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ABsTrRACT. We introduce a new construction of algebras, called articulation,
which is a specific gluing of two non-simple algebras. Once this is done, we describe
the Auslander-Reiten quiver of an algebra obtained in this way as well as some of
its elementary properties. Finally, we characterize the articulated algebras which
are laura, left (or right) glued, weakly shod, shod, quasi-tilted or tilted.

Introduction

In the representation theory of algebras, a frequently used technique to study a given
algebra is to use the well-understood representation theory of another algebra which
is somehow related to the original one. In this sense, many distinct approaches have
been used. One of them consists in studying an algebra by using its quotient algebras
or some appropriate manipulations of its ordinary quiver (see [19], for instance).

In this paper, we use this approach in order to define a new construction of algebras
inspired by the works of Igusa, Platzeck, Todorov and Zacharia [17], Ringel [19] and
Lévesque [18]. We call articulated algebras the algebras obtained in this way (see
Section 2 for details). Briefly, an algebra A is said to be articulated if it is obtained by
gluing (in a specific way) two non-simple algebras B and C'. We are motivated by the
fact that, in this case, we have a good description of the representation theory of A in
terms of B and C and, moreover, the algebras A and B x C are stably equivalent (see
Section 3). This allows us to present in Section 4 a characterization of the articulated
algebras which are laura [2, 22], left (or right) glued [1], weakly shod [13], shod [11],
quasi-tilted [15] or tilted [16]. In particular, we show that an articulated algebra is
quasi-tilted if and only if it is tilted. Moreover, in this case, the algebra is left and
right supported [3]. Finally, we end our discussion with an observation on the global
dimension of the articulated algebras, see (4.16).
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1. Notations

In this paper, all algebras are basic and connected finite dimensional over an al-
gebraically closed field k. For a quiver ), we denote by (o the set of points of @),
by @ the set of arrows in ) and by Q(z,y) the set of arrows from z to y. For an
algebra A, we denote by modA the category of finitely generated right A-modules, and
by indA a full subcategory of modA generated by exactly one representative of each
isomorphism classes of indecomposable modules. Moreover, we denote by projA and
injA respectively the subcategories of projectives and injectives in indA. We denote
by pdX and idX the projective dimension and the injective dimension of an A-module
X, respectively. Finally, we denote by I'(modA) the Auslander-Reiten quiver of the
algebra A and by 74 = DTr and 7,' = TrD the Auslander-Reiten translations. For
further definitions or facts needed on modA and its Auslander-Reiten quiver I'(modA),
we refer the reader to [6, 21].

Given two modules X, Y in indA, a path from X to Y of length ¢ in indA is a

sequence of non-zero morphisms
#): X=X >x, 2. LLx, =y,
where ¢t > 0 and X; € indA for each 4. In this case, we write (x) : X ~» Y or X L Y
and we say that Y is a successor of X, while X is a predecessor of Y. When each f;
in (%) is irreducible, () is a path of irreducible morphisms. A path (x) is called a
cycle in indA4 if X =Y, ¢t > 0 and at least one f; is a not an isomorphism. A module
X in indA is directing if it does not belong to any cycle in indA and a component
T of I'(modA) is directed if it contains only directing modules. Moreover, I is called
non-semiregular if it simultaneously contains a projective module and an injective
module. A refinement of the path (%) is a path
x=x;xi B  x_y

in indA, where s > t together with an order-preserving function o : {1,...,t — 1} —
{1,...,5—1} such that X; = X(’y(i) for each ¢ with 1 < ¢ < ¢—1. Finally, if (%) is a path
of irreducible morphisms, a module X; is a hook in (x) whenever T4 X; 11 = X; 1. A
path of irreducible morphisms is sectional if it contains no hook. It follows from |7,
(3.2)] that if a path X ~» Y in ind A is sectional, then the composition of the morphisms
in this path is non-zero, and hence Hom4 (X,Y") # 0.

2. Definitions and examples

We recall that any basic algebra over an algebraically closed field k can be seen as
a locally bounded k-category, as well as a bound quiver algebra [8].

DEFINITION 2.1. Let (@p, Ig) and (Qc, Ic) be two connected bound quivers contain-
ing at least one arrow. A bound quiver (Qa,I4) is called articulated along (Qp,Ig)
and (Qc, Io), or simply articulated, if

1. @p and Q¢ are subquivers of Q 4;

2. (@a)o = (@B)oU (Qc)o and (Qa)1 = (@B)1 U(Qc)1;

3. (@B)oN(Qc)o # D and for each x € (@B)o N (Qc)o,  is either:
(a) a source of QB and a sink of Q¢ or;
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(b) a source of Q¢ and a sink Qp;
4. Ip = Ip + Ic+ < p >, with p the set of paths linking (QB)o \ (Qc)o and
(Qc)o \ (@B)o in Qa.

If there exist some presentations A = kQa/Is B = kQp/Ip and C = kQ¢c/Ic such
that (Qa,Ia) is articulated along (@B, Ig) and (Qc,Ic) we say that the algebra A is
articulated along B and C.

If A, B and C are as above, we write A = (B, () and we say that the pair (B,C)
is an articulation of A. Moreover, we respectively denote by Xpc and X¢gp the
sets of elements in (QgB)o N (Q¢)o satisfying the conditions 3(a) and 3(b). Finally, an
articulation A = (B, C) is said to be unidirectional if Xgc = 0 or X¢p = 0.

It is an easy checking that, if A = (B,C), then

B(z,y), ifz,y € By and B(z,y) #0
A('Z.Jy) = C(m,y), if T,y € CO and C(.Z',y) ;é 0
0, otherwise.

for all z,y € Ap.

This remark shows us that the concept of articulated algebras can be expressed
elegantly in terms of categories. However, making use of presentations does not carry
any difficulties since it is shown in (3.10) that the study of an articulated algebra is
independent of the choice of its presentation. Moreover, this approach will be useful
in a forthcoming paper.

It is an easy consequence of the definition that if A = (B, C), then BN C is
semisimple. Moreover, the above definition does not require the algebras B and C' to
be full or convex subcategories of A. The example 2.2 below illustrates this point.

