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Abstract. In this article, we study the existence of homoclinic orbits for the
first-order Hamiltonian system

Ju(t) +VH(t,u(t)) =0, teR.

Under the Ambrosetti-Rabinowitz’s superquadraticy condition, or no Ambrosetti-
Rabinowitz’s superquadracity condition, we present two results on the existence
of infinitely many large energy homoclinic orbits when H is even in u. We ap-
ply the generalized (variant) fountain theorems established recently by the au-
thor and Colin. Under no Ambrosetti-Rabinowitz’s superquadracity condition,
we also obtain the existence of a ground state homoclinic orbit by using the
method of the generalized Nehari manifold for strongly indefinite functionals
developed by Szulkin and Weth.
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1. Introduction

In this paper, we are interrested in the existence and also the multiplicity of homo-
clinic orbits of the first order Hamiltonian system

Ju(t) +VH(t,u(r)) =0, teR, (HS)
where ue RV J = < 10 _éN > is the standard symplectic structure on R*V, H :
N

R x R? — R is 1—periodic with respect to the r—variable and VH is the gradient
of H with respect to u. We consider the case which H has the form

H(t ) = %A(l)u-u—i—W(t,u),

where the dot denotes the inner product of R?Y, A : R — R* ?isa2N x 2N symmet-
ric matrix-valued function and W : R x R?N — R satisfy the following conditions.

(Ag) Ae €' (R,RWN 2) is 1—periodic with respect to # and O lies in a gap of the spec-
trum o (L) of L := —J% —A(t).

(W1) We%' (R xR R)is 1—periodic with respect to  and W (z,0) = 0 for every
teR.

(W,) There exist ¢ > 0,2 < p < oo such that [VW (t,u)| < c(1+b(t)[u|"~"), where
b>0,be L*(R)nL'(R), L +2 =1 with2 <s < o0.

(W3) |VW (t,u)| = o(|u|) as |u| — O uniformly in 7.
By homoclinic orbit of (HS) we mean a solution u satisfying
u#0 and u(t) —>0asr— o0.

In recent years, the existence and multiplicity of homoclinic orbits for the first
order system (HS) were studied extensively by means of critical point theory, and
many interesting results have been obtained, see for instance [6, 11, 13, 9, 25, 12,
8, 19, 7, 20, 26, 27]. In their seminal paper [7], Coti-Zelati, Ekeland and Séré first
considered (HS) with A a constant matrix, O is not a spectrum point of the Hamil-
tonian operator L = —J % — A, W(t,u) is convex in u and satisfies the Ambrosetti-
Rabinowitz’s condition

u>2, 0<puW(t,u)<u-VW(t,u), Vu#0, (AR)

which is extensively used in the study of superquadratic Hamiltonian systems. They
proved the existence of two geometrically distinct homoclinic orbits for (HS). Sub-
sequently, Séré [20] obtained the existence of infinitely homoclinic orbits for (HS)
under more general assumption on W. In [26], Tanaka removed the convexity as-
sumption and obtained the existence of at least one homoclinic orbit by using a
subharmonic approach.

In this paper we first show, under condition (AR), that (HS) has infinitely
many homoclinic orbits. We apply the generalized fountain theorem for strongly
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indefinite functionals established by the author and Colin [4]. More precisely, we
prove the following result.

Theorem 1. Assume that (Ag), (W) — (W3) are satisfied. If in addition

(W4) W(ta —I/t) = Vv(l‘vl’t)y

(Ws) 3 > max{2,p—1},30 >0; S|lul* < uW(t,u) <u-VW(t,u),

then (HS) has infinitely many large energy homoclinic solutions.

Remark 2. The existence of infinitely many homoclinic orbits of (HS) under (Ag)
and (W;) — (Wa) was first proved by Ding and Girardi [9] (see also [2]) by using
a generalized linking theorem. They allowed 0O to be an end point of the spectrum
o(L). However, they assumed in addition that

Ico, 8 > 05 |VW (t,u+v) — VW (t,u)| < co[v|(1 + |u|P~"), whenever |v| < &.

Moreover, we do not know if the homoclinic orbits they obtained are large energy
solutions of (HS).

It is well known that condition (AR) is mainly used, in superquadratic prob-
lems, to assure the boundedness of the Palais-Smale sequences of the energy func-
tional, and without it the problem becomes more complicated. By applying a gener-
alized linking theorem in the spirit of Krysewski and Szulkin [14], Wang et al. [27]
obtained, without condition (AR), the existence of at least one homoclinic orbit of
(HS). Subsequently, by replacing condition (AR) with a general superquadratic con-
dition, Chen and Ma [6] obtained the existence of at least one homoclinic orbit of
(HS) which is a ground state solution, that is, a non zero solution which least energy.
They adapted an earlier argument used by Yang [29] in the study of ground state so-
lutions for a semilinear Schrodinger equation with periodic potential. In [17], Mao
and Luan obtained, also without (AR), the existence of infinitely many periodic so-
lutions of (HS) by establishing a generalized symmetric mountain pass theorem for
strongly indefinite functionals.

