NAKAYAMA ORIENTED PULLBACKS AND STABLY
HEREDITARY ALGEBRAS

JESSICA LEVESQUE

ABsTrRACT. We introduce a new class of algebras, the Nakayama oriented
pullbacks, obtained from pullbacks of surjective morphisms of algebras A — C
and B — C. We prove that such a pullback is tilted when A and B are
hereditary. We also show that stably hereditary algebras respecting the clock
condition are Nakayama oriented pullbacks, and we use results about these
pullbacks to show when is a stably hereditary algebra tilted or iterated tilted.

INTRODUCTION.

Pullbacks of rings and algebras have been studied from many points of view (see,
for instance, [1, 8, 16, 17, 22, 25]), but not from the tilting point of view. In this
paper, we consider a particular class of pullbacks of algebras over an algebraically
closed field K, the Nakayama oriented pullbacks. These are pullbacks of surjective
morphisms of algebras A - C' and B — C with C a hereditary Nakayama algebra.
We construct a tilting module T over this kind of pullback, and we compute the
endomorphism algebra EndT" of this module when B is hereditary (see 2.4.6). A
first consequence of this result is the principal theorem of this paper:

Theorem . Let R be a Nakayama oriented pullback of K -algebra surjective mor-
phisms A - C and B — C. Suppose that A and B are hereditary. Then R is
tilted.

On the other hand, we show that a stably hereditary algebra respecting the
clock condition, that is, the number of clockwise oriented relations on each cycle of
its bound quiver equals the number of counterclockwise oriented relations, can be
expressed as a Nakayama oriented pullback. As a second consequence of 2.4.6 we
give a new proof of theorem 2.6 of [19].

This paper consists of three sections. The first is devoted to preliminaries, the
second to Nakayama oriented pullbacks, and the third to stably hereditary algebras.

1. PRELIMINARIES

1.1. Notation. All algebras in this paper are basic, associative, finite dimensional
algebras with identities over a fixed algebraically closed field K, and all modules
are finitely generated right modules. For an algebra A, we denote by mod A its
module category, by ind A a full subcategory of mod A consisting of a complete set
of representatives of the isomorphism classes of indecomposable objects in mod A,
and by proj A the full subcategory of ind A consisting of the projective objects.
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Given an A-module M, we denote by pd M its projective dimension and by id M
its injective dimension.

We recall that a quiver @ is defined by a set of points Qp and a set of arrows
@1. A relation from x € Qg to y € Qo is a linear combination of paths from z to
y of length at least two. Let K@ be the path algebra of @, and let I denote the
ideal of K@ generated by a set of relations; then the pair (@), I) is called a bound
quiver. A relation p = Y/" | \jw; in I (where the \; are non-zero scalars and the
w; are paths) with m > 2 is called minimal if there is no proper non-empty subset
J C {1,...,m} such that ) ; A\;w; is also a relation in I, and is called monomial
or zero-relation if it equals a path (m = 1). We say that a monomial relation is
of minimal length if it does not contain a proper subpath which is also in I. It
is well-known that if A is a basic and connected finite dimensional K-algebra, then
there exists a connected bound quiver (Q4,I) such that A= KQa/I (see [5]). For
a point a in the quiver of A, we denote by P(a) the corresponding indecomposable
projective A-module, and by I(a) the corresponding indecomposable injective A-
module. Given an A-module M, we denote by Supp M the full bound subquiver
of Q4 generated by the points a such that Hom4(P(a), M) # 0. We say that A is
triangular whenever its quiver () 4 has no oriented cycles.

For an arrow a of ), we denote by s(a) its source, by t(a) its target and by a~*
its formal inverse of source s(a~!) = t(a) and of target t(a~!) = s(a). A walk in
@ is a sequence w = c;...c, with ¢; an arrow or the formal inverse of an arrow such
that ¢(c;) = s(ci+1) for all ¢ such that 1 <i < n. A walk w in @ is called reduced
if w=c¢y...cp, with ¢; # c;rll for all ¢ such that 1 < ¢ < n. It is called a non-zero
walk if it does not contain any zero-relation. Finally, a reduced walk is called a
double-zero if it contains exactly two zero-relations, and moreover, they point in
the same direction in w. The double-zero has been used for the classification of
tilted and quasi-tilted special biserial algebras, string algebras and gentle algebras
2, 7, 13, 14, 15, 18].