EXAMPLE 2.2. Let A be the algebra given by the quiver

2
VN
1——3—=4—>5
¥ s €
bound by the relations a8 = 0, ya = 0 vé = 0 and de = 0. Then A admits the pairs
(B1,C1) and (Bs,C>) as articulations, where

e Bj and (] are the full subcategories respectively generated by the sets of points
{1,2,3,4} and {4,5}. In particular, X¢, 5, = {4} and Xp,c, = 0, and hence
the articulation (B, C1) is unidirectional;

e B and (5 are the subcategories respectively generated by the sets of arrows
{B,7} and {a,d,€}. In particular, X¢,p, = {3} and Xp,c, = {2}, and hence
the articulation (Bz,C?) is not unidirectional. Moreover, the algebra Cs is a
subcategory of A which is neither full nor convex.

It would be easy to define a concept of multi-articulated algebras, which are obtained
by a finite number of successive articulations. However, since any multi-articulated
algebra is, in particular, articulated, it suffices to study articulated algebras.
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3. Auslander-Reiten theory of articulated algebras

In this section, we study the representation theory of an articulated algebra A in
function of the algebras involved in an articulation of A. In particular, we describe the
shapes of the almost split sequences in mod A and its Auslander-Reiten quiver. Finally,
we end this section with some results which will be useful in Section 4.

Our first step is to show that any algebras B and C' involved in an articulation are
quotient algebras of the articulated algebra they express.

LEMMA 3.1. Let A be an articulated algebra along two algebras B and C. Then, B
and C are quotient algebras of A. In particular, modB and modC' are full subcategories
of modA.

Proof : We only prove that B is a quotient algebra of A since the proof for C
is similar. Let (Qa,I4), (@B,IB) and (Q¢,Ic) be presentations of A, B and C,
respectively, such that (Q4,4) is articulated along (@ g, Ig) and (Q¢, Ic). Consider
the function ¢ which maps any path w of @ 4 onto the element ¢(w) of kQp/Ip, where

[ w+1Ip, ifwek@s,
$w) = { 0, otherwise.

Since the paths of Q4 form a basis of kQ 4, we obtain, by extending ¢ by linearity, a
surjective morphism of k-algebras ¢' : kQ4 — kQp/Ip : the morphism ¢’ preserves
multiplication since any path passing through an articulation point vanishes. We show
that T4 C Ker¢'. Indeed, assume to the contrary that p is a relation in I4 which does
not belong to Ker¢'. Then p € kQg \ I, and hence, if x and y are respectively the
source and the sink of p, then A(z,y) # B(x,y) which is a contradiction. Therefore,
I4 C Ker¢' and B is a quotient algebra of A. O

We now describe the modules over an articulated algebra, and especially the projec-
tive and the injective modules. We begin with the following notations.

NoOTATIONS 3.2. Let A be an articulated algebra along two algebras B and C. We
denote by Spc and Sc¢p the set of simple A-modules corresponding to the points of
Xpc and X¢p respectively. In particular, any element of Spo (or S¢g) is a simple
injective B-module (or C-module) and a simple projective C-module (or B-module,
respectively).

PROPOSITION 3.3. Let A be an articulated algebra along two algebras B and C.
Then,

(i) indA = indB U indC.

(ii) indBNindC = Spc U S¢B.
(iii) projA = (projB\ Scg) U (projC \ Ssc)
(iv) injA = (inB \ Spc) U (injC \ Sop)

Proof : (i). Since the algebras B and C can be obtained from A by deleting some
points and arrows, it follows from [19, (p.148)] that ind B U indC C ind A.
Conversely, let (Q 4, 14) be a presentation of A and M be a representation of (Q 4, [4)-
Let M(z) be the vector space at the point z and, for each z € Xpoc U X¢op, let
L(z) C M(x) be the sum of all the images of the maps M (a) : M(y) — M (x) induced
by the arrows a: y = z in Q 4.

Consider now the representation My and M/, of (Qa,I4), where My is given by:
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M(.’E)/L(.’E), if x € Xpo
I, 1 _ M .’E), ifx e Bo\CO
Mp: Mp(2) = L(x), ifx € Xeop

0, if z € CO\BO
where Mp(a) = M()|uy, (z) + Mp(z) = Mp(y) for each arrow a : ¢ — y in
@4, and M/, is defined dually.

Then it is easily seen that M (z) = Mp(x) ® M{(x) as k-vector spaces for each x € Ag.

. i, M(a) M(8) .
Moreover, since any composition M (y) —= M (x) —= M (z) vanishes when z € By N

Co, this yields M = My & M{, as a representation of (Q4,I4). Consequently, if M is
indecomposable, then M is either a B-module or a C-module.

(ii). This clearly follows from the fact that B N C is a semisimple algebra.

(iii) and (iv). We only prove (iii) since the proof of (iv) is dual. Let P be an inde-
composable projective A-module. By (i), P € indB UindC. Assume P € indB. Then
P is an indecomposable projective B-module because modB is a full subcategory of
modA by (3.1). On the other hand, if P € S¢p, then P is a simple injective C-module.
Moreover, 7o P C 74P = 0 since C' is a quotient algebra of A (see [21, (2.4)] for in-
stance). This means that P is a simple projective-injective C-module, a contradiction
to the fact that C' is a connected non-simple algebra. Therefore, P ¢ Scp. This shows
that projA C (projB \ Scg) U (projC \ Spc)

We conclude the proof by showing that the cardinality of the sets involved in the above
inclusion coincide. Indeed, |projA| = |A4g| = |Bo U Co| = |Bo| + |Co| = |Bo N Co| =
|(projBUprojC)\(SecUScE)| = |(projB\Sce)U(projC\Spc)|, where the last equality
comes from the fact that B and C are both connected and non-simple algebras. [

Our next step is to describe the almost split sequences in modA when A is an
articulated algebra.

LEMMA 3.4. Let A be an articulated algebra along two algebras B and C and let X
TBX7 7’fX ¢ SCB;

be an indecomposable B-module. Then, T4 X = { 7o X, otherwise.

Proof : Assume X ¢ Scp. First, if X € projB, then X € projA by (3.3) and hence
74X = 0 = 78X. Otherwise, since B is a quotient algebra, we have 0 # 758X C 74X
(see [21, (2.4)], for instance), and hence 74X € indB. Indeed, if 74X € indC, then
8X € Spc U S¢p, that is 18X € S¢p since 75X is not injective in modB. This
yields 74X = 78X € indB.