By replacing in this paper the condition (AR) with a general superquadratic
condition, we also prove the following results.

Theorem 3. Assume that (Ag), (Wy) — (Wy) are satisfied. Assume in addition that
W satisfies the following conditions.

(We) (v-VW(t,u))(u-v) =0.

(W) 3y > 2 such that Wlt(ttlyu) — 00 as |u| — oo, uniformly int.

(Wg) W (t,u) >0and u-VW(t,u) >2W (t,u), Yu # 0.

(Wo) if |u| = |v|, then W (t,u) = W(t,v) and v- VW (t,u) < u-VW(t,u), with strict
inequality if u # v.

(Wio) |u| # |v|and u-v #0 = v-VW (t,u) # u- VW (z,v).

Then (HS) has infinitely many large energy homoclinic solutions.
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Theorem 4. If (Ag), (Wi) — (W3), (W) — (Wio) are satisfied, then (HS) has a ho-
moclinic orbit which is a ground state solution.

Remark 5. In Theorem 4, the assumption (Wy) can be weaken by taking y = 2.

As far as we know, Theorem 3 is new. It will be proved by using the general-
ized variant fountain theorem established by the author and Colin [3], by combining
the T—topology of Kryszewski and Szulkin [14] with the idea of the monotonicity
trick for strongly indefinite functionals inspired by Jeanjean [15]. Theorem 4 was
first proved by Chen and Ma [6]. They applied a generalized weak linking theorem
due to Schechter and Zou [21]. In this paper we follow a different approach, which
is based on the method of the generalized Nehari manifold for strongly indefinite
functionals inspired by Pankov [18], and developed recently by Szulkin and Weth
[23, 24]. This approach is much more direct and simpler.

The paper is organized as follows. The variational framework for the study of
(HS) will be stated in section 2, while the existence of infinitely many large energy
homoclinic orbits will be proved in Section 3. Finally, in Section 4 we apply the
method of the generalized Nehari manifold to find a ground state homoclinic orbit
of (HS).

2. Variational setting

Let X := H? (R, R2V) be the fractional Sobolev space of functions u € L2(R,R2V)
such that

jR<1+52>|%<5>|2d§ <,

where .# is the Fourier transform. X is a separable Hilbert space with the inner
product

<u,v>% = fR(l +§2)%9u(§)ﬁv(§)d§, u,veX.

For g € [2,+[, the Sobolev embedding X — L4(R,R?V) is continuous and the
embedding X — L;’O C(R,RzN ) is compact (see for example [1] or [22]).

Consider the operator B : X — X defined by
(Buv)y = JR (= Jii— A(t)u) - v,

By assumption (Ag), L = —J 4 —A(r) : L*(R,R?M) — L*(R,R?V) is a selfadjoint
bounded operator with domain D(L) = H' (R, R?"), and the spectrum is unbounded
below and above in H' (R, R?") (see [22]). Hence, the space X has the orthogonal
decomposition X = Xt @®X ™, where X * are infinite dimensional B—invariant sub-
spaces such that the quadratic form u € X — <Bu7 u> is negative on X~ and positive
on X . Therefore, we can define a new equivalent inner product on X by setting
— + ,t - - +
<u,v>.— <Bu vV >1 —<Bu Vv >%, u-,v-eX—.

2
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If || - | denotes the corresponding norm, then we have
J (= Ji— A -udt = |u* P = Ju~ P, VueXx.
R

We define on X the functional
1 .
D(u) = ff (—Ju—A(t)u) - udt —J W (t,u)dt.
2 Jr R
Then
1 1, _
D) i= ot P~ S P~ | Wit @
2 2 e

Proposition 6 ([2], Proposition 3.1). If (W;), (W>) and (W3) are satisfied, then
®e €' (X,R), with

(' (u),v) = (u"v)—(u",v)— va-VW(t,u)dt.

Moreover, u € X is a homoclinic orbit of (HS) if and only if it is a non zero critical
point of ®.

Due to the periodicity of A and W, if u = u(r) is a homoclinic orbit of (HS),
so are all gxu, g € Z, where

gxu(t) :=u(t—g). (2.2)
Therefore the functional ® cannot satisfy the Palais-Smale condition at any critical
level ¢ # 0. We recall that a functional ¢ € €' (X,R) is said to satisfy the Palais-
Smale condition (resp. the Palais-Smale condition at level c € R), if every sequence
(un) < X such that (@(uy)), is bounded (resp. ¢ (u,) — c) and @’(u,) — 0, admits
a convergent subsequence. Two homoclinic orbits u and v of (HS) are said to be
geometrically distinct if the sets {g*u; g€ Z} and {g*v; g € Z} are disjoint.

3. The existence of infinitely many homoclinic orbits

3.1. Generalized (variant) fountain theorems

Let Y be a closed subspace of a separable Hilbert space X endowed with the inner
product (-,-)) and the associated norm | - |. We denote by P: X —Y and Q: X —
Z := Y the orthogonal projections.