For general properties of the category mod A of finitely generated right A-
modules, we refer the reader to [5, 23]. For tilting theory, tilted and iterated tilted
algebras, we refer the reader to [3, 10, 12, 23|. Throughout this paper, we assume
all the tilting modules to be multiplicity-free.

1.2. The Bound Quiver of a Pullback. Let A = KQ4/I4 and B = KQg/Ip
be bound quiver algebras, and let Q)¢ be a subquiver of @4 and Qg such that

i) every connected component of Q¢ is full and convex in Q4 and @ p,

ii) the restrictions of I4 and Ip to KQ¢ are the same (that is, Ia N KQ¢ =
IsNKQc)-

We denote I4 NKQc =IgNKQc by Ic. Let ec = ZiG(Qc)o e; be the identity of
C. Then C = KQ¢/Ic = ecAec = ecBec is a common quotient of A and B.

We have the canonical projections

fa: A — c , fB: B —» c
a > ecaec b — ecbec
which are well defined since every connected component of Q)¢ is full and convex in
Qa4 and Qp. The algebra R = {(a, b) € A x B | ecaec = ecbec} is the pullback
of fa and fp. The following lemma describes the bound quiver of R in terms of
the bound quivers of A, B and C. Similar descriptions are done in [16] and [17].
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Lemma 1.2.1. Let R be the pullback of fa and fp. Let Qr = Qa llg, @B be
the pushout of the inclusion morphisms Qc — Qa and Qc — Qp, and Ig =
Iy + Ig+ < p > with p the set of paths v of Qg such that v = [f1v' e with v' a
path, and

B € (Qa)1\(Qc)1 and fa € (QB)1\(Qo):

or
B1 € (@p)1\(Qc)1 and P2 € (Qa)1\(Qco):1-
Then R = KQR/IR

Moreover, Qa, Qp and Q¢ are conver in QR.

Proof. Let R' = KQgr/Ir. Let e4 = ZGE(QA)O e, and ep = ZbE(QB)o ep be the
identities of A and B respectively.

Cousider the following map:

¢: R — R
x +— (eawea, eprep) .

Then @ is well defined. Indeed, ec(eazes)ec = ecxec = ec(epzep)ec, and
®(Ir) = 0 since by hypothesis no path of p is a path of Q4 or of @ .

It is straightforward to verify that ® is a K-algebra isomorphism. The last
statement follows easily from the structure of (Qg, Ir) and the convexity of the
connected components of Q¢ in Q4 and Qp. O

Example 1.2.2. Suppose that we have

8
A
(Qa, 1) = I\*7—>5—>4 ) (Qc, Ic) = 7—>5—=4
4
6
2—1
and (Qp, Ip) = 7T—5—4_ _ _ 7~
3

Then the bound quiver of the pullback R of the canonical projections of KQa/Ia
and KQp/Ip over KQc¢/I¢ is

8§ — =~~~ — - 9]
AN\

(Qr, Ir) = W\§7—>5—>4/j/ g
6‘//\ N \3

Since @ 4, @p and Q¢ are full and convex in Q g, it is easily seen that every inde-
composable A-module, B-module or C-module has a natural R-module structure.
Therefore, from now on, when we have an R-module that is isomorphic to a A, B
or C-module, we will refer to it as a A, B or C-module. We can assume without
loss of generality that ind C' is contained in ind A and in ind B and similarly that
ind A and ind B are contained in ind R.
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2. NAKAYAMA ORIENTED PULLBACKS

In this section we study a particular type of pullback R of K-algebras morphisms
A —» C and B — C. We show that the Auslander-Reiten quiver of this kind of
pullback has very nice properties, and we construct a tilting R-module from tilting
modules over A, B and C'. Finally, we conclude that R is tilted when A and B are
hereditary.

2.1. Bound Quiver.

Definition 2.1.1. Let R = KQg/Ir be the pullback of the K-algebra surjective
morphisms fqa : A - C and fg : B — C as seen in 1.2. We say that R is a
Nakayama oriented pullback if its bound quiver (Qr, Ir) satisfies the following
conditions:

(1) There is no path from (Qc)o to (Qa)o\(Qc)o and from (Qp)o\(Qc)o to
(Qc)o in Qr.

(ii) C is a hereditary Nakayama algebra and the connected components Qc,, Qc,,
.., Qc, of Q¢ are of the form Qc, = a;, ¢, = Qi ¢, —1 = - = Q3 = Qj,2 =
a;,1 with1 <i<r andt; > 1.