On the other hand, if X € Sp¢, then X is an indecomposable C-module which does
not belong to S¢p, and the result follows from the dual of the first part. O

We recall the following fact from [6, (p.186)]: let A = A/I be a quotient algebra of
Aand 0 - 74X - Y = X — 0 be an almost split sequence in modA, with both X
and 74 X indecomposable A-modules. Then this sequence is almost split in modA. In
particular, 7y X = 74X. We deduce the following proposition.

PROPOSITION 3.5. Let A be an articulated algebra along two algebras B and C.
Then, any almost split sequence in modA is an almost split sequence in modB or
in modC, and conversely.

Proof: Let (x¥): 0 > 74X - Y — X — 0 be an almost split sequence in modA. In
particular, X is not projective in modA, and hence it is an easy consequence of (3.3)
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that X € indB \ projB or X € indC \ projC. Assume without loss of generality that
X € indB \ projB. Then, it follows from (3.4) that 74X = 75X and (x) is an almost
split sequence in modB.

Conversely, assume (x) : 0 = 78X — Y — X — 0 is an almost split sequence in
modB. In particular, X € indB \ projB, and hence (x) is an almost split sequence in
modA by (3.4). O

COROLLARY 3.6. Let A be an articulated algebra along two algebras B and C. Then
a morphism f : M — N is irreducible in modA if and only if it is irreducible in modB
or in modC. 0O

LEMMA 3.7. Let A be an articulated algebra along two algebras B and C and let S be
a simple module in Spc U Scp. Then

(i) there exists an indecomposable A-module P together with an irreducible map
f:S = P, and any such module is projective.

(i) there exists an indecomposable A-module I together with an irreducible map
f:I— S, and any such module is injective.

Proof : We only prove (i) since the proof of (ii) is dual. Assume S € Spc. In
particular, S is a simple projective non-injective C-module. Moreover, S is not an
injective A-module since 0 # 75'X = 77" X by the dual of (3.4). Therefore, let P be
an indecomposable A-module together with an irreducible map f : S — P. Since f
is not irreducible in modB (because S is a simple injective B-module), we infer from
(3.6) that f is irreducible in modC. Therefore, P is an indecomposable projective
C-module which is not in Sg¢ since f is not an isomorphism. By (3.3), this implies
that P is a projective A-module. The proof is similar when S € Sgg. O

REMARK 3.8. Let Ig be an indecomposable injective B-module. Then there exists an
ingective A-module I'y and a path in indA from Iy to Ip.

Proof : This follows from (3.3) and (3.7). O

As consequence, we deduce the shape of the Auslander-Reiten quiver of an articu-
lated algebra A = (B, C) where we identify the modules in Scp (see Fig 1).

Spc Scr

& el 5
R a8 ) e
) N /) N

I'(modB)

g

FIGURE 1. T'(modA)

< >

S

In fact, we have a stronger result. We denote by T'(M, N) the set of arrows from M
to N in the quiver I'.

THEOREM 3.9. An algebra A is an articulated algebra along two algebras B and C if
and only if:

(i) T'(modB)o UT(modC)o = I'(modA)g;
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[(modB)(M,N) if M, N € (I'(modB)) and
T(modB)(M, N) # 4,
(ii) T(modA)(M,N) =< TI'(modC)(M,N) if M, N € (I'(modC))o and
['(modC)(M, N) # §,
0 otherwise.
(iii) For each M € I'(modB)y NT'(modC)y, M is a sink of ['(modB) and a source
of T'(modC) or M is a sink of T (modC) and a source of T'(modB).
(iv) For each M € I'(modA)g,
8(M) if M € (I'(modB))o and T8(M) #0,
TA(M) =< 17c¢(M) if M € ((modC))o and 7« (M) # 0,
0 otherwise.

Proof : It is a tedious and straightforward proof. O

COROLLARY 3.10. An algebra A is an articulated algebra along two algebras B and
C if and only if all its presentations are articulated along some presentations of B and
c. O

We end this section with the following useful result.

PROPOSITION 3.11. Let A be an articulated algebra along two algebras B and C. For
each non-zero morphism f: M — N in indA, where M € indB and N € indC, either
M belongs to Scg and M = N or f factors through a module in add(Spc ). Moreover,
if [ is irreducible, then either M € Sgc or N € Sgc.

Proof : Let f : M — N be a non-zero morphism as above. Clearly, Imf €
modB NmodC, and so Imf € add(Spc U Scp). Of course, if Imf € add(Sp¢), then
f factors through a module in add(Spc¢) and there is nothing to prove. Otherwise,
there exists a simple A-module S in S¢p such that S is a direct summand of Imf.
This implies that there is a direct summand L of topM such that L is a projective
B-module, and hence L = S = M (because a strict quotient of an indecomposable
module cannot be projective). In the same way, L =S = N and then M = N € S¢p.
Finally, the last statement follows from the fact that if f is irreducible and

fi:M-EImfisnN
is the canonical factorisation of f, then either p is a section or ¢ is a retraction. [

We also have the following result, suggested by the shape of the Auslander-Reiten
quiver of A = (B,(C). We first recall that two algebras A and B are called sta-
bly equivalent if there exists an equivalence of categories between modA/[PA] and
modB/[PB], where [PA] (or [PB]) is the ideal of modA (or modB) generated by
the morphisms of modA (or modB) which factor through a projective A-module (or
B-module, respectively).

PROPOSITION 3.12. Let A be an articulated algebra along two algebras B and C.
Then A is stably equivalent to B x C'.

Proof : We define the map
®: modB x mod(C — modA
(MB7 MIC) — MB (&) MIC
(f:Mpw— Np,g: Mt = N¢.) +— flug\scs ® glm\spc
where Mp \ Scp = ®{L;|L; is an indecomposable direct summand of Mp such that
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L; ¢ Scs} and M¢ \ Spc is defined similarly.
A trivial checking shows that this map yields a well defined functor which is full,
faithful and dense. O

4. Homological properties

In this section, we investigate the homological properties of the articulated algebras.
More precisely, since the classes of laura algebras, left (or right) glued algebras, weakly
shod algebras, shod algebras, quasi-tilted algebras and tilted algebras nowadays play
a crucial role in the representation theory of algebras, it is reasonable to ask when an
articulated algebra belongs to one of those families. In particular, we show that an
articulated algebra A is quasi-tilted if and only if it is A tilted. Moreover, in this case,
A is left and right supported. We observe that no articulated algebra is hereditary
since every non trivial path passing through an articulation point vanishes.