We fix an orthonormal basis (a;) j=0 of ¥ and we consider on X =Y @Z the
T—topology introduced by Kryszewski and Szulkin in [14]; that is the topology
associated to the following norm

- 1
Jlu := max (Z()W|<Pu7aj>|7nguu), uex.
]:
7 has the following interesting property (see [14] or [28]): If (u,) < X is a bounded
sequence, then

T
u, — u <= Pu,, — Pu and Qu,, — Qu.
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Let (e;) jz0 be an orthonormal basis of Z. We adopt the following notations:
Yo :=Y® (®];:0R€j) and Zi = ®]_;Re;.

B :={ueYe||lul| <pi}, Ni:={ueZ|||u|| =rc} where 0<ri<py, k=2.
The following versions of the fountain theorem for strongly indefinite functionals
are due to the author and Colin.

Theorem 7 (Fountain theorem, Batkam-Colin [4]). Let ® € €' (X,R) be an even
functional which is T-upper semicontinuous, and such that ®' is weakly sequentially
continuous. If there exist py > ry > 0 such that:

(A1) ar:= sup ®(u) <0 and sup P(u) < oo.

ucYy ucYy

leell=px leell <px
(A2) by := inf P(u) > 00,k — o0.

UczZy,

Neell =7

Then

¢ = inf sup ®(y(u)) = by,
YeLk ueBy,

and there exists a sequence (u}}), C X such that
D' (uf) >0 and P(u}) — cx as n— o,
where Ty is the set of maps Y : By — X such that
(a) 7y is odd and T—continuous, and Vew, = id,
(b) every u € int(By) has a T—neighborhood N, in Yy such that (id — y)(N, N

int(By)) is contained in a finite-dimensional subspace of X,
(© @(y(u)) < P(u) Yue By

Theorem 8 (Variant fountain theorem, Batkam-Colin [3]). Let the family of € -
functionals

D)X >R, &(u):=Lu)—AJ(u), Ae[l,2],
such that
(B1) @, maps bounded sets to bounded sets uniformly for A € [1,2], and ®) (—u) =
D, (u) for every (A,u) € [1,2] x X.
(Ba2) J(u) =0 foreveryueX; L(u) — oo or J(u) — o as |u| — oo.
(B3) Forevery A € [1,2], @, is T-upper semicontinuous and @', is weakly sequen-
tially continuous.

If there are 0 < ry < py such that
be(A) = ian D) (u) = ar(A) := sup @, (u) VA €[1,2],
uesy

uEYk
el =7 ] =px

then

A):= inf @, (0(u)) = be(A) YA € [1,2].
k(M) ool Sup 2 (0(u) = br(A) VA €[1,2]
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Moreover, for a.e A € [1,2] there exists a sequence (u}(A)), < X such that
(

sup [up(A)] <00, D) (up(A)) — 0 and Py (uf(A)) — cx(A) asn — 0.

Where ®(A) is the class of maps 6 : B, — X such that
(a) 0 is odd and T—continuous, and 6|r”3k =id,
(b) every u € int(By) has a T—neighborhood N, in Yy such that (id — 0)(N, N
int(By)) is contained in a finite-dimensional subspace of X,
(c) ©,(0(u)) <Dy (u) Yue By.

In the following two subsections, we consider X as in section 2, and we set
Y=XVtandZ=X".

3.2. The case of Ambrosetti-Rabinowitz condition

In this subsection, we assume that (Ag), (W;) — (Ws) are satisfied.
The functional @ reads as follows:

1 1
) = 51Quf? = 3 1PulP ~ | Wit G
2 2 R
We know from Proposition 6 that ® is of class ! on X and

(®'(u),v) = (Qu,v) — (Pu,v) —f v-VW(zt,u)dt. (3.2)
R
We have the following lemma.

Lemma 9. ® is T—upper semicontinuous on X, and ®' is weakly sequentially con-
tinuous.

Proof. Let u, = u in X and ®(u,) > C € R. Then, by the definition of T we have
Qu,, — Qu, and then (Qu,) is bounded. Since W > 0, we deduce from the inequality
C < ®(uy) that (Pu,) is also bounded. hence, u, — u in X, u, — uin L], (R,R?Y),
and up to a subsequence u,(t) — u(t) a.e t € R. It follows from Fatou’s lemma and
the weakly semicontinuity of the norm | - | that C < ®(u). Hence ® is T—upper
semicontinuous.

Now assume that u, — u in X. Then u, — u in L}, (R,R*"), and since b(t) <
|b]|ls a.e. t, we deduce from Theorem A.2 of [28] that VW (¢,u,) — VW (¢,u) in

L2/r=h (R,R?M). hence (@' (uy,),v) — (@' (u),v) for all v e CX(R,R*"). We then

loc
deduce by density that &’ is weakly sequentially continuous. o

Lemma 10. Every Palais-Smale sequence for ® is bounded.

