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Abstract

Among underlying possible distributions for random vectors X =
(X1, . . . , Xn) with independently distributed components Xi and iden-
tically distributed Xi − E[Xi]’s, we motivate and study the prob-
lem of findings solutions to the equation Cov(X>QX, exp(itc>X)) =
0 , for all t ∈ R, and for pairs (Q, c) meeting certain conditions. The
problem is an extension of the classic and historically resonating case
where the Xi’s are identically distributed, the first two moments are
assumed to exist, c>X and X>QX are respectively the sample mean
X̄ and sample variance S2, and where the only solutions are normal
distributions. We give various conditions, namely on (Q, c), that dupli-
cate and generalize the normal characterization result for (X̄, S2), but
we also provide a counterexample where solutions can be found outside
the normal class of distributions. Our findings exploit nad exhibit ele-
gant representations in terms of the cumulant generating function, and
the cumulants when all the moments of the Xi’s are assumed to exist.
Finally, we show how a result of Seneta and Szekely (Journal of the
Australian Mathematical Society, 2006) follows and can be generalized.
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1 Introduction

Characterizations of probability distributions have a long and rich history
in probability and statistics. For the normal distribution, one of its best
known properties, the independence between sample mean X̄ and sample
variance S2 actually characterizes the normal as the common distribution
(among those with finite variance) based on a sample X1, . . . , Xn with X̄ =∑n

i=1Xi/n and S2 =
∑n

i=1(Xi − X̄)2/(n − 1). This result dates back to
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Geary (1936). Geary’s proof is based on the cumulants and it is assumed that
all the cumulants exist. The same result was established by Lukacs (1942,
1956), Tweedie (1946) and Geisser (1956) under the weaker assumption of
finite variance and with proofs based on the cumulant generating function.
In fact, if we suppose that X̄ and S2 are independent, then

Cov(S2, exp(itX̄)) = 0 , for all t ∈ R. (1.1)

It seems that Equation (1.1) requires less than independence, but it implies
that

Ψ′′(t)−Ψ′′(0) = 0 , for all t ∈ R, (1.2)

where Ψ is the cumulant generating function of X1 (see Example 1 below as
well). And only the cumulant generating function of a normal distribution
can solve equation (1.2) so that (1.1) is indeed equivalent to the independence
of X̄ and S2. Laha (1953) considers an extension with S2 replaced by a
quadratic form X>QX and assumes that X̄ and X>QX are independent.
When the sum of all of the elements in Q is equal to zero, the equation
Cov(X>QX, exp(itX̄)) = 0, for all t ∈ R, leads to the equation (1.2) again,
yielding a more general characterization result. Other interesting normal
distribution characterization results can be found in the book of Bryc (1995).

The main objective of this paper is to explore extensions of Laha’s (1953)
result by replacing the identically distributed assumption on the Xi’s by an
identically distributed assumption on the variables Xi−E[Xi] , i = 1, . . . , n,
and by replacing X̄ by a more general linear form c>X. The problem re-
garding the independence between a quadratic form and a linear form finds
statistical applications in linear models. We will study the equation

Cov(X>QX, exp(itc>X)) = 0 , for all t ∈ R. (1.3)

In Section 2, starting with equation (1.3), we develop a second order differ-
ential equation involving Ψ (Lemma 2.1), the cumulant generating function
of X1 − E[X1]. We identify conditions on Q and c, such that equation (1.3)
characterizes the normal distribution. These conditions include Laha’s case
with c>X = X̄ (Theorem 2). On the other hand, we provide counterexam-
ples where the characterization does not hold. In other words, equation (1.3)
is not necessarily informative enough to characterize the normal distribution.