4.1. L4 and R 4. We start with some definitions and notations. Given an artic-
ulated algebra A = (B,C) and S € Spc U Scp, we denote by I'j (or I'%}, or T'2) the
connected component of I'(modA) (or I'(modB), or I'(modC), respectively) contain-
ing S. In addition, given a path of morphisms X ~>Y , we sometimes denote it by
X 7Y (or X 5Y,or X »Y ) to underline the fact that it is a path in indA

(or indB, or indC, respectively). Finally, we say that a path is sectionally refinable
in indA (or indB, or indC) if this path can be refined to a path of irreducible mor-
phisms in indA (or indB, or indC, respectively), and any such refinement is sectional.
The following lemma gives more precision on sectionally refinable paths.

LEMMA 4.1. Let A be an articulated algebra along two algebras B and C' and XY
be two modules in indB (or indC). Let (x) : X ~Y be a path in indB (or indC). If
(%) is sectionally refinable in indA, then it is sectionally refinable in indB (or indC,
respectively).

Proof : We only prove it in the case (x) is a path in indB since the proof for indC
is similar.

Let (x) : X ~ Y be a path in indB which is sectionally refinable in indA. In order to
prove that (x) is sectionally refinable in indB, it suffices to show that any irreducible
refinement of () in indA lies in indB. But this follows from (3.11) and the fact that
there is no non-trivial sectional path between to A-simple modules. O

Following [15], for an artin algebra A, we denote by £4 and R4 the following full
subcategories of indA :

L4 ={X €indA | pdaY <1 for each predecessor Y of X}

Ra ={X €indA | id4Y <1 for each successor Y of X}

The classes £4 and R 4 are respectively called the left part and the right part of
modA. Clearly, £ 4 is closed under predecessors and R 4 is closed under successors.

For the sake of brevity, we refrain from now on from stating the dual of each state-
ment and leave the primal-dual translation to the reader. We recall the following key
lemma:
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LEMMA 4.2. [2, (1.6)] Let A be an artin algebra. Then La consists of the modules
N € indA, such that, if there exists a path in indA from an injective module to N,
then this path is sectionally refinable in indA. O

PROPOSITION 4.3. Let A be an articulated algebra along two algebras B and C.
Then, Lo C LU Lc.

Proof : First, let M € L4 and suppose, without loss of generality, that M € indB.
We show that M € Lg. So, in the spirit of (4.2), assume () : Ip ~5~ M s a path

in indB from an injective B-module Ig to M. We must show that (x) is sectionally
refinable in indB. If Ip is an injective A-module, then (x) is sectionally refinable in
indA (and so in indB by (4.1)) since M € L4. Otherwise, it follows from (3.3) that
I € Sge, so that Ip is a simple injective B-module and that the path (%) is trivial
since it lies in ind B. Hence, M € Lp. Since a similar argument holds when M € indC,
this yields L4 C LU L. O

4.2. Articulated laura algebras. In this section, we present a characterization
of articulated algebras which are laura. Recall from [2] that an algebra A is called a
laura algebra if £4 U R 4 is cofinite in indA. We need the following two lemmata.

LEMMA 4.4. Let A be a laura algebra and assume that T’ is a non-semiregular com-
ponent of I'(modA). Then, for all X,Y €T, the set

MY = {Z € indA | there exists a path X ~ Z ~» Y in indA}

18 finite.

Proof :  Clearly, Mﬁ’y = ,CX’Y UNX(’Y U Rf’y, where ,Cf’y =LaN Mf’y,
RYY =RaNMEPY and NO¥ = MOV \ (L3 URDY). Since the sets £ and
Rf’y are finite by [23, (3.9)] and its dual, and Nf’y is finite since A is laura, then so
. X,y

is M. O

The previous result is well known when A is a quasi-tilted algebra and T is a con-
necting component of I'(modA) since I' is convex, generalized standard and can be
embedded in a translation quiver of the form ZA, where A is a finite and acyclic
quiver. This observation plays a crucial role in the proof of (4.6).

LEMMA 4.5. Assume A is an articulated laura algebra along two algebras B and C.
Then, for each S € Spc U Scp, the component T3, (or 1“*(9;) is a non-semiregular
component of T'(modB) (or T'(modC)), or is such that T5NLp #0 and TENREp # 0
(orTENLc #0 and T2 NRe # 0, respectively).

Proof : We only prove the statement for I's; since the proof for I'? is similar.

Let S € Spc U Scp- If S € Spe, then S is a simple injective B-module, and hence
I'3NRp # 0. To prove our claim, it then suffices to show that I'3 is non-semiregular
when T3 N Lp = 0. Suppose to the contrary that I'2 N Lp = @ and I'} contains no
projective B-module. Then, for all ¢ > 1, there exists a path of irreducible morphisms

TES—)*—)TE_IS—)...—)TBS—)*—)S

where 755 # T]@S when i # j since S is not periodic. In particular, 755 ¢ Lg, and so
it follows from (4.2) that there exists a path

Iw7hS s x—15'S— ... 5 1mS—>%—8
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in indA, where I is an injective B-module. Applying (3.7) and (3.8), this gives a path
I' s Tww1hS—x—15'S ... 9mpS—ax> 5> P

in ind A, where I' is an injective A-module and P’ a projective A-module. In particular,
748, Tng, ...,78S do not belong to £4 UR 4. Since t can be arbitrarily large, this
contradicts the fact that A is laura. Since similar arguments hold when S € S¢p, this
concludes the proof. O

THEOREM 4.6. Let A be an articulated algebra along two algebras B and C. Then A
s laura if and only if:

(i) B and C are laura algebras;
(ii) Spc U Sce C T NTg, where Tp and T are non-semiregular or connecting
components of T'(modB) and T'(modC) respectively.