Proof. Let (u;) < X and d € R such that sup |®(u,)| < d and @' (u,) — 0.
It follows from (Ws) that

D(1ty) — (D' (1), 1) > (% —1)8lult.

We deduce that for n big enough

(5= 8luff <d+ . (33)
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On the other hand, (W,) and (Ws) imply that
Ve >0, 3c(e) > 0; |[VW(t,u)| < e|u| +c(&)|ul ' ae.t e R, Vue RN,  (3.4)

Hence,

102 = (% (1), Q) + jR Oty W (1, )t
< || Quy | +f Quy, - W (t,u,)dt (for n big enough)
R

< HQM”||+SJ |Q”n||”n|dt+c(8)f |Qun||un|p_ldt,
R R
By the same way we have
Pl < 1P +e [ (Pl +c(e) [ 1Pt
R R

Then, by using the Hoder inequality and the Sobolev embedding theorem we obtain
|Qun >+ [1Put > < || Quta| + | Pt | + 1€ > + 2 () a1
By taking (3.3) into account we get
p—1
1Qun > + [ Punl* < | Qual + |1 Putn + c1 i[> + ese(€) | (1 + ] 7).
Hence,
p—1
(1= c18) Junl* < | Qun| + [Pun | + e3e(€) Jun | (1 + ] ).

Since by (Ws) we have 2= < 1, it then suffices to fix £ < 5 to conclude. o

M 2c;
The following lemma will be helpful for our arguments. It is a special case of
a more general result due to P. L. Lions [16].

Lemma 11. Let (u,) be a bounded sequence in X. If there is r > 0 such that

a—+r
lim supf |un|> =0,

n—ao IIER

then u, — 0 in L4(R,R*N) for all q € (2,00).

a—r

Proof of Theorem 1. Let u € Y;. (Ws) implies that
1 1
D(u) < 5|l Qul* = 5 |Pull* — clul.

Let ¥, be the closure of ¥, in L*(R,R?M), then there is a continuous projection of
Y, on @’;ZORe j» and since all norms are equivalent on the latter space, we can find a

constant ¢; > 0 such that ¢1 [ Qu|[* < |ul}. It follows that
1 1
() < 5 10ul? — S 1Pul? ~ cr[Qul.

This implies that ®(u) — —oo as [|u| — o, and condition (A;) of Theorem 7 is
therefore satisfied for p; large enough.
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Now let u € Z;. We deduce from (W,) and (W3) that
Ve >0, 3ce > 0; [VW(r,u)| < |u| + ceb(t)|ulP L. (3.5)

It then follows that
1 b(t
o) > 101 —c£)||u||2—cgJ, O
2 R P

By choosing € = 2—16 we obtain

1 b(t)
Du) = ~|ul?—c f —|ulPdt.
() ZlulP —er ] =
Let
b 1
B := sup (J Q|u|”dl)p. (3.6)
ueZ; R P
lul=1
Then

1, . 11,
®(u) > 7 Jul? =1l Jul? = 5 (Gl = 2Bl Jul”).

1
If we set r := (copPk) 27, then for every u € Z; such that | = r; we have
2

@) > 5 (53— 1) (carBe) 7.

By Lemma 12 below, 8, — 0 as k — oo. Hence assumption (A;) of Theorem 7 is
satisfied.

By applying Theorem 7, we obtain the existence of a sequence (u}), X such
that ®(u}) — ¢ and @’ (u}) — 0 as n — oo, for every k.
We claim that there exist a sequence (a,) € R and real numbers 7,7 > 0 such that
for k big enough

an+r

liminf J i |* > y. 3.7)

— 0
"= an—r

In fact, if the claim is not true then, because (uZ) is bounded by Lemma 10, we
deduce from Lemma 11 the existence of a subsequence, still denoted (uZ), such that
u! — 01in LP(R,R?V). By using the Holder inequality and (3.4) we have
f Pul - VW (t,up)dt < eluf 2| P o +c(&)ug |h " [Puf]
R

<C(e —i—c(8)|un|f,’_l)7

where C is a constant which does not depend on n and &. It follows that

limsupj Puy - VW (t,u)dt < ce,
R

n—aoL

and since € is arbitrary we deduce that

f Puy - VW (t,up)dt — 0 as n — 0.
R
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By the same way we show that
f Oull - VW (£, ul')dt — 0 and f Wt )dt — O as n— .
It then follovilfs that :
e = lim (@(u) - %<CI>'(MZ),MZ>) = Jim | (%uk VW (t,ul') W(t,ug))dz ~0.

We obtain a contradiction by taking k sufficiently large, since ¢, = by — o0 as k —
o0.

Now by (3.7) there exists a subsequence, still denoted (u}), such that for k big
enough

=

n
||uk”L2((a,,—r,a,,+r),R2N) = E vn.