In Section 3, we proceed as in Geary (1936) assuming that all the moments
of X1 exist. We are thus led to the equivalent to (1.3) condition

Cov(X>QX, (c>X)m) = 0 , for all m ∈ N. (1.4)

With this latter condition being also of interest on its own, we obtain sharper
sufficient conditions on Q and c such that condition (1.3) characterizes the
normal distribution. As a by-product, elegant representations of the covari-
ance in (1.4) are obtained (e.g., Remark 1).
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Finally, Seneta and Szekely (2006) have a result saying that if,

Cov(S2, (X̄)m) = 0 , for all m ∈ {0, 1, . . . ,M},M > 0,

then there exists a normally distributed random variable Y such that E(Xm+2
1 ) =

E(Y m+2) for allm ∈ {0, 1, . . . ,M}. In Section 4, we consider extensions con-
sisting in finding conditions on Q and c such that if

Cov(X>QX, (c>X)m) = 0 , for all m ∈ {0, 1, . . . ,M},M > 0, (1.5)

then there exists a normally distributed random variable Y which satisfies
E(Xm+2

1 ) = E(Y m+2) for all m ∈ {0, 1, . . . ,M}. Our development relies on
an expansion of Cov(X>QX, exp(itc>X) to derive the terms Cov(X>QX, (c>X)m);m =
0, 1, . . . ; and an analysis of the recursive structure present in (1.5). Our ex-
tension is unified with respect to Q and c and provides an arguably much
simplified alternative to Seneta and Szekely’s proof in the X̄ and S2 case.

2 Analysis with the cumulant generating function

We begin with a description of the setting along with some notations and
definitions. We consider X = (X1, X2, . . . , Xn)> a random vector. We
denote by (qjk), j, k = 1, . . . , n, the matrix Q generating the quadratic form
X>QX, and by (c1, c2, . . . , cn)> the vector c generating the linear form c>X.
We assume that Q is symmetric and positive semi-definite. We write X =
ε + µ, where µ = (µ1, µ2, . . . , µn)> is the mean of X. We assume that the
components of ε are independent, identically distributed, and have a finite
variance σ2. We carry along standard assumptions in linear models, that
is Qc = 0 and Qµ = 0. Notice that when

∑
j qjjc

2
j = 0 it implies that

X>QX depends on some of the Xj ’s, j = 1, . . . , n, while c>X depends
solely on different Xj ’s, j = 1, . . . , n. This means that X>QX and c>X are
independent for all possible distributions on X1. Let us say that it is the
trivial situation. In order to avoid this situation, we shall assume throughout
that

∑
j qjjc

2
j > 0 (in other words that {j : qjj 6= 0 and cj 6= 0} 6= ∅).

We denote by Φ and Ψ the characteristic and cumulant generating functions
of ε1, that is Φ(t) = E(exp(itε1)) for all t ∈ R, and Ψ(t) = log Φ(t) for all
t ∈ R where Φ(t) 6= 0. We now proceed with a useful covariance expression.

Lemma 1. Consider a random vector X with mean µ and covariance matrix
σ2In, such that the components ε1, . . . , εn of ε = X − µ are independent and
identically distributed with characteristic function Φ and cumulant generating
function Ψ. Consider further the quadratic and linear forms X>QX and
c>X, where Q is symmetric, semi-positive definite, and assume that Qµ = 0.
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Then, we have for t ∈ V; V being some neighbourhood of 0;

Cov(X>QX, eitc
>X) = −eitc>µ

∏
j

Φ(cjt)

∑
j

qjj(Ψ′′(cjt) + σ2) +
∑
j,k

qj,kΨ′(cjt)Ψ′(ckt)

 .

(2.6)

Proof. First, since Qµ = 0, we have

Cov(X>QX, eitc
>X) = eitc

>µ Cov(ε>Qε, eitc
>ε)

= eitc
>µ

E((ε>Qε) eitc
>ε)− σ2tr(Q)

∏
j

Φ(cjt)

 . (2.7)

Expanding the left-side bracketed term, we obtain

E((ε>Qε) eitc
>ε) = E(

∑
j

qjj ε
2
jexp{it(cjεj +

∑
k:k 6=j

ckεk)}

+
∑

j,k;j 6=k
qjkεjεkexp{(it(cjεj + ckεk +

∑
l:l 6=j,k

clεl)}

= −
∑
j

qjjΦ′′(cjt)
∏
i Φ(cit)

Φ(cjt)
−
∑

j,k;j 6=k
qjkΦ′(cjt)Φ′(ckt)

∏
i Φ(cit)

