if assumption (H;) holds, then the functional
® is of class C! on E.
We say that (u,v) € E* x E' is a weak solution of (S) if

J (AsuAtk—i-AshAtv) dm—f
Q

(hf(x,u)—i—k:g(x,v))d;c =0, VY(h,k)e E*xE".
Q

In order to recuperate from the critical points of the functional ® (weak) solutions
of (S), we need the following regularity result due to de Figueiredo and Felmer [5].

Lemma 4. If (u,v) € E* x E is a weak solution of (S), then (u,v) is a strong
solution of (8S).

We endow E = E° x E* with the inner product
((w,0), (6,0)) = (W 0), + (v, 0),s  (w,0),(d, ) € E,

and the associated the norm |(u,v)|2,; = ((u,v), (u,v))__,-

In the following we assume without loss of generality that s > ¢. One can
easily verify that E has the orthogonal decomposition (with respect to <-, ->sX t)
E = Et®E~, where

Et = {(u,Asftu) |ue ES} and E~ = {(u, — A% |u e ES}. (2)

If we denote by P* : E — E* the orthogonal projections, then a direct calculation
yields

PE(u,v) = = (ut A" 50,0+ A* '), V(u,0) € E, (3)

DN |

and
Bu,0) = 5IP* (00 = 5IP (0 0) e | (Plov) + Gla))dn. (4

Since both E~ and E™ are infinite-dimensional, the functional ® is strongly indef-
inite, in the sense that it is neither bounded below nor above, even on subspaces of
finite-dimension or finite-codimension. The study of ® is therefore quite difficult,
because the usual critical point theorems in [14, 17] cannot be applied directly.

Now we present the generalized variant fountain theorem we will apply in order
to prove our main result.

Let Y be a closed subspace of a separable Hilbert space X endowed with the
inner product (-,-) and the associated norm || - |. We denote by P : X — Y and
Q: X — Z := Y the orthogonal projections.
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We fix an orthonormal basis (a;);>0 of Y, and we consider on X =Y @ Z the
7-topology introduced by Kryszewski and Szulkin in [8], that is, the topology asso-
ciated with the norm

o0
1
lfull := max () 57 [(Pu.ag)l. |Qul). ue X.
j=0

Clearly we have |Qu| < ||u| < |u[. Moreover, 7 has the property that (see [8] or
[17]): If (up,) © X is a bounded sequence, then

Uy > u <= Pu,, — Pu and Quy, — Qu.
Let (e;);>0 be an orthonormal basis of Z. We adopt the following notations.
Vi =Y ® (®f_oRe;), Zy, = @ Rej,
B :={ueYy|||ull <pr}, with pp >0, k=>2.

Theorem 5 (Variant fountain theorem, Batkam-Colin [2]). Let the family of C!-
functionals

Dy : X >R, Oy(u):=Lu)—AJ(u), Mell,2],
such that
(A1) @y maps bounded sets to bounded sets uniformly for A € [1,2], and ®y(—u) =
D (u) for every (\,u) € [1,2] x X.
(A2) J(u) =0 for every ue X; L(u) — o or J(u) — o0 as ||jul — co.
(Ag) For every A € [1,2], ®y is T-upper semicontinuous and P is weakly se-
quentially continuous.
Let T'i(N\) be the class of maps v : B, — X such that
(a) v is odd and T—continuous, and v, = id,
(b) every u € int(By) has a T—neighborhood N,, in Y}, such that (id —v)(Ny N
int(By)) is contained in a finite-dimensional subspace of X,
() ®a(7(w) < @5 (u) Vu € By.

If there are 0 < r < pi such that

br(A) = uiglsz Dy(u) = ap(N) = sg}/) Dy (u), VYAie[l,2],
lll=rx lull=p

then

cr(A) = inf sup @x(y(u)) = bp(A), VAe[l,2].
'YEFK(A) u€ By

Moreover, for a.e X € [1,2] there exists a sequence (u} (X)), < X such that

sup |up ()| < o0, @\ (up(N)) = 0 and Px(ui(N)) — cx(\) as n — o0.

3. PROOF OF THE MAIN RESULT

Throughout this section we assume that (H;) — (Hs) hold. We denote by | - |,
the usual L"(£2) norm.
We define

X=E Y=E Z=E" P=P andQ-=P",
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where E = E° x Et, E* and P* are define in section 2 above. The functional ®
in (4) then reads

B(u,0) = 51000 5 IP B~ [ (Pl + Gow)de, 6)

V(u,v) € X.
Let the family of functionals {®, : X — R; A € [1,2]} defined by

1 1
Ba(u0) = 510w, 0) 2~ A5 1P ) + | (Flaw) + o)) da]- (0
Q
A standard argument shows that:

Lemma 6. The conditions (A1) and (Az) of Theorem 5 are satisfied, with
L) = 5100 T.0) = 5IPw 0B+ | (FGaw) + Glow)do.
Moreover, ® is given by
(@A, 0), (b, k) = (Qu,v), (h,k)),
—A[(P(,v), ()., + JQ (nf(@,w) + kg(a,v))da], (7)
V(u,v), (h,k) € X.
We now show that condition (As) of Theorem 5 is satisfied.