By a standard argument, there is g, € Z such that for k big enough

Y
”WZ”LZ ((7,7%1,+%)7R2N) > 2 Vn, (3.8)

where W} := u}/(- —¢,). Since both ® and &' are invariant under the Z—action de-
fined by (2.2), it follows that ®(w}) — ¢ and ®'(w}) — 0 as n — oo. By Lemma
10 again, the sequence (w}) is bounded. Up to a subsequence, we may suppose that

Wi —=wein X, wi —>wein L2 (R,R™),  wi - wy ae. (3.9)

By (3.8), wy # 0O for k large enough, and in view of the weak sequentially semicon-
tinuity of @' we have ®'(wy) = 0. That is, wy is a critical point of ® and therefore a
weak solution of (HS). Again by (3.8), we have for 0 < R < o0 and k large enough

a+R
supf Wi —wi|* = 0, n — 0.
aeR Ja—R

Lemma 11 then implies that w? — wy in LP(R,R?V). Using this and (3.4), one can
verify easily that

j (Wi —wi) - VW (t,w —wy)dt — 0, f W(t,wi —wy)dt -0, n— 0.
By Blfezis-Lieb lemma [5], we then have as nR—> 0
J,RWZ-VW(I,WZ)dt s VW (2w, JRW(I,WZ)dt R J,RW(t,wk)dt.
By taking the limit n — o0 in the expression
D(wp) = (D (wp),wi) + % JR wi - VW (¢, wy)dt — J’]RW(I,WZ)dt7

we therefore deduce that ®(wy) = ¢. Since ¢ = by — 00, k — o0, the theorem is
proved. o

Lemma 12. Assume that b > 0, be L*(R) nL"(R),
Then

+ 2 =1with2 < p,s <.

1
-

b(t 7
Br = sup (f Q|u|pdt)p — 0, ask — 0.
”uﬁlk R P

ul|=1
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Proof. Clearly 0 < Byy1 < B, hence B — B = 0. For every k, there exists u; € Z
such that
b(t 1
0< ,B,f—f Q|uk|pdt <-.
R P k

Up to a subsequence we have u; — u in X. By the definition of Z; we have u = 0.
Since X embeds continuously in L*(R,R?), the sequence (1) is also bounded in
LS (R, R?Y). Therefore, there is a constant C > 0 such that [[|u|?|| p/r@reyy S C. Let
Ik Z=] — k, k[
be L'(R,R™) = by, —0, ask— oo
It follows that for every € > 0, we can find k; large enough such that ||| Lr®R\,) <E
Now since the embedding H' (I, ,R*") < L (I, ,R*") is compact, we have u; — 0
in LP(I,,R*V), and since b(t) < || a.e., we obtain in view of Theorem A.2 in
[28] that Slk @ |ug|Pdt — 0 as k — 0. So there is ko such that
1

b(t
Jﬁ|uk|"dt<e, Yk > k.
I, P

Since i + S/ip = 1, we deduce by using the Holder inequality that

f@mv’dtzj @|uk|1’dt+f LOIT
R P L, P p

b(t 1 r p/s
< J Q|uk|l’dt+—< J (b(z))’dt) (J |u|sdt)
Ikl P p R\Ikl R\Ikl

b(t) 1
o W R VA 1 s
P p !

1
<eg(1+C/p) (for k big enough).
It follows that
. b(t)
limsup | —=|u|Pdt < e(1+C/p).
k—»x JR P

We then conclude by taking the limit € — 0. o

3.3. The case of a general superquadratic condition

In this subsection, we assume that (Ag), (W;) — (W4) and (W) — (W)o) are satisfied.
We define @, : X — R by

1 1
3 (u) = 5| Qul —x[§||PuH2+JRW(z,u)dr], Ae[t,2]. (3.10)

A standard argument shows that:

Lemma 13. The conditions (By), (Bz) and (B3) of Theorem 8 are satisfied, with

1 1
L) = 31Qul?, Iw):= 3 1Puf + [ Wieuar
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Moreover, @’;L is given by

(@ (u),v) = (Qu,v) _z[<pu,v> +J

v-VW(t,u)dt], VuveX.  (3.11)
R

Lemma 14. Fora.e. A € [1,2], there exists uy(A) € X such that @y (ur (L)) = cx ()
and @' (ur (L)) =0, for k big enough.

Proof. The assumptions (W3) and (W) imply that for every § > 0, there is C5 > 0
such that W (¢,u) > Cs|ul* — 8|u/?. It follows as in the proof of Theorem 1 that for
every u € ¥, @) (u) — —o0 as |ul| — oo, uniformly in A € [1,2]. Therefore, we can
choose py sufficiently large such that a; (A1) < 0.

Let u € Z;. As in the proof of Theorem 1, we can show that for any A € [1,2],

1/1

3 (E —CﬁfH”Hp),

where C > 0 is constant and fB is defined by (3.6). If u is chosen such that ||u|| =
e

ri:= (CpB{)*7, then we have

D; (u) =

<111 o
() > b= 5 (E - E> (CpBr)™>. (3.12)

Since by Lemma 12 f; — 0, we have ka — o0 and hence by(A) — oo uniformly in
A, as k — oo.