(ii1) In Qc¢, only sources are target of arrows of (Q4)1\(Qc)1, and only sinks are

sources of arrows of (Qp)1\(Qc):-

(iv) No minimal (or of minimal length) relation of R has its origin in (Qc¢)o-

The last condition ensures that the projective dimension of C' as a B-module
(and so as an R-module) is at most one. This is a necessary condition for the
existence of a tilting C-module that is also a partial tilting B-module. We need
such a module to construct a tilting R-module in 2.3. (The first three conditions
imply that C is always a projective A-module.)

For the remainder of this section, we suppose that R is a Nakayama oriented
pullback of the surjective morphisms f4 : A - C and fp : B — C, and we use the
notations of the definition 2.1.1.

Remarks 2.1.2. These conditions and 1.2.1 imply that:

(i) For all i € (Qa)o, I(i)ea = I(3),

(ii) For all j € (@)oo, P(j)es = P(j),
(iii) For all i € (Qa)o \(Qc)o, P(i)ea = P(i),
(iv) For all j € (@B)o\(Qc)o, I(j)es = I(j).

Examples 2.1.3. (1) In 1.2.2, condition (i) of 2.1.1 is not satisfied since there is
an arrow from 7 to 6, whereas 7 € (Q¢)o and 6 € (Q4)o\(Qc)o-

(2) All conditions of 2.1.1 are satisfied in the following case:
\ /
Qa= 5—=4—3> Qp = 5—4—3 ’
/ \

Qc = S5——=4——>3
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and (Qr,IR) =

2.2. Auslander-Reiten Quiver. The category of modules mod R of a Nakayama
oriented pullback R has a particular structure: every indecomposable R-module
is isomorphic to an A- or to a B-module, and I'g is the pushout of the inclusion
morphisms I'c < I'y and I'c — I'p (see 2.2.4 below).

This first lemma is essentially due to Igusa, Platzeck, Todorov and Zacharia (see
[16], Lemma 3.5). This result is given in a context where A, B and C are connected,
but this condition is not necessary. So the result and the proof are the same in our
context.

Lemma 2.2.1. [16] indR = indA U indB and indA N indB = indC. O

The next result follows easily from the proof of 2.2.1 (see [16]).

Corollary 2.2.2. Let M € indA\indC. Then top M € mod A\ mod C. Dually, let
N € indB\indC. Then soc M € mod B\modC. O

The following results allow us to describe the structure of the Auslander-Reiten
quiver of R. We recall that v denotes the Nakayama functor and 7 denotes the
Auslander-Reiten translation.

Lemma 2.2.3.

(1) Let M € indA be an A-module that is not A-projective. Then TrM = 74 M.
(ii) Let M € ind B be a B-module that is not B-injective. Then 7'M = 75" M.
(iii) Let M € ind C be a C-module that is not C-projective. Then TeM = 7« M.
(iv) Let M € indC be a C-module that is not C-injective. Then 7'M = 7' M.
(v) Let M € ind A be a projective A-module that is not R-projective. Then T M =

TBM.
(vi) Let M € indB be an injective B-module that is not R-injective. Then
TR'M =T M.

Proof. (i) Since M is not A-projective, it cannot be R-projective.

Let P, - Py - M — 0 be a minimal projective presentation of M in mod R. By
2.2.2 and condition (i) of 2.1.1, we have Py = €D,z (e; )™ and P1 = @, 5 (e; R)™
with Z C (Qa)o and J C (Qa)o (if M € indC, this follows from the fact that
since M is not A-projective, it is not C-projective, and so the top of the kernel of
Py - M — 0is in mod C).

Then

Pl = P(ejRea)™ — Py = PleiRes)™ — M — 0
jeJ i€l
is a minimal projective presentation of M in mod A. So we have the following exact
sequences:

0 - TsM — vrP, — vpFPy in modR
and 0 — 74aM — wvaPl — v4P] in modA.
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By 2.1.2 (i) we have

vrPo = vr(@icreil™) = @iz ()" = Dier 1(0)%°
and vrP = ve(@;cse;R™) = @ier 1G)E = Bier 10)Y
Since these isomorphisms are functorial, we have TR M = 74 M.

(ii) Dual of the proof of (i), using 2.1.2 (ii).

(iii) Follows from (i), by setting Q4 = Q¢ (and so B = R).