Lemma 7. For every A € [1,2], ®y is T—upper semicontinous and P is weakly
sequentially continuous.

Proof. (1) Let (up,v,) = (u,v) in X and ®)(u,,v,) = C € R. It follows from
the definition of 7 that (Q(uy, vn))x is bounded. Since F, G = 0, we deduce
from the inequality @ (un,v,) = C that (P(un,v,)), is also bounded.
Hence, up to a subsequence (uy,,v,) — (u,v) in X and (u,,v,) — (u,v)
a.e. in Q. It follows from Fatou’s lemma and the weakly semicontinuity of
the norm that C' < ®y(u,v). Hence, ®, is 7—upper semicontinous.

(2) Assume that (un,v,) — (u,v) in X = F* x E*. By (1) and Lemma 3, the
inclusion X «— LP(Q) x L9(Q) is compact. Therefore, (u,,v,) — (u,v) in
LP(Q) x L9(2). A standard argument based on the Holder inequality and
Theorem A.2 in [17] shows that (®) (un, vy), (h, k)) — (@} (u,v), (h, k)) for
all (h, k) € X. Hence, ®) is weakly sequentially continuous.

O

We recall that
Y = {(u,—A* ") |uc E*} and Z = {(u,A* 'u)|ue E®}.

Let (a;)j=0 be an orthonormal basis of E*. Then (A*'a;);>0 is an orthonormal
basis of E*. We define an orthonormal basis (e;),>0 of Z by setting

1

V2 (ajv As_taj)'

€5 1=

Let
Vi =Y ®(@)_oRe;) and Zp = @7 Re;.
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Lemma 8. There exist (Ay)ns0 < [1,2] and (u}, v} )ns0 < X\{0} such that
A — 1, @) (ui,vp) =0 and @y, (ug,v}) = ce(An)
for k big enough.
Proof. (Hs) implies that for every § > 0 there is Cs > 0 such that
F(z,u) = 0lul* = Cs and G(z,u) = Slul* —Cs5, Y(z,u). (8)

Let z € Y. Then z = (u, AS*tu) + (v, —AS*tv), where v € E® and u € E} :=
@fZORaj. By (6) we have
®x(2) = ul2 = AJv)? - )\L (Flo,u+0) + Gla, A" (u—v)) )z

< Jul? = |lv)? - fﬂ (F(;E,u +v) + Gz, A (u — v)))dm (since A = 1)

< Jul2 = o2 = 6(Ju+ v]3 + A (u—v)[3) +2C5|Q| (in view of (8))
< Jul2 = o) = C8(Ju+vf3 + [u—v[3) +2Cs|Q  (since E*~" — L*())
= [[u]?2 = |v]? — 2C§(Jul3 + |u|3) +2C5]Q|  (by the parallelogram identity).

Since all the norms are equivalent on the finite-dimensional subspace Ej}, there is
a constant ¢; > 0 such that ¢ |u]s < |u|2. Hence

®x(2) < (1 = c20)ulf = v]]7 — 2C519].
Choose ¢ > é Hence ®5(z) — —oo uniformly in A € [1,2] as |z|sx¢ — o0, and

consequently ag () < 0 for py big enough.
Let z € Zy. Then z = (u, A°"'u) with u € @72, Ra;, and

By(2) = nzum A L (F(x,u)+G(m,As_tu))dx

HZstt 2J (F(:r,u) + G(x,AS_tu)>daﬂ (since A < 2).
Q

By (H;) there is a constant C7 > 0 such that
|F(z,u)] < Ci(1+|ulP) and |G(z, A5 )| < C1(1+ |AS ul9).

Hence
D,(2) = HuHﬁ — 201|u|£ — 2C'1|A5*tu|g —4C419.
We define
Bik:= sup |ulp, Poy:= sup [vlgs
uedj, Ra; ve@iL  R(A*~ta;)
] s=1 [v]e=1
and f;, = max {ﬂm; 52,k}-
Then

@5 (2) = |lulf = 2C1 57 |ullf — 2C18{ul? — 4C1|Q.
We assume without loss of generality that ¢ < p and we set
_1
i = (CipBy) 7.
Then for |[z]sx: = v/2|uls = 7& Wwe have

By(2) > By = K ﬁ[(i_@) 45,77 —acel (9)
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where K, A > 0 are constant.
By using the argument in the proof of Lemma 3.8 in [17], we easily show that
Bix — 0 and P2 — 0 as k — oo. This implies that ka — 0 and ®y(z) >
uniformly in A € [1,2], as k — oo, whenever |z|sx: = rx. Hence by (A) = ka > 0 for
k big enough.