By applying Theorem 8, we then conclude, for k large enough, that ¢ (1) = bi(A)
and for a.e. A € [1,2], there exists a sequence (v{(A)) in X such that

sup [vi] < oo, @, (v;) = ck(A), P, (v§) — 0, asn— .

We proceed as in the proof of Theorem 1 to obtain the existence of (u}(A)) which
satisfies the conclusion of the lemma. o

As a consequence of the above lemma we have:
Corollary 15. There exist (4,) < [1,2] and (2}), < X\{0} such that
A= 1, @ (z) =0, @a(z) = cr(An).
We need the following lemma.

Lemma 16. Let A € [1,2]. If z; # 0 and @, (z3) = 0, then @) (z3 +w) < @5 (z3)
foreverywe 25 :={rzy +v;r=—1,veY}.

Proof. Letw =rz) +ve Z).Itis easy to verify that

A r r
D) (23 +w)—Py(za) = —EIIVH2 +r(5 +1)[Qz I? —Ar(+ 1)||Pz, |

—l[(l +r)<Pz,1,v>+J

W (t,(14r)zy +v)dt —J W(t,z,l)dt]. (3.13)
R R
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Now, @, (z3) = 0 implies (@) (z2),7(5 + 1)z2 + (1 +r)v) =0, which gives

r(z

2400z P =4[ r(§ + DIPzP+ (1 +r)<pw>] -

zf T )z 4 (14 P)) - VW (1,2 )dr.

Reporting this in (3.13) we obtain

Pa(ca +) ~ (i) =~ 2 P+
AJ +1 )za + (1+7)0) - VW(t,20) + W(t,22) —W(t,23 +w)]dr. (3.14)
We define f : [—1,00[— R by
F(8) 1= (505 + D2a+ (1H9)9) YW (0,22) +W(1.22) = W02 4+w).

Since z, # 0, then in view of (Wg) we have f(—1) < 0. On the other hand, we
deduce from (W;) and (Wg) that f(s) — —oo as s — o0. Therefore, f attains its
maximum at a point s € [—1, o[ which satisfies

F'(s) = ((145)za +v) - VW(t,22) — 25 - VW (t,(1 +5)z3 +v) = 0. (3.15)

Setting y; = z3 +w = (1 +5)z3 + v, one can easily verify that

S2
f(s) = —(5 +54+ 1)z -VW(t,20) + (1L +5)yp - VW(1,20) + W(t,22) = W(,y2).

It is then clear that if z, - y; <0, then (Wg) and (Wg) implies f(s) < 0. Suppose
that z; -y, > 0, then in view of (3.15), (W) implies |z3| = |y, | and by (W) we
have W (r,zy) =W(r ,y,l) andy, - VW (t,z;) <z - VW(t,z3 ), whenever w # 0. This

implies that f(s) < —fz,l VW(t,z3) < 0. Hence f(r) <O forevery r > —1.
It then follows from (3.14) that @, (z) +w) < @) (z3). o

Lemma 17. The sequence (z}), obtained in Corollary 15 above is bounded.

Proof. We assume by contradiction that (z}) is unbounded. Then, up to a subse-
quence, we may suppose that |z}| — o0 as n — 0. Let w} = z/|z}|, then since
(Owy}) is bounded we have either

(i) (Qw}), is vanishing, i.e.

a+1
lim supf |ow}|dt =

=90 geR Ja—1
or
(ii) (Qw}), is nonvanishing, i.e. there are numbers r,§ > 0 and a sequence (a,) C
R such that

ap+r
liminfj |ow}|?dt = §
anp—r

n—oc
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Following an approach by Jeanjean [15], we will find a contradiction by showing
that neither (i) nor (if) does not actually hold.

Assume that (Qwy) is vanishing. Then by Lemma 11 we have Qw} — 0 asn —
o0 in LP(R,R?V). We then deduce from (3.4) that for every R > 0, {p W (t, RQw?)dt —
0 as n — o0. Since @; () > 0, we have |Ow/|| > |Pw"| and then |Qw}|? > 1. By
using Lemma 16, we have

R2
cx(An) = Py, () = @, (ROWR) = T —A JRW(%RQWZ)CZL

Thus by setting ¢ := sup,,p, P(u), we deduce that

R2
Cr = T —lnf W (t,ROw})dt — R*/4 asn — 0.
R

We obtain a contradiction by taking R big enough.
Assume now that (Qw}) is not vanishing. Then, up to a translation and a sub-
sequence, we have
1

r+§
liminff 1|sz|2dz> : (3.16)

n—ao

|

=)
Setting wf — wy as n — oo, then (3.16) implies, since Qw/ — Qwy in L7 (R, R?V),

that Qwy # 0. And this implies that |z}| — c0 as n — co. It then follows from (W)

and Fatou’s lemma that
W(t,z}
liminff ) 4y _ o
R

I A
Hence,
< P, () = 1(HQWZH2 —M||PWZH2) - l,,J W(t’zz)dt — —00 asn— .
lZl* 2 R [zl
A contradiction again.
Consequently, the sequence (z), is bounded. o

We can now prove Theorem 3.