(iv) Follows from (ii), by setting @p = Q¢ (and so A = R).

(v) Let M be an indecomposable A-module which is A-projective but not R-
projective. Then M = P(i)es with i € (Q¢)o. Therefore M has a non-projective
B-module structure. Therefore there exists an indecomposable B-module M’ such
that M = r5'M'. But it follows from (ii) that 75'M' = ' M'. So TR M =
TR(TR'M") 2 M' = (15" M') 2 75 M.

(vi) Similar to the proof of (v). O

IJAP(;
IJAP{ .

1R

It follows from this lemma that 74 and 75 are defined in the same way over the
common objects of ind A and ind B, which are the modules in ind C'. Also, we see
that 7 is defined for all modules in ind A and ind B. Since ind R = ind AU ind B
and ind C' = ind A Nind B, we naturally have the following corollary.

Corollary 2.2.4. The Auslander-Reiten quiver I'p is the pushout of the quiver
inclusions I'c — 'y and T'c — I'p with Tr completely determined by 74 and 1.

Proof. By 2.2.1, we know that ind R =ind AUind B and ind ANind B =ind C. It
follows from 2.2.3 (iii) and (iv) that I'c is a full subquiver of I'4y and I'p, and by
2.2.3 (i) and (ii) that I'y and I'p are full subquivers of I'g.

The definition of 7 follows directly from 2.2.3.

It is now easy to see that I'r = I'y LIy, I'g, which completes the proof. O

2.3. Tilting Module. In this subsection, we construct a tilting module over R
using tilting modules over C', A and B. More precisely, we first take a tilting C-
module 7", which we complete to a tilting A-module T = N $T" and to a tilting
B-module 7" = N' & T". Here, we see the importance of the condition stating that
there is no minimal relation of R that has its origin in Q¢ (2.1.1 (iv)); without this
condition the existence of a module like 7" is not ensured.

Solet T'= NoT" and T' = N'®T" be tilting modules over A and B respectively,
with T" tilting over C.

Lemma 2.3.1. Every indecomposable direct summand of N is in ind A\ ind C, and
every indecomposable direct summand of N' is in ind B\ ind C.

Proof. Since T" is tilting over C, it has ¢ isomorphism classes of indecomposable
summands, and their dimension vectors form a basis of Ko(C) (see [12], Proposition
3.2). If N has an indecomposable summand in ind C, its dimension vector is a linear
combination of the ¢ dimension vectors of the indecomposable summands of T"; it
gives ¢t + 1 linearly dependent dimension vectors in Ko(C), and so in Ko(R), a
contradiction. Therefore every indecomposable summand of N is in ind A\ ind C.
Similarly, every indecomposable summand of N’ is in ind B\ind C. O

Recall that Q¢ has r connected components of type A,,, and KQ¢ is a hereditary
Nakayama algebra. So for each of these components there is an indecomposable
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C-module which is both injective and projective. We denote by @1, @2, ..., Q,
these projective-injective C-modules (Q; = P(aiz,)ec). For each i between 1 and
r, the module @; is necessarily a summand of T" (see [3]).

Lemma 2.3.2. Let M be an indecomposable direct summand of N. Then pd Mg <
1. Moreover, if f : P — M is a projective cover of M in mod R, then, for all
J € (Qc)o, ejRea is not a direct summand of the kernel L of f.

Proof. Since M is a summand of N, we have M € ind A\ ind C (2.3.1). Hence, by
2.2.2, top M is in mod A\ mod C, and so by 2.1.2 (iii) we have Pe4 = P. Therefore
the kernel L of f : P - M is an A-module, and so Ley = L.

Suppose that pd Mp > 1. Since T is tilting over A, we have pd M4 < 1. So
L has an indecomposable summand which is A-projective but not R-projective.
Therefore there exists j € (Q¢)o such that ejRe is not an R-projective summand
of L. Let L=L"®e;Req.

We have the following exact sequence in mod A:

g

0—>TAM ! I/AL I/AP

with vaL = (vaLl’ © I(j)) and vaP = @, ; [(1) (here, T C (Qa)o\(Qc)o since
top M is in mod A\ mod C ).

Since j € (Qc)o and J C (Q4a)o\(Qc)o, the C-submodule I(j)ec of I(j)ey is a
submodule of Kerg = Imf. So I(j)ec is a submodule of 74 M.