Φ(cjt)Φ(ckt)

= −
∏
i

Φ(cit)

∑
j

qjj [Ψ′′(cjt) + (Ψ′(cjt))2] +
∑

j,k;j 6=k
qjkΨ′(cjt)Ψ′(ckt)

 , (2.8)

by making use of the independence of the εj ’s, the identities ∂k

∂tk
Φ(t) =

ikE(εkj e
itεj ), Ψ′(t) = Φ′(t)

Φ(t) , and Ψ′′(t)+(Ψ′(t))2 = Φ′′(t)
Φ(t) ; t ∈ V. Finally, (2.7)

and (2.8) lead directly to the stated result.

Example 1. As a first illustration, Lemma 1 applies for a sample mean X̄
and sample variance S2, with c = 1

n1, Q = 1
n−1(In− 1

n11>), 1 = (1, . . . , 1)>,
and with µ = α1 for some α ∈ R. Expression (2.6) yields (notice the sim-
plification here arising from the fact that Qc = 0 with the given choice of Q
and c)

Cov(S2, eitX̄) = −eitα (Φ(
t

n
))n (Ψ′′(

t

n
) + σ2) .

Now, interestingly, observe that the assumption Cov(S2, eitX̄) = 0, for all
t ∈ V, implies that Ψ′′(t) = −σ2 for all t in a neighbourhood of zero, and
hence characterizes X1 as having a normal distribution. Alternatively, with
Ψ′′(0) = −σ2 in general, we recover the equivalence between equations (1.1)
and (1.2).

In the same spirit as in the previous example, we obtain for other pairs (Q, c)
the following immediate consequence.
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Corollary 1. Under the assumptions of Lemma 1 and with Qc = 0, we have
Cov[(X>QX), exp(ic>X t)] = 0 for all t in a neighbourhood of zero if and
only if

n∑
j=1

qjj{Ψ′′(cjt)−Ψ′′(0)}+
n∑
j=1

n∑
k=1

qjkΨ′(cjt)Ψ′(ckt) = 0 , (2.9)

for all t in a neighbourhood of zero.

The general problem is now stated as follows.

General problem: Among all possible cumulant generating functions satisfy-
ing Ψ′(0) = 0, what are the ones that solve equation (2.9) under the assump-
tions of Corollary 1 for given Q, c, µ ?

Here is a first important observation. If Ψ is the cumulant generating func-
tion of a N (0, σ2) distribution, i.e., Ψ(t) = −t2σ2/2 for all t ∈ R, then Ψ
is always a solution as seen by the fact that Ψ′′ is constant for such Ψ’s,
and c>Qc = 0 given the assumption Qc = 0. We continue with situations
(Theorems 1 and 2) where a solution to the general problem is necessarily
the cumulant generating function of a normal distribution.

Theorem 1. If cj ∈ {−1, 0, 1} for all j = 1, . . . , n,
∑n

j=1 cj = 0, Ψ is
symmetric, and if Ψ solves (2.9) with the given assumptions on Q, c, µ, then
Ψ is necessarily the cumulant generating function of a N (0, σ2) distribution,
for some σ2 ≥ 0.

Proof. With the symmetry of Ψ, we have for cj ∈ {−1, 0, 1}: Ψ′(cjt) =
cjΨ′(t) and Ψ′′(cjt)−Ψ′′(0) = c2

j{Ψ′′(t)−Ψ′′(0)}, for all t in a neighbourhood
of zero. Hence, an expansion of the lhs of (2.9) yields

n∑
j=1

qjj{Ψ′′(cjt)−Ψ′′(0)} =
n∑
j=1

qjjc
2
j{Ψ′′(t)−Ψ′′(0)} ;

n∑
j=1

n∑
k=1

qjkΨ′(cjt)Ψ′(ckt) = c>Qc{Ψ′(t)}2 = 0 .

Therefore, with the given assumptions, (2.9) becomes equivalent to (1.2),
and the result follows.

Theorem 2. If cj ∈ {0, 1} for all j = 1, . . . , n, and if Ψ solves (2.9) with the
given assumptions on Q, c, µ, then Ψ is necessarily the cumulant generating
function of a N (0, σ2) distribution, for some σ2 ≥ 0.