Proof: Necessity. We only prove the statement for B since the proof for C' is similar.
Assume A is laura and let M be such that M € indB\ (Lp U Rp). Since M ¢ Lp,
there exists by (4.2) a non sectionally refinable path I ~ M in indB, where I is
an indecomposable injective B-module. By (3.8), this path can be extended (maybe
trivially) to a path I' ~ I ~» M in indA, where I' is an indecomposable injective A-
module. Since this path is non sectionally refinable in ind A by (4.1), we infer from (4.2)
that M ¢ L4. Dually, M ¢ Rp implies M ¢ R 4. Consequently, indB \ (L URpg) C
indA\ (L4 UR4), and then B is laura since so is A.
In order to show (ii), we consider two cases:
Firstly, if B is laura not quasi-tilted, then I'}, is the unique non-semiregular component
of I'(modB) for all S € SpcUScp by (4.5) and [2, (4.6)] and (ii) holds. Otherwise, B is
quasi-tilted and it follows from (4.5) and [14, (6.5)] that T'3 is a connecting component
of I'(modB) for each S € Spc U Scp. It remains to show that those components
coincide. Since this is trivial when Spc = 0, Scg = 0 or B is representation-finite,
it suffices to show that B is not concealed whenever Sgc # 0, Scp # 0 and B
is representation-infinite. Suppose to the contrary that B is concealed. In particular
I'(modB) admits a postprojective connecting component I', (2 Scg) and a preinjective
connecting component I';(D Sgc), with '), # I';. Now, choose S € Scp and let (I, f)
be its injective envelope. Clearly f € rady (Ss, I2) and then it follows from [20, (2.1)]
that, for all t > 1, there exists a path

So e S-S g B B gy =1,
in indB, where g4, gt 1,...,91 are irreducible morphisms and h; € rad® (S, Ji).
Therefore, since I'; contains only finitely many 7p-orbits and no cycles, there exists a
t' > 1 such that Jy is a predecessor of Sj, for some S; in Spc. Now, applying |20,
(2.1)] to hy, this yields, for all s > 1, a path of the form

s ks
52=T0£>T2ﬁ>"'L>Ts—>Jt' ~> 51

and so, by (3.7), a path in indA4

IS =Ty 2. fop* 5 5 —p

where [ is an indecomposable injective A-module and P an indecomposable projective
A-module. But then, since I', has only finitely many 7p-orbits and s can be arbitrarily
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large, this gives arbitrarily many modules in indA which, by (4.2) do not belong to
L4 URA, a contradiction. Therefore, B is not concealed and the necessity is proven.

Sufficiency. Assume that B and C satisfy the conditions of the statement, and that
M € indA\ (L4 UR4). Moreover, assume, without loss of generality, that M € indB.
Then, there are three possible situations:

First, if M € Lp \ RB, then there exists a projective B-module and a non sectionally
refinable path M ~» P in indB. On the other hand, since M € Lp but M ¢ L4,
there exists a non sectionally refinable path I ~ M in indA, where I is an injective
A-module. Applying (3.11) this gives a path S ~» M in indB for some S2 € S¢g,
and so a path Sz ~» M ~» P in indB. This means, in the notation of (4.4), that
M e M3P. Secondly, if M € Rp \ Lp, then dually M € M5, where I is an
injective B-module and S; € Spe. Thirdly, it is possible that M ¢ Lp U Rp.

Thus, since the situation is similar when M € indC, we obtain, by (4.4) and the
assumption that B and C are laura algebras, that indA \ (L4 UR4) is contained in a
finite union of finite sets, saying that A is laura. O

4.3. Left and right glued articulated algebras. We now investigate the case
where an articulated algebra is left or right glued. We recall (see [2, (2.2)]) that an
algebra A is left glued if and only if indA4 \ R 4 is finite. We characterize dually the
right glued algebras. In particular, any left or right glued algebra is laura. Moreover,
a connected component I' of I'(modA) is called a m-component [10] if (i) almost all
modules in T lie in the 7-orbit of a projective module; and (ii) at most finitely many
modules in I" belong to cycles. Then, it follows from [1] that if A is a left glued algebra,
then a component I" of I'(modA) is a w-component if and only if it contains projective
modules. We refer the reader to [1] for more details on those families of algebras.

COROLLARY 4.7. Let A be an articulated algebra along two algebras B and C. Then
A is left glued if and only if:

(i) B and C are left glued algebras;
(i) Spc U Sce CI'sNT¢, where I'p and T'¢ are w-components of T'(modB) and
T'(modC) respectively.

Proof: Necessity. We only prove the statement for B since the proof for C' is similar.
Assume A is left glued and let M be such that M € indB\Rp. Since R4 C RgURc,
this means that M ¢ R4 or M € R¢, that is M € indA\ R4, or M € indBNindC =
Spc U Scp. Hence, indB \ Rp C (indA \ R4) U (Spc U Sce), and so B is left glued.
Now, by (4.6), Spc U Scs C I'p, where I'g is a non-semiregular or a connecting
component of T'(modB). We claim that T'g is a m-component of I'(modB), that is
I'p contains projective B-modules. Indeed, let S € Spc U S¢p. First, if S € Sep,
then S is a simple projective B-module and there is nothing to show since T'p = I'3.
Otherwise, assume S € Spc but Tg(= I'}y) contains no projective B-modules. Then,
for all ¢t > 1, there is a path of irreducible morphisms of the form

ThS wx =71 'S 5 .5 71aS 5 x— S

where 745 # TZ;S whenever ¢ # j since S is not periodic. But then, since this path
can be right-extended to a path from S to a projective A-module by (3.7), this implies
that 745 ¢ R4 for all i such that 1 <4 < ¢. Since ¢ can be arbitrarily large, this
contradicts the fact that A is left glued. Therefore, I'p contains projective modules
and hence is a 7-component of ['(modB). This proves the necessity.
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Sufficiency. First observe that A is a laura algebra by (4.6) since I's and T'¢ are
non-semiregular or connecting components of T'(modB) and I'(modC) respectively by
[1]. We now prove that A is left glued by showing that the set ind A\ R 4 lies in a finite
union of finite sets. So, assume M € indA \ R4 and, without loss of generality, that
M €indB. If M ¢ Rp, then M € indB\Rp which is a finite set. Otherwise, M € Rp
and, since M ¢ R4 by assumption, there exists by the dual of (4.2) a non sectionally
refinable path (%) : M ~» P in indA, where P is a projective A-module, which is not
a path in indB (otherwise this path would be sectionally refinable since M € Rp).
Following (3.11), this path can be refined to a path of the form M 3 S1 ~P,

where S1 € Spc and the path A 5 S; is a path in indB. Moreover, let P’ be an

indecomposable direct summand of the projective cover of Mp. Using the fact that
any m-component is closed under predecessors by [9, (1.2)] and [23, (1.1)], this implies
that P’ € Tg(= T'y). This means M € Mg’sl, which is a finite set by (4.4). Since
the situation is similar when M € indC, this gives that indA \ R4 is contained in a
finite union of finite sets, and therefore A is left glued. O

4.4. Weakly shod articulated algebras. Another specific family of laura al-
gebras is the one of weakly shod algebras introduced in [13] (see also [12]). Recall
that, following [2, (4.8)] and [13, (2.5)], an algebra A is weakly shod if A is a laura
algebra such that any indecomposable module lying in a non-semiregular component
of T'(modA) (which is unique if it exists) is directing.