However, there exists ¢ between 1 and r such that we have an epimorphism
Qi — I(jlec (where @; is the module P(a;4,)ec which is both C-projectice and
C-injective). Hence Hom 4 (Q;, 74 M) # 0; this contradicts the fact that T is tilting
over A (since @; and M are both summands of T'). So pd Mp < 1.

Therefore, L is R-projective. Since for all j € (Q¢)o we have ejRea # e; R (with
i the index of ();), e;Rea cannot be a summand of L. O

Lemma 2.3.3. We have Homgp(N',7r N) = 0.

Proof. Let M be an indecomposable summand of V. If M is R-projective, we have

Hompg(N',7gM) = 0. Otherwise, it follows from 2.3.2 that pd Mr = 1. Let P be

the projective cover of M, and L be the kernel of a projective cover P — M. Then

L is R-projective, and so L = ;¢ s €; R with J C (Qa)o\(Qc)o (see 2.3.2).
Therefore we have the following exact sequence in mod R:

0 TRM I/RLg@je]I(j)—>l/RP.

Since J C (Qa)o\(Qc)o, the support of vg L is completely contained in Q@ 4\Qc,
and so is the support of TR M. As N’ € ind B\ ind C, we have Hompg(N', 7 M) = 0.
Therefore Hompg(N', 7 N) = 0. O

It is now possible to prove the principal result of this subsection.

Theorem 2.3.4. Let R = KQr/Igr be a Nakayama oriented pullback of K -algebras
surjections fa : A - C and fg : B - C. Let T = N®T" andT' = N & T"
be tilting modules over A and B respectively, with T" tilting over C. Then T"" =
N&T" & N' is tilting over R.

Proof. Since T, T' and T" are tilting over A, B and C respectively, it follows
from 2.3.1 that T"" has |(Qr)o| isomorphism classes of indecomposable summands,
which is exactly the number of isomorphism classes of simple R-modules.
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By 2.3.2, we have pd Ng < 1. It follows from 2.1.2 (ii) and from the fact that
T'=T" & N'is tilting over B that pd Nj; <1 and pdTj; < 1.

We have

Ext}, (T",T") Exth(NeT'"& N NoT"®N')
DHomr(N®T" ® N',7r(N ®T" & N')).

By 2.3.3 we have Homg(N',7rN) = 0. By 2.2.4 we have Homg(N,7rN') =0
and HomR(N, TRT”) =0.

Since N € ind A\indC, the module N is A-projective if and only if it is
R-projective (2.1.2 (iii)). So by 2.2.3 and 2.2.4 we have DHompg(N,7pN) =
DHomu(N,74N) = 0 since T4 is tilting over A.

Similarly, we find D Hompg(T",7rN) =2 D Homu (T",74aN) = 0.

The other steps to show that Extk (7", T7"") = 0 are done similarly using the
fact that T is tilting over B. O

1l

Examples 2.3.5. (1) Let 7" be a tilting module over C' which is partial tilting
over A and over B. By Bongartz’ lemma, there exist an A-module N and a B-
module N’ such that 7" & N and T" & N' are tilting over A and B respectively.
Then it follows from 2.3.4 that N & T" & N’ is tilting over R.

(2) Let A, B and C be hereditary algebras whose ordinary quivers are the following:

3—2 3—2
/
QA: 7 7 QB: \1
6—=5—4 6—5—4
and Q¢ = 3—2

6—5—4 -
We easily see that 7" = I(2)ec ® S(3) @ I(4)ec ® I(5)ec ® S(6) is tilting over
C,T" @ P(7) is tilting over A and T" & I(1) is tilting over B. Therefore by 2.3.4
the module P(7) @ T" @ I(1) is tilting over R, and the bound quiver of R is the
following:
3—2
; - = \ L
N - - - - -7

6—5—4

(3) Let A be an algebra, = be a source of ) 4 such that S(z) is partial tilting over A,
and T be a tilting A-module that has S(z) as a summand (Bongartz’ lemma ensures
the existence of such a module T). Consider the one-point extension R = A[S(x)]
of A by S(z), and let y be the new vertex added to 4 to obtain Qg. It is clear
that R is a Nakayama oriented pullback, and it follows from 2.3.4 that P(y) & T
is tilting over R (since P(y) @ S(z) is tilting over the hereditary algebra whose
ordinary quiver is y — ).