Proof. The proof of Theorem 1 applies without the symmetry assumption
of Ψ, but with cj ∈ {0, 1} for all j = 1, . . . , n.
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We pursue with a counterexample, where a solution to the general problem
is not necessarily generated by a normal distribution.

Example 2. Consider the general problem with n = 2, c = (1,−1)>,
Q = ee>, where e = (1, 1)>. We take µ = (0, 0)> and X1 + p as having
a Bernoulli(p) distribution. A direct evaluation yields

Ψ(t) = log{q exp(−ipt) + p exp(iqt)}, q = 1− p ,
Cov[(X>QX), exp(ic>X t)] = 2pq(1− 6pq)(cos(t)− 1), for all t ∈ R.

Therefore, when pq = 1/6, Ψ is a solution to equation (2.9).

Example 2 provides a particularly revealing counterexample to the conjec-
ture that only the cumulant generating function of a normal random variable
solves the general problem. Consequently, the normal distribution character-
izations given in Example 1, Theorem 1 and Theorem 2 cannot be inferred
from a much more general context. Notice as well that in Example 2, X>QX
and c>X are not independent showing that, for this particular choice of Q
and c, the condition given by Equation (1.3) is indeed weaker than requiring
the independence between X>QX and c>X. Finally, the next observation
implies that, and shows how, many other solutions to (1.3) can be generated
in the context of Example 2.

Lemma 2. If Ψε1 is a solution to (2.9) and Z is a N (0, 1) random variable
independent of ε1 then Ψaε1+bZ = Ψaε1+ΨbZ , and Ψaε1+bZ is hence a solution
to (2.9) for all a, b ∈ R.

To summarize findings up to now, we have been able to solve the general
problem and infer a normal characterization in some cases, but not in gen-
eral. In other words, as seen in Example 2, differential equation (1.3) can
possess many feasible solutions outside the class of normal cumulant gener-
ating function solutions. In the Appendix, we push the analysis further and
provide an alternative approach to obtain many solutions to (1.3) for the
settings for Q, c of Example 2. In the next section, sharper characterizations
are obtained by assuming that all the moments of ε exist.

3 Analysis with all of the cumulants

The cumulant of order m for ε1 will be denoted by κm. When the cumulant
of order m exists, it is given by

κm = i−mΨ(m)(0) ,

where Ψ(m) is the derivative of order m of Ψ. Since ε1 has mean zero and
second moment σ2, we have κ1 = 0 and κ2 = −σ2. A normal distribution is
characterized by having all cumulants of order three or more equal to zero.
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We now proceed by showing that if one assumes existence of all of the
moments, we can move from the problem of solving equation (2.9) to the
one of solving equation (1.4). This brings into play a representation for
Cov[(X>QX), (c>X)m]; m = 1, 2, . . .; which we will also make use of in
Section 4.

Lemma 3. Let γm = Cov[(X>QX), (c>X)m] for m = 1, 2, . . . . If the
moment of order m+ 2 of ε1 (or X1) exists, then we have

γm =
m∑
`1=1

(
m

l1

)
{E[(c>X)m−`1 ]}[{

n∑
j=1

qjjc
`1
j }κ2+`1

+
`1∑
`2=0

(
`1
`2

)
{
n∑
j=1

n∑
k=1

qjkc
`1−`2
j c`2k }κ1+`1−`2κ1+`2 ] . (3.10)

Furthermore, if all the moments of ε1 exist, then equation (2.9) is equivalent
to the system of equations : γm = 0 for m = 1, 2, . . ..

Proof. Expression (3.10) follows by making use of Lemma 1, the fact that

Cov[(X>QX), (c>X)m] =
1
im

dm

dtm
Cov[(X>QX), exp(ic>X t)]

∣∣∣
t=0

,

for all m = 1, 2, . . . , and a careful expansion. The equivalence of (2.9) with
γm = 0 for m = 1, 2, . . . follows from (3.10), and since (2.9) is equivalent to
Cov[(X>QX), exp(ic>X t)]

∣∣∣
t=0

= 0 when all the moments exist.