This leads to the following characterization of articulated weakly shod algebras.

COROLLARY 4.8. Let A be an articulated algebra along two algebras B and C. Then
A is weakly shod if and only if:

(i) B and C are weakly shod algebras;
(ii) SpcUScp C TpNT¢, where T'p and T'¢ are non-semiregular or connecting
components of T'(modB) and T'(modC) respectively;
(iii) Each module in Spc U Scp is directing.

Proof : Necessity. We only prove the statement for B since the proof for C' is similar.
Assume A weakly shod. First, by (4.6), the condition (i) holds and B is a laura
algebra, and therefore weakly shod since any non-semiregular component of I'(mod B)
is embedded in a non-semiregular component of I'(modA). This means that (i) also
holds. Finally, (iii) clearly holds since if S € Spc U Scg, then I'] is non-semiregular
by (3.7).

Sufficiency. Since A is a laura algebra by (4.6), let Ty = I'g U ¢ be the unique
non-semiregular component of I'(modA) and assume it contains a module X lying on
a cycle ¢ in indA. Without loss of generality, assume X € I'g. Since B is weakly
shod and I'p is a connecting or a non-semiregular component of I'(modB) (that is a
directed component), the cycle § is not a cycle in indB. Consequently, (3.11) yields
that § can be refined to a path of the form X ~» S; ~ Sy ~ X for some S; € Sgc
and Sy € S¢g, a contradiction to (iii). Since the same contradiction holds when X is
in ', we infer that A is weakly shod. O

4.5. Shod articulated algebras. The next step in the study of laura algebras is
the investigation of shod algebras, introduced in [11] as a generalization of quasi-tilted
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algebras. Recall that an algebra A is called shod if it satisfies one of the following
equivalent conditions :

(i) L4UR4 = indA4;

(ii) Any path from an indecomposable injective module to an indecomposable pro-
jective module can be refined to a path of irreducible maps, any such refinement
has at most two hooks, and, in case there are two, they are consecutive.

Although this definition shows that shod algebras appear in a very natural way,
condition (ii) also underlines that shod algebras can be hard to manage in an elegant
manner. For this reason, we say that a path (x) : X ~» Y in indA is shod if the
condition (ii) holds for (x), that is if (%) can be refined to a path of irreducible maps,
any such refinement has at most two hooks, and, in case there are two, they are
consecutive. In particular, this means that an algebra A is shod if and only if each
path in indA from an injective module to a projective module is shod. Then we get
the following characterization of shod articulated algebras.

PROPOSITION 4.9. Let A be an articulated algebra along two algebras B and C. Then
A is shod if and only if:

(i) B and C are shod algebras;
(ii) Fach S1 € Spc satisfies at least one of the following conditions:

(a) S1 € Lp and any path S; ~ Pc or S; ~ Sa2, where Po is a projective
C-module and Ss € Scp is shod. Moreover, in the latter case, So € Rp
and there is no path from Ss to a module in Spo;

(b) S1 € Re, any path Ig ~~ S, where Ig is an injective B-module, is shod
and there is no path from Sy to a module in Sgp.

(iii) FEach Ss € Spo satisfies at least one of the following conditions:

(a) Sy € Lo and any path So ~ Pg or Sy ~ S1, where Pg is a projective
B-module and S € Spc is shod. Moreover, in the latter case, S1 € R¢
and there is no path from Si to a module in Scp;

(b) S2 € Rp, any path Ic ~ S2, where Ic is an injective C-module, is shod
and there is no path from Sy to a module in Spc.

Proof : Necessity. (i). Since any path in indB is a path in indA, then it is easily
seen that B is shod. Similarly, C is shod.

We now only prove (ii) since the proof of (iii) is similar.

Let S1 € Spc. We first show that S; € Lp U R¢. In fact, if S; ¢ Lp U R,
then it follows from (4.2) and its dual that there exist non sectionally refinable paths

Ip %25, and S %S P, in indA, and hence a path Iy 28, %< P, in indA
which is not shod. Since this path can be extended to a path in indA from an injective
A-module to a projective A-module by (3.8) and its dual, this contradicts the fact that
A is shod. Consequently, S; € Lp U Rc¢.

We claim that if S; € Lp, then S; satisfies the condition (ii)(a). Indeed, assume
S1 € Lp and let () be a path of the form S; ~» P, where P¢ is a projective C-
module, or of the form S; ~» Sz, where S» € Scop. In both cases, the path (x) is
shod since it can be extended by (3.7) and (3.8) to a path from an injective A-module
to a projective A-module and A is shod. Moreover, in the latter case, if So ¢ RBp,
then by (4.2) there exists a non sectionally refinable path Sy ~» Pg in indB, where

Pg is a projective B-module. This yields a non shod path S (j)> Sy ~> Pp in indA
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(since (*) cannot be sectional) which is a contradiction by (3.7). Therefore S; satisfies
condition (ii)(a).

There remains to show that if S; € R¢ \ Lp, then S; satisfies the condition (ii)(b).
The first part easily follows from (3.7) and the fact that A is shod. On the other hand,
assume there exists a path S; ~ Sy in indA, where Sy € Scp. Since S; ¢ Lp by
assumption, there exists a non sectionally refinable path Ig ~ S; in indB (and hence
in indA by (4.1)). This yields a non shod path Ig ~ S; ~ Sy in ind A, which, again,
yields a contradiction to (3.7). This proves the necessity.

Sufficiency. We prove that A is shod by showing that any path in indA from an
injective A-module to a projective A-module is shod. So, let (%) : I4 ~» P4 be such a
path. If any refinement of (x) either lies in indB or in indC, then (%) is shod since B
and C are shod algebras. Otherwise, there are two cases to consider.