By Theorem 5, cx(A) = br(A) and for ae. A € [1,2] there exists zp(\) =
(U (A), v (X)) € X such that

sup |22 (A [sxt < 00, @A(zp(N) = cx(A) and @\ (zf(N) =0, as n— o,

for k big enough.

Now a standard argument shows that (z}'(A)), has a convergent subsequence.
Therefore, there exists (ur(A),vi(X)) € X such that @) (ug(N),ve(X)) = 0 and
D (ugp(AN),vp(N)) = ck(N). Tt is then easy to conclude. O

Next we will show that the sequence (u},v}’), above is bounded. The following
technical lemma will be very helpful.

Lemma 9. Let A € [1,2]. if zx # 0 and ) (2x) = 0, then y(2) + w) < ®r(zn)
for everyw € Zy :={rzx +0|r> -1, e Y}.

Proof. Let zy = (ux,vy) and w = rzy + 0, where r > —1 and 6 = (64,0) €
A direct calculation gives
Px(2r +w) = ®(A) = Hf)l\m +7(5 +1)1Qz

(
PG+ DIPaL + A+ )P0,
—A L (P2 (14 P)ur + 01) = Plo,un) )da
- )\L (G(x, (14 r)vs + 62) — G(a:,m))dz.
Now (¢4 (2x),7(5 +1)zx + (1 +7)0) = 0 implies
PG+ D1Qar s = A[r (G + DIPasL + (L4 1)(Py,6),,] =

)\fQ [((1 +r)uy + 91)f(x,u>\) + ((1 +r)uy + 92)g(m,v>\)]dgc.
Hence

Dpr(zx +w) — (X)) = IIHHM

+
>
K) ?

(X +7)ur+601) f(z,un) + Fz,uy) — F(z, (14 r)uy + 01)]dm

+ A (1 +7)vx + 62)g(z,vx) + G(z,v\) — G(z, (1 +7)v) + 92)]dm

ZO ?

Following Liu [10], we define for an arbitrary € > 0,
fe(z,u) = f(z,u) +eu® and  g.(x,u) = g(x,u) +eu®, V(zx,u)e Q xR.

Using (H,4), one easily verifies that the mappings u — f.(z,u)/|u| and v —
ge(x,u)/|u| are strictly increasing in R\{0}. It then follows from Lemma 2.2 in
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[15] that
(1 +7)ur + 601) fo (2, up) + Fe(z,un) — Fo(z, (1 + 7)uy + 61) <0,

((1 +r)uy + Gg)gg(x,w\) + Ge(z,v)) — Ge (:v, (1+7r)vx + 92) <0,
where F. and G, are the primitives of f. and g. respectively.
Letting € — 0, we get

((1 +7r)uy + 91)f5(x, uy) + Fo(z,uy) — F: (m, (14 r)uy + 01) <0,

((1 + )y + Gg)gg(x,w\) + Ge(z,v)) — Ge (x, (1+ 7)oy + 92) <0.
This completes the proof of the lemma. O

Lemma 10. The sequence (z,? = (up, vg))n obtained in Lemma 8 is bounded.

Proof. We argue by contradiction.

Assume that (z}}), is unbounded. Then, up to a subsequence |z}||sx: — 0, as
n — . Let wp = (s7,t7) = 2i/|2} |sxt- Up to a subsequence we may suppose
that w) — wi = (sg,tx) in X and w — wi = (sg, tx) a.e..

If wy, # 0, that is, if s # or t # 0, then [s}|[2]|sx¢ — 00 or [t} ]2} ]lsxt — © as
n — o0. Now for k large enough we have

kM) Pa () 1, Lo
Qn = Qk < iﬂka ngt - 5”Pwk ngt

HZIZLHth HZI”CLHth
[ Fedlnd g, [ Sl g,
o lsglzglsxel? o [tElzlsxel?

We then obtain, by using (Hs) and Fatou’s lemma the contradiction 0 < —o0.
Hence wy = 0. Since @y, (2}) > 0 and F,G > 0, we have that |Qu}|sx: =
| Pw}||sx¢- It is then clear by definition of w} that we cannot have |Qu}||sx: — 0,
as n — 0. Hence, there is a constant o > 0 such that |Qu}|sxt = « up to a
subsequence. By Lemma 9, we have for every r > 0

0<

1
ck(2) = ck(An) = @i, (21) = @y, (rQuy) = §a27“2

Y L (Ple.rQuug) + Gl rQuup) )dr,  (x

where Qu} = (Qlwg7 ngg).