In Lemma 3’s representation of γm, the dominating term is given by
∑n

j=1{qjjcmj }κ2+m

and it is affected by the cumulant of order 2 +m, while the remaining terms
are affected by the cumulants of lower orders. This key observation leads to
the following characterizations.

Corollary 2. If
∑n

j=1 qjjc
m
j 6= 0 for all m = 1, 2 . . . 3, if all of the moments

of ε1 exist, and if Ψ solves (2.9) with the given assumptions on Q, c, µ, then
Ψ is necessarily the cumulant generating function of a N (0, σ2) distribution,
for some σ2 ≥ 0.

Proof. The result follows by Lemma 3’s equivalence under the assumption
that all the moments exist, and a recursive analysis where, for all M =
1, 2, . . ., the equations γm = 0 for m = 1, . . . ,M implies that that the first
M + 2 cumulants of ε1 are equal to zero. Since this is true for all M , we
infer that the cumulants of ε1 of order greater than 2 are all equal to zero,
and hence that ε1 is normally distributed.

3In fact, we only require this for odd m because we have
∑n

j=1 qjjc
m
j > 0 whenever m

is even given the assumptions on Q, c.
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Corollary 3. If the distribution of ε1 is symmetric, if all of the moments
of ε1 exist and if Ψ solves (2.9) with the given assumptions on Q, c, µ, then
Ψ is necessarily the cumulant generating function of a N (0, σ2) distribution,
for some σ2 ≥ 0.

Proof. Since the distribution of ε1 is symmetric about 0, the cumulants of
odd orders are zero. Using this and the positivity of

∑n
j=1 qjjc

m
j for even

m (assumption), we infer, as above in Corollary 2, from Lemma 3 that all
the cumulants of even orders greater than 2 are equal to zero as well, which
establishes the result.

Corollaries 2 and 3 contain a vast number of interesting cases. For instance,
they cover all cases where the coefficients of c are nonnegative, as well as
Laha’s result with c>X = X̄. Revisiting Example 2, where all the moments
exist, where γm = 0 for all m = 1, 2, . . ., observe that its choice of Q and
c leads to

∑n
j=1 qjjc

m
j = 0 for all odd m, and pinpoints to where Corollary

2 (of course) does not apply. A similar observation relates to Corollary 3
with an asymmetric counterexample and the impossibility of a symmetrically
distributed counterexample. We conclude this section by pointing out a
lovely particular case of (3.10).

Remark 1. For a sample mean X̄ and sample variance S2, we obtain as an
application of (3.10); with c = 1, Q = 1

n−1(In − 1
n11>), 1 = (1, . . . , 1)>; the

formula

Cov[(S2, (nX̄)m] =
m∑
`1=1

(
m

l1

)
{E[(nX̄)m−`1 ]}κ2+`1 . (3.11)

4 Analysis with the first cumulants

We revisit here a result due to Seneta and Szekely (2006) and show how our
results above provide near immediate extensions. To describe this result,
consider first the covariance between S2 and X̄. Expression (3.11) yields the
known result Cov(S2, X̄) = κ3/n (e.g., Casella and Berger, 2002, problem
58c on page 257). So a null covariance Cov(S2, X̄) implies that the third
cumulant of X1 is zero, or in other words that the first three moments of ε1
(or central moments of X1) coïncide with those of a N(0, σ2) distribution.
Now, Seneta and Szekely’s result says that if Cov(S2, (X̄)m) = 0 for m =
1, 2, . . . ,M , then the firstM+2 central moments of X1 match with those of a
of a N(0, σ2) distribution, this holding for allM = 1, 2, . . . . A reformulation
of Corollary 2 and Corollary 3 produces this result and extensions to other
pairs of linear and quadratic forms as follows.

Corollary 4. Assume that
∑n

j=1 qjjc
m
j 6= 0 for all m = 1, . . . ,M , and

that the moment of order M + 2 of ε1 exists. Then the condition γm =
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Cov[(X>QX), (c>X)m] = 0 for m = 1, . . . ,M implies, under the given as-
sumptions (Corollary 1) on Q, c, µ, that the cumulants of ε1 of order 3, . . . ,M+
2 are all equal to zero, so the first M + 2 moments of ε1 match the moments
of a normally distributed random variable with mean 0 and variance σ2 for
some σ2 ≥ 0.