2.4. The case where B is hereditary. We now consider the particular case
where B is hereditary. We construct an R-module using tilting modules over C, A
and B, and we show that it is tilting over R using 2.3.4. The particularity of this
module is that the minimal relations of its endomorphism algebra are the minimal
relations of A (we "remove" the other relations). We then conclude that R is tilted
when A is also hereditary.
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So let

"= @ Pli)ec, N= P Pl andN = P I1(i).

i€(Qc)o i€(Qa)o\(Qc)o i€(Qp)o\(Qc)o
We clearly see that 7" is a C-module, N an A-module and N’ a B-module.

Lemma 2.4.1. T" is tilting over C' and partial tilting over A and B.

Proof. We have T/, = C as a C-module, so it is tilting over C. Moreover, T" is
A-projective, and so is partial tilting over A.

Since B is hereditary, the projective dimension of T" over B is at most one. As
T" is tilting over C, we have Extg, (7", 7") = 0. Since C is full and convex in B,
we also have Extl (7", 7") = 0. O

Lemma 2.4.2. T" & N is tilting over A.
Proof. This follows from the fact that 7" & N = A as an A-module. O

Lemma 2.4.3. T" & N' is tilting over B.

Proof. Let T' =T" @ N'. Since B is hereditary, we have pd Ty < 1. It is clear that
the number of isomorphism classes of indecomposable summands of T" is equal to
the rank of Ky(B).

Using the B-injectivity of N’ and 2.4.1, we have

Extp(T" & N', T" @& N') Exty(T" ® N', T")

Exty(T",T") @ Extyp(N', T")
Exth(N',T")
D HOHIB(T", TBN’).

IR 1R

R

Let M be an indecomposable summand of N'. Suppose that 7g M is a C-module.
Then 75 M cannot be C-injective because C-injective modules are also B-injective.
Therefore, it follows from 2.2.3 (iv) that 73" (5 M) = 75" (75 M). Moreover, by
2.2.4, we have 7p M = 7p M and 7, (5 M) = 7, (5 M). So

o' (M) T4 (M)
R (TR M)
M.

1R 1R 1R

However, Tal(TBM) is a C-module, which is a contradiction since M is in
ind B\indC. Hence 7gM cannot be a C-module, and neither can every inde-
composable summand of 7g N'. Therefore, it follows from 2.2.2 that soc(rpN') is
in mod B\ modC. So since T", as a C-module, does not have any composition
factor in mod B\ mod C, we have Hompg(T", 78 N') = 0.

Hence Exth (7", T") = 0, and T" is tilting over B. O

Proposition 2.4.4. Let T = N & T" & N'. Then T is tilting over R.
Proof. This follows from 2.4.1, 2.4.2,2.4.3, and 2.3.4. O

Now, let us consider a particular quiver construction, which we need in order to
describe Qgnq 1.
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Definition 2.4.5. Let Q) be a quiver and Q" a full subquiver of . The difference
of quivers Q\Q" is the subquiver of @ such that (Q\Q")1 = Q1\QY and

(Q\Q")o = (Qo\Q!) U { v eqQl ‘ there exists a € (Q\Q")1 such that } ‘

x = s(a) or x = t(a)
Now, consider the difference Q@ p\Q¢c. Then, in @p\Qc, we identify the vertices

that are sinks in Q¢ to the sources ty, t2, ..., t, of Q¢, and we denote this new

quiver by Qpc.
For instance, if

Q= T7T—=6—5 and Qe= T—6—5>
2—1
i3 4—3
then
QB\Qc = 5 “ and QBc = 7 “~
2—1 2—1

3 - 4 -~

Finally, we consider the quiver @ 4 HQCS Qpc where Qog = o, o, --- o (the

sources of the connected components of Q¢).
If we continue the previous example with

7T—=6—>5

Qa = 9 )
N
8§ —=4—3
we obtain

7T—=6—>5

B P \

RQallge, @c= 9 2—1
AN P

We easily see that [(Qr)o| = [(Qa Ug., @pc)ol. Actually, from now on, we
identify the vertices of Q4 to those which naturally correspond to them in the
quiver Q4 g, @pc, and we do the same for the vertices of @ p that are not in

Qc-

Theorem 2.4.6. Let T = N®T" & N'. The endomorphism algebra EndT admits
a presentation (QEna T, lenaT) With QEnar = Qa Ug., @pc and Ienar = la.

Proof. Similar to the proof of [19] (2.3), and done in [20] (3.4.5). O

As a direct consequence, we obtain the main result of this paper.