Now, by Lemma 3, Qwi — 0 in L?(Q) x L1(Q), as n — co. It follows from (H;)
and Theorem A.2 in [17] that F(z,7Qiw}) — 0 and G(z,rQaw}) — 0 in L' ().
By taking the limit n — o0 in (*) we obtain

1
cx(2) = 50427’2, Vr > 0.

This gives a contradiction if we fix k& and let r — o0.

Consequently, the sequence (z¥),, is bounded. (]
We can now prove Theorem 2.

Proof of Theorem 2. We consider the sequence (X = (uk vk)), above. The rela-
tion

<‘I’/(UZJ’J?) - (I),)\n(u;clavl?)v (hv k)> = (/\n - 1)[<P(u27vlrfl)7 (hv k)>s><t

+ f (hf(@,u) + kg(z,vy))dz]
Q
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implies that
nh—{%o ‘1’/(“27 ’U,?) = nh—rgo (I)/)\,L (UZ7 U?) =0.
Now, since (¢x(An))n is nondecreasing and bounded from above, there exists ay, =
¢k (2) such that ¢k (\,) — ax as n — oo. It follows from the equality

n n n n 1 n n n n
P(uy, vy) — Pa, (ug, vg) = (An — 1)[§Hp(ukavk)”§xt + L (F(zvuk) + G(%Uk))dx]
that

Jim ®u,vp) = lim @y, (up,vp) = lm cp(An) = .
By repeating the argument in the proof of Lemma 8, we see that there exists
(ug,vg) € X such that &' (ug,vr) = 0 and P (ug,vr) = ag. But since oy = ¢,(2) =
bi(2) = by, — 0, as k — o0 (where by, is define in (9)), the proof is completed. [

4. A SEMILINEAR ELLIPTIC PROBLEM

In this section, we consider the semilinear elliptic problem

—Au— pu = f(z,u), =€,
{ u=0, on 0 (10)
where p is a real parameter. Let 0 < p1 < pi2 < g < --- be the eigenvalues of the

problem
—Au = pu, in Q,
u=0, on 0.

We have the following result.

Theorem 11. Assume that the following conditions are satisfied.

(f1) f,€ C(QxR) and there is a constant C > 0 such that | f(z,u)| < C(1+]|ul?),
for some 2 < p < 2*, where 2* = 40 if N = 1,2 and 2* = 2N/(N — 2) if
N = 3.

(f2) 2uf(z,u) = F(z,u) =0, ¥(z,u).
(f3) F(z,u)/u? — 0 uniformly in x as |u| — oo.
(f1) u— f(x,u)/|u| is increasing in (—o0,0) U (0, 4+00).

(f5> f(l’, _u) = _f(x’u) fO’F all (xvu)

If pp < p < pgs1 for some k = 1, then (10) has infinitely many pairs of solutions
tuy such that |ug|e — 00 as k — oo.

Proof. By (f1), the energy functional associated with (10) is defined on the Sobolev
space Hg(Q) by
1
U(u) = 5 f (IVul® — pu?)de — J F(z,u)dz.

By the Poincaré inequality, H}(Q) is equipped with the inner product
<u7v>0 = J VuVudz,
Q

and the associated norm [u[3 = (u, u>0.

Let e1, e, €3, - - be the orthogonal eigenfunctions in H} () corresponding to pu1, pia, i3, - - -

If g, < pt < pigs1 for some k > 1, then X = H{(2) has the orthogonal decomposi-
tion X =Y @ Z, where

Y = span{ey, ez, ,ex} and Z =YY"
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Clearly, we can define an equivalent inner product in X with associated norm || - |
such that

1 1
| (vul? = p)ds = S1@ul? = Sl
Q

where P: X — Y and ) : X — Z are the orthogonal projections.
The functional ¥ above then reads

1 1
W) = 51Qul* = 5IPul’ - | Flau)da.

Let
1 1
Vi) = 31Qul* = A[3IPul + | Plouds]. xe[1,2)
Q

Evidently, we can equipped (X, | - |) with the 7—topology, and it is easy to check
that U, is 7—upper semicontinuous and that ¥ is weakly sequentially continuous.
The rest of the proof uses an argument similar to that in the proof of Theorem 2,
which is now simplified since dimY < co. ([

Remark 12. Theorem 11 extends Theorem 3.2 in [15], where the mapping u —
f(z,u)/|u|l was supposed to be strictly increasing in R\{0}.
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