If I4,P4 € indB, then any refinement of (x) either lies in indB or is of the form

I 2L S1 %2 So % P4 for some S; € Spc and Sy € Scp, where we can assume
that ¢1 and ¢3 are paths in indB. Since S; clearly does not satisfy condition (ii)(a),
it follows from the assumption that it satisfies condition (ii)(b). This implies that ¢;
and ¢- are sectionally refinable while ¢5 is shod and hence so is (). Similarly, (x) is
shod when T4, P4 € indC.

We now study the case where T4 and P4 do not simultaneously belong to indB or
indC. Without loss of generality, we can assume I4 € indB and P4 € indC. In this

case, any refinement of (x) is of the form I, v S1 vz P, for some S; € Spo and
where we can assume that v; is a path in indB. Then, if S; satisfies the condition
(ii)(a), 91 is sectionally refinable (since S; € £Lp) and 95 is shod, and hence so is ().
Otherwise, if S; satisfies the condition (ii)(b), then 4 is shod by assumption while
any refinement of v, is a path indC' (if this is not the case, there would exist a path
from S; to a module in S¢g). But then, since S; € R¢, v is sectionally refinable in
indA, and then the composed path (x) is shod. Consequently, A is shod. O

COROLLARY 4.10. Let A be an articulated algebra along two algebras B and C.

(i) If Sec € L URc, then A is not shod.
(i) If Sep € Lo URp, then A is not shod. O

4.6. Quasi-tilted and tilted articulated algebras. We finish our study of
laura articulated algebras with the class of quasi-tilted algebras introduced by Happel-
Reiten-Smalg [15]. In particular, we see that an articulated algebra is quasi-tilted if
and only if it is tilted. Moreover, in this case, the algebra is left and right supported
(see [3])-

THEOREM 4.11. Let A be an articulated algebra along two algebras B and C. Then
A is quasi-tilted if and only if:

(i) B and C are quasi-tilted;
(ii) Spc CLeNR¢ and Scp C Lo NRE;
(iii) There is no non-trivial path in indA between two modules in Spc U Scp.

Proof : Necessity. (i). It is an easy consequence of (4.3) and (3.3) that any inde-
composable projective B-module (or C-module) belongs to Lp (or L¢, respectively).
By [15, (I1.1.14)], B and C are quasi-tilted algebras.

(i1). We only prove Sgc C L N R¢ since the proof of Sgp C Lo N Rp is similar.
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Let S € Spc. If S ¢ Lp, then there is a non sectionally refinable path | %S in

indB, where I is an injective B-module. In particular I ¢ Spc U Scp, and then [ is
an injective A-module by (3.3). Since this path can be extended from I to a projective
A-module by (3.7), this contradicts the fact that A is quasi-tilted by [15, (II.1.14)].
Thus S € Lp and, dually, S € R¢.

(iii). Clearly, it suffices to show that there is no path in indA of the form S; ~» Sy or
Sy ~» Sy, where S; € Spc and S € Scp. Assume to the contrary that (x) is such
a path. By Schur’s lemma, (*) is not sectionally refinable. Since this path can be
extended to a path from an injective A-module to a projective A-module by (3.7), this
contradicts the fact that A is quasi-tilted by [15, (II.1.14)]. Hence no such path exists
and the necessity is proven.

Sufficiency. Assume (x) : I4 ~ P4 is a path in ind A from an injective to a projective.
First, if I4 and P4 simultaneously belong to indB (or indC), then it follows from
(iv) that any refinement of (x) is a path in indB (or indC). Therefore, this path is
sectionally refinable since B (or C, respectively) is quasi-tilted. On the other hand,
if I4 € indB and P4 € indC, then any irreducible refinement of (x) is of the form

14 %25, %5 P, , where ¢ is a path in indB, ¢¢ is a path in indC and S; € Spe.
But then, since S; € LgNR¢ by assumption, the paths ¢ and ¢¢ are both sectionally
refinable by (4.2), and hence so is (). Since the situation is similar if I4 € indC and
Py € indB, then (x) is sectionally refinable. This implies that A is quasi-tilted by [15,
(IL1.14)]. O

We get the following results as easy corollaries of the above theorem and [23, (3.8)]
(see also [3]). We refer the reader to [4] for more details on left and right supported
algebras.

COROLLARY 4.12. Let A be a quasi-tilted articulated algebra along two algebras B
and C.

(i) If Sgc # 0, then B is a left supported tilted algebra, C is a right supported
tilted algebra and A is a left and right supported algebra which is not concealed.
(ii) If Scp # 0, then B is a right supported tilted algebra, C is a left supported
tilted algebra and A is a left and right supported algebra which is not concealed.

(iil) Moreover, if Spc # 0 and Scp # 0, then B and C are not concealed. O

COROLLARY 4.13. Let A be an articulated algebra along two algebras B and C. Then
A is quasi-tilted if and only if A is tilted not concealed. Moreover, in this case, A is
left and right supported. O

COROLLARY 4.14. Let A be an articulated algebra along two algebras B and C. Then
A is quasi-tilted if and only if A is tilted and T'(modA) has a unique non-semiregular
connecting component. O

EXAMPLE 4.15. Let A be the radical square zero algebra given by the quiver

8 —=9=<—10

2 16
/N ) /! AN PN

1——=3=Z4—-5=>6=T7—>11>12=13<=14=15<17=<=18=19=<=20=<21

Then I'(modA) has the form illustrated in Fig.2: where we identify the two copies of
Ss, S5 and Syg, respectively. We have the following:
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Let A; be the full subcategory generated by the set of points {3, 4, 5,6, 7}, whose
Auslander-Reiten quiver is shown in Fig.2. It is easily seen that A; = (B, C1),
where B; and C; are respectively the full subcategories generated by the sets
of points {3,4} and {4, 5,6, 7}. Here A is laura but not weakly shod (since the
unique non-semiregular component contains cycles).

Let A, be the full subcategory generated by the set of points {1,2,3,4}, whose
Auslander-Reiten quiver is explicited in Fig.2. Then A, = (Bs, (), where By
and Cs are respectively the full subcategories generated by the sets of points
{1,2,3} and {3,4}. Clearly, A, is right glued but not weakly shod.