Proof of Theorem 3. Consider the sequence (z}) above. One can easily verify that
1
D) = o, (&) + 5 o= DIPG + (o= 1) | W)

and
(@/(3h) = @, (@)v) = (= D[ Pr)+ |
R
Note that the sequence (cx(A,)), is nondecreasing and bounded from above. Then,
there is ¢; = (1) = by such that ¢ (A,) — ¢ as n — o (where by is defined in
(3.12)). It follows from the above relations that (z}) is a (PS),, sequence for ®. By
repeating the argument in the proof of Theorem 1, we obtain the existence of z; € X
such that ®'(z;) = 0 and ®(z;) = by. Since by — 00 as k — o0, the proof of Theorem
3 is completed. o

p- W(t,zz)dt].
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Remark 18. The sequence (uy) of solutions obtained in Theorem 1 (resp. Theorem
3) satisfies ®(u) — o0 as k — co. Therefore, since both ® and @' are invariant
under the Z—action defined in (2.2), infinitely many of these solutions are necessary
geometrically distinct.

4. Existence of a ground state homoclinic solution

4.1. Generalized Nehari manifold

Let X be a Hilbert space with norm | - ||, and an orthogonal decomposition X =
Xt @®X ™. We denote by St the unit sphere in X T; that is,

STi={ueX™||u)=1}.
For u = ut +u— € X, where ut € X%, we define
X(u) =Ru®X =Ru"@®X~ and X(u) = R*u@®X~ =RTuT@®X~. (4.1
Let ® be a ¢! —functional defined on X by

1 1
Blu) = 5 Ju 2= 5 P~ P

We consider the following situation:

(Hy) P(0) =0, 3(P'(u),u) > P(u) > 0 for all u # 0 and P is weakly lower semi-
continuous.

(H») For each w e X\X ~, there exists a unique nontrivial critical point of 711(w) of
D (w)» Which is the unique global maximum of D| fw)-

(H3) There exists 6 > 0 such that ||[m(w)™| = & for all w e X\X~, and for each
compact subset #~ < X\X ~, there exists a constant C such that |m(w)| <

Cr.
The following set was introduced by Pankov [18]:

M ={ueX\X™ : (P (u),u) = 0and (@' (u),v) =0Vve X }.
It is called the generalized Nehari manifold.

Remark 19. By (H;), .# contains all nontrivial critical points of ® and by (H),
X(w) N = {in(w)} whenever we X\X ~.

We also consider the mappings:
m:X\X~ — A, w— m(w) and m:=n|g+.
T X1\ {0} >R, P(w) := d(A(w)) and W := P
The following result is due to A. Szulkin and T. Weth ([24], Corollary 33).

Theorem 20. If (H)), (H,) and (H3) are satisfied, then
(@) Ye €' (S, R) and
(' (w),2) = [m(w)* [(®'(m(w)),z) for all z€ T,,(S),

where T,,(S) is the tangent space of S at w.
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(b) If (wy) is a Palais-Smale sequence for W, then (m(w,)) is a Palais-Smale
sequence for ®. If (u,) € A is a bounded Palais-Smale sequence for ®, then
(m~Y(w,,)) is a Palais-Smale sequence for V.

(c) wis a critical point of ¥ if and only if m(w) is a nontrivial critical point of ®.
Moreover, the corresponding critical values coincide and gr}rf Y= ig{ffb.

4.2. Existence of a ground state

Throughout this subsection, we assume that (Ag), (W;) — (W3) and (Ws) — (Wyg) are
satisfied.
We define

P(u) := J W (t,u)dt.
R
Lemma 21. Condition (H;) is satisfied.

Proof. Clearly, we have P(0) = 0 and (P'(u),u) > P(u) > 0 for any u # 0. Let
(un) < X and C € R such that u,, — u and P(u,) < C. Since the embedding of X in
L2 (R,R*V) is compact, we have u, — u in L7 (R,R*V) and up to a subsequence
u, — u a.e.. It then follows from Fatou’s lemma that P(x) < C. Hence P is weakly

lower semicontinuous. o
Lemma 22. Condition (H,) is satisfied.

Proof. Letwe X\X ™. Then there exists R large enough such that @ < 0 on X (w)\Bg,
where B := {u € X | |u|| < R}. In fact, if this is not true then there exists a sequence
(un) < X(w) such that ||u,| — o and ®(u,) > 0. Up to a subsequence we have
Vi = tp/|un|| — vin X. By (3.1) we have

Sw) 1 o 1 o [ Pl
0< T = Jlvi = gl 2 | Elel)

2
a2 ™

[vallua|”

If v # 0, we deduce by using Fatou’s lemma and (W5) that 0 < —o0; a contradiction.
Consequently v = 0. Since X (w) = X (w* /|w™ ), we may assume that w € S*. Now,
since P(uy,) = 0and 1 = ||[v;F||*> + |v; ||*, then necessarily v = s,w - 0. Hence there
is r > 0 such that ||v; || = |s,w|| > r Vn. So |v; || = s, is bounded and bounded away
from 0. But then, up to a subsequence, v,‘f — sw, s > 0, which contradicts the fact
that v,, — 0.