Theorem 2.4.7. Let R= KQpr/Ir be a Nakayama oriented pullback of K -algebra
surjective morphisms A - C and B — C. Suppose that A and B are hereditary.
Then R is tilted. O
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Example 2.4.8. Consider the bound quiver of 2.3.5 (2). By 2.4.4, the module
T=I1)eS2)e3eS@a g @ P(7) is tilting over R, and by 2.4.6 and 2.4.7,
End T is hereditary with

N
AN

QEndT =

6—5—4

3. ITERATED TILTED AND TILTED STABLY HEREDITARY ALGEBRAS

3.1. The bound quiver of a stably hereditary algebra. In our main results,
we use some properties of the bound quiver of a stably hereditary algebra that
are easy to identify. This subsection is therefore devoted to the bound quiver of a
stably hereditary algebra.
Let R = KQ/I be a stably hereditary algebra. Then, by [6], we have [ = Iy,
with
Yp= { x € Qo ‘ S(x) is a non-projective submodule of R }

and
Is, :< af ‘ t(a) € Xg >

That is, Iy, is the ideal generated by all paths af with t(a) = s(8) € Zg.
In particular, R is a monomial algebra (that is, Iy, is generated by monomial
relations).

Definitions 3.1.1. A cycle C in a bound quiver (Q),I) satisfies the clock con-
dition if the number of clockwise oriented relations on C equals the number of
counterclockwise oriented relations. We say that (Q),I) satisfies the clock condi-
tion if all cycles in (Q,I) satisfy the clock condition.

The following theorem, due to Skowronski, allows us to characterize the bound
quiver of a stably hereditary algebra using the clock condition. For the notion of
special cycle in Gege, we refer the reader to [24].

Theorem 3.1.2. [24] Let S be an algebra tilting equivalent to a hereditary or to
a canonical algebra. Then for any idempotent e of S, any special cycle C' in Gese
satisfies the clock condition. In particular, Qs has no oriented cycles. O

Actually, in our context of stably hereditary algebras, the above statement can
be reformulated to say that if R is tilting equivalent to a hereditary algebra, then
any cycle of (Q, I;,,) satisfies the clock condition. Therefore, if (@, Iy;,,) does not
satisfy the clock condition, R is not iterated tilted. Hence, from now on, we suppose
that R is a stably hereditary algebra such that its bound quiver (Q, I's,,) satisfies
the clock condition. In particular, R is a triangular algebra.

We want to decompose () into maximal subquivers which do not contain any
relation, that is, the ordinary quivers of the algebras Ry, ..., R, such that R is
stably equivalent to Ry X Ry X ... X R,, (see [6]).

Let a € 1, and let @, be the subquiver of @) such that

there exists a non-zero walk w
(Qa)1 =4 BEQ: such that w = a*w'#* where
o € {a,a™t}, Bre{p, 7'}



12 JESSICA LEVESQUE

and

Qa)o={ s(8)tA) €@ | Be@u }.

Remarks 3.1.3.
(1) Since R is a stably hereditary algebra, we easily see that (), is a full subquiver
of (). Moreover, since (Q, I, ) satisfies the clock condition, @), is convex in
Q.
(ii) Since (Q,Ix,) satisfies the clock condition, every walk w containing zero-
relations that all point in the same direction in w (and these are the only
relations on w)

— -~ — -~ — ~

— ~ — ~ ~ ~
w:.%plﬁ. ............. .%p2%. ............. .%ps%.

is such that p; # p» # ... # ps. In particular, every double-zero in (Q, I;;,)
contains two distinct vertices of X g.

(iii) Let a € @1, and § € (Qa)1- Then Qo = Q3.

(iV) If Qo # (3, then (Qa)1 N (Q/B)l = ) and (Qa)o N (Qﬁ)o C ¥Yg. On the
other hand, for all x € g, there exist o, § € @1 such that Q. # Qs and
z € (Qa)o N (Q8)o-

(v) For all @ € @1 and z € (Qqa)o\Xr, we have I(z) € ind KQ, and P(z) €
ind KQ,.

Let ai,az,...,a; € Q1 be such that Q., # Qo; when i # j, and such that
for all § € @1, there exists i € {1,...,t} such that § € (Qq,)1. We set Z(R) =
{ar, @z, ...y}

Then @; = Uﬁzl(Qai)l and Qo = Uzzl(Qai)o. It follows from the remarks
above and from [6] that R is stably equivalent to KQqa, X