Let Az be the full subcategory generated by the set of points
{14,15,16,17,18,19}, whose Auslander-Reiten quiver is shown in Fig.2. Then
Az = (B3, C3), where Bs and Cj5 are respectively the full subcategories gener-
ated by the sets of points {14,15} and {15,16,17,18,19}. It is easily seen that
Az is weakly shod, but not shod since the path I14 — S5 = Pi7 — L5 —
516 — Pig = I — 518 — Pyg is not shod (see Section 45)

Let A4 be the full subcategory generated by the set of points {18,19, 20,21},
whose Auslander-Reiten quiver is explicited in Fig.2. It is easily seen that A4 =
(B4, C4), where By and Cy are respectively the full subcategories generated by
the sets of points {18,19} and {19, 20,21}, which is shod, but not quasi-tilted by
[15, (I1.1.14)] since the path I1g — Si19 = Pag — S20 — P21 is not sectionally
refinable.

Let As; be the full subcategory generated by the set of points
{7,8,9,10,11,12,13,14}, whose Auslander-Reiten quiver is shown in Fig.2.
Then Ay = (Bs,Cs), where B; and Cj are respectively the full subcategories
generated by the sets of points {7,8,9,10,11} and {10,11,12,13,14}. In partic-
ular, the articulation (Bj, C5) is not unidirectional. Then it is an easy checking
that As is quasi-tilted.

4.7. Global dimension of articulated algebras. The shape of the Auslander-
Reiten quiver of an articulated algebra (see Section 3) also gives information on the
global dimension gl.dim.A of an articulated algebra A.
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We recall that a module I is called hereditary injective if every quotient of I”,
for some r > 0, is an injective module.

PROPOSITION 4.16. Let A be an articulated algebra along two algebras B and C.

(i) sup{gl.dim.B, gl.dim.C} < gl.dim.A4;

(ii) If A = (B,C) is unidirectional, with Scp = 0, then there exists a ring iso-
B 0
M C
gldim.A < gl.dim.B + gl.dim.C.

morphism A = , with Mp an hereditary injective B-module, and

Proof : (i). Let M be an indecomposable A-module and assume, without loss of
generality, that M belongs to ind B. We claim that dpgM < dp4M. Of course, there
is nothing to prove if dp4 M = oo or if M is a projective B-module. Otherwise, assume
dpaM =n < oo and let

(**) 0 Pn o) Pnfl a2 st d P1 4 PO do M 0
be a minimal projective resolution of M in modA, and take K; = Kerd; for all 4 > 0.
Clearly, if P; is a B-module for all i > 0, then (xx) is a projective resolution of M in
modB and dpaM < dpgM. Otherwise, let [ be the smallest integer ¢ such that P;yq
is not a B-module : Py is a B-module by (3.3) and (3.11). The minimality of (xx)
implies that K; = S; @ L;, where S; € add(S¢p) and L; € modB \ modC'. Moreover,
dpaS; = n — I by dimension shifting. Therefore, if

Ay dp_s d} do
0 Qn-1 Qn-1-1 aE Qo Sy 0
is a minimal projective resolution of S; in modA, we obtain an exact sequence
1! Ul
) 0 B Mo pay B pa W
Qn—1 Qn-1-1 Q1

PoL; d;,—l dy do

o e P Py M 0

where the second line is an exact sequence in modB in which all the modules (apart
from M) are projective in modB. Applying repeatedly this process to (x), one obtains a
projective resolution of M in mod B of length smaller or equal ton = dp 4 M. Therefore,
dppM < dp4M. Since the same argument holds in case M belongs to indC', this shows
that sup{gl.dim.B, gl.dim.C'} < gl.dim.A.

(ii). Assume that the articulation A = (B, () is unidirectional with Scp = (. By
(3.1) and (3.11), indB is a full subcategory of ind A which is closed under predecessors.
Therefore, since the inclusion functor modB < modA is exact, it follows from [5,
B 0
M C
injective B-module, and gl.dim.B = sup{pd4X | X € modB}. To finish the proof,
there remains to show that, for any indecomposable C-module X which is not a B-
module, we have dpsX < dp,X + gl.dim.B. So let X be such a module and

(2.5)] that there exists a ring isomorphism A = ), with Mp an hereditary

dp— dp—
(+x) 0 PP I -2 p 2o x 0

be a minimal projective resolution of X in modC (of course one can assume that
dpcX = n < oo since otherwise there is nothing to prove), and take K; = Kerd; for
all i > 0. Clearly, if P; is an A-module for all 4, then (xx) is a projective resolution of
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X in modA and dpa X = dpoX < dpoX + gl.dim.B. Otherwise, let [ be the smallest
integer 4 such that P;yq is not a projective A-module : P is a projective A-module
since X ¢ Spc by assumption. The minimality of (xx) implies that K; = S; & L,
where S; € add(Sp¢) and L; € modC \ modB. Moreover, dpsaS; = m < gl.dim.B.
Therefore, if

d, dy,_o d} dg

00— Qm —=> Qm-1 Qo

S 0

is a minimal projective resolution of S; in modA, we obtain an exact sequence

d;+m dln+2 dln+1
(*) 0 Qm Tt Qn—l+2 > Pn © Qn—l—i—l —_—
d, diyo P d; di—1
n ) 1
Pn—l ® Qn—l te H—‘lsl Qo -Pl
d1 dO
P Py X 0

of length ¢, with ¢ < I + gl.dim.B, and where Qm, ..., Qn_t42,..., 2229 B .. R
are all projective A-modules. Applying repeatedly this process to (x), one obtains a
projective resolution of X in modA of length smaller or equal to dpg X + gl.dim.B <

gl.dim.C + gl.dim.B. O

The bounds given in the above proposition are the best possible. Indeed, if we
refer to (4.15), it is easily seen that sup{gl.dim.Bs, gl.dim.C5} = 2 = gl.dim.A5 while
gldim.44 = 3 = gl.dim.B; + gl.dim.Cy. This also shows that the converse of (ii)
does not hold since the articulation Ay = (B4, C4) is not unidirectional. Finally, (ii)
fails to be true in general : indeed, let A be the radical square algebra given by the

quiver 1 <—a>_ 2 then A = (B,(C), where B and C are the algebras given by the
B

quivers 1 —>=2 and 1 ~5 2 respectively. Here, gl.dim.B + gl.dim.C' = 2, while
gl.dim.A = oo.
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