By (W3), ®(sw) = 15 +o(s?) as s — 0. Hence 0 < supg,,y P < c0. Since P is

weakly upper semicontinuous on X (w) and @ < 0 on X(w) n X~ the supremum
is attained at some point ug such that uo+ # 0. So uy is a nontrivial critical point of
<I>|)?(W) and hence up € A .

We will now show that if u € .#, then u is the unique global maximum of
Qg Letue # andu+we X (u) with w # 0. By the definition of X (1), we have
u+w=(1+s)u+v, withs > —1 and v € X . Using the argument in the proof of
Lemma 16, we see that ®(u +w) < O(u). o

Lemma 23. Condition (Hz) is satisfied.
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Proof. (W) and (H;) imply that
1
Ve > 0,30 > 0, |ul < & = Plu) < 5 (P'(u),u) < %HMHZ.

Hence, there exist p,n > 0 such that ®(w) > n for every w € {u € Xt |||u| = p}.
By (H,), we have ®(7i(w)) = n for every w e X\X ~. Since P > 0, we deduce from
(3.1) that [m(w)* | = /20 Ywe X\X .

Now let # be a compact subset of X\X ~. We claim that there exists a constant
C such that |m(w)| < C, Yw € 2. In fact, if the claim is not true, then we can
find a subsequence (w,) < ¢ such that ||[m(w,)| — oo as n — oo. Since m(w) =
m(wt/|wt|) Yw e X\X~, we may assume that .7~ c S*. By using the fact that
m(wy) € A , one can verify easily that ®(m(wy)) > 0. Define y, = m(wy)/|m(wy)|.
Then we have

D(m(wn)) _ 1<Ilﬁ1(wn)+H2 _ ||ﬁ1(w,,)—||2) _ [ Weyalmwa)l)
R

0< = . = ~
Imwa) > li(wa) |2 [Yall(wa) 12

= w2

|Yn|2dt'

Since y, € X (u), then y, = s,w, +v,, with s, > 0 and v,, € X . It follows that

D(m(wn)) _ l(lnz—anHz) _ [ W yallm(wa)l)

S Tt = - yal2de. (42)
li(wa)l* 2 R alm(wa)|[> "

Since W > 0, we deduce that s2 > ||v,|? and then % < sy < 1. Up to a subsequence,

s, —s>0andw, > we St. Hence y, — y # 0. If we take the limit n — o0 in (4.2),
we obtain by using (W) and Fatou’s lemma the contradiction 0 < —oo. o

Lemma 24. There exists o > 0 such that

c=1inf® > infd > 0,
M Sa

where S¢, = {ue X™; |u| = a}.
Proof. Choose € in (3.4) in such a way that
() > Ll ~Clul?, Vuex,
and take o sufficiently small. o

Proof of Theorem 4. By the preceding lemmas we know that (Hj), (H>) and (H3)

are satisfied. By Theorem 20-(a), ¥ € €' (ST, R). The Ekeland variational principle

[28] yields the existence of a sequence (w,) < ST such that ¥(w,) — ir}rf‘I’. By
s

Theorem 20-(b), (u, := i(wy)) is a Palais-Smale sequence for ® on .#. By using
the argument in the proof of Lemma 17, we show that (u,) is bounded. Up to a
subsequence, u, — u in X. We claim that u, - 0 in L”(R,R?V). In fact, if this is
not true, then we deduce from (3.4) that { u," - W (r,u,)dt — 0 as n — oo. It follows
that

lut|? = (D' (un),ut ) — JR ut -W(t,u)dt -0 asn— .
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But since ®(u,) < §[u;f|?, we deduce that liminf®(u,) = 0, which contradicts

n—o0
Lemma 24. Hence u,, - 0 in LP (R, R?").
By Lemma 11, there exist r, § > 0 and (a,) < R such that

an+r
J lwn2dr > 5.

an—r

Up to translation and a subsequence, we deduce that u # 0. Now since @' is weakly
sequentially continuous, we obtain ®'(u) = 0, that is, u is a non trivial weak solution
of (HS). On the other hand, we may assume that u, — u a.e., which together with
(Wg) and Fatou’s lemma imply, since

() — %<q>’(un),un> - fR (%u YW (t,un) - W(t, un)>dt,

that
infb > JR (%u W (1) — Wt u)) df = B(u) — %<<I>'(u),u>.

This implies ®(u) < ig{f ®. Since u € .# , the reverse inequality also holds and there-

fore
®(u) = infd.
M
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