Corollary 5. If the distribution of ε1 is symmetric and the moment of order
M + 2 of ε1 exists, then the condition γm = Cov[(X>QX), (c>X)m] = 0 for
m = 1, . . . ,M implies, under the given assumptions (Corollary 1) on Q, c, µ,
that the cumulants of ε1 of order 3, . . . ,M+2 are all equal to zero, so the first
M + 2 moments of ε1 match the moments of a normally distributed random
variable with mean 0 and variance σ2 for some σ2 ≥ 0.

Concluding remarks

Appendix

As in Example 2, we consider (2.9) with n = 2, c = (1,−1)>, Q = ee>,
where e = (1, 1)> We hence want to find and characterize all solutions in Ψ
to the following equation

{Ψ′′(t) + Ψ”(−t)− 2Ψ′′(0)}+ {Ψ′(t) + Ψ′(−t)}2 = 0 . (4.12)

To do so, consider the functions f and g given by

f(t) =
Ψ(t) + Ψ(−t)

2
and g(t) =

Ψ(t)−Ψ(−t)
2

.

The boundary conditions tell us that Ψ(0) = 0, Ψ′(0) = 0 and Ψ′′(0) = −σ2.
Therefore, we require that f(0) = 0 = g(0), f ′(0) = 0 = g′(0), f ′′(0) = −σ2

and g′′(0) = 0. Moreover, f is even and g is odd. The new equation becomes

2{f ′′(t)− f ′′(0)}+ 4{g′(t)}2 = 0 , (4.13)

and the general solution to equation (4.12) is given by

Ψ′′(t) = f ′′(t) + g′′(t)
= f ′′(0)− 2{g′(t)}2 + g′′(t)
= −σ2 − 2{g′(t)}2 + g′′(t) ,

given (4.13). We conclude that cumulant generating function solutions ψ to
(4.13), such as Example 2’s cumulant generating function of a Bernoulli(p)
distribution with 6p(1 − p) = 1 and those that can be further generated
via Lemma 2, possess necessarily a second derivative such that Ψ′′(t) =
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−σ2−2{g′(t)}2+g′′(t) for some odd g with g′(0) = 0. The above development
here illustrates differently than in Section 2 why there may well exist for some
selections of (Q, c, n) other solutions than the normal cumulant generating
function to the General problem.

Acknowledgments

We are grateful to Woldek Bryc for useful comments on characterizations,
and to Richard Fournier for useful tips on differential equations. The research
support of NSERC of CANADA for Éric Marchand and François Perron is
gratefully acknowledged.

References

[1] Bryc, W. (1995). The normal distribution. Characterizations with appli-
cations. Lecture Notes in Statistics, 100, Springer-Verlag, New York.

[2] Casella, G. & Berger, R. L. (2002). Statistical inference. Duxbury, 2nd
edition.

[3] Geary, R.C. (1936). The distribution of Student’s ratio for non-normal
samples, Journal of the Royal Statistical Society Supplement, 3, 178–
184.

[4] Geisser, S. (1956). A note on the normal distribution. Annals of Math-
ematical Statistics 27, 858–859.

[5] Laha, R.G. (1953). On an extension of Geary’s theorem, Biometrika,
40, 228–229.

[6] Lukacs, E. (1942). A characterization of the normal distribution. Annals
of Mathematical Statistics, 13, 91–93

[7] Lukacs, E. (1956). Characterization of populations by properties of suit-
able statistics. Proceedings of the Third Berkeley Symposium on Math-
ematical Statistics and Probability, 1954–1955, vol. II. University of
California Press, 195–214.

[8] Seneta, E. & Szekely, G.J. (2006). Normal characterization by zero cor-
relations. Journal of the Australian Mathematical Society, 81, 351–361.

[9] Tweedie, M. C. K. (1946). The regression of the sample variance on the
sample mean. J. London Math. Soc., 21, 22–28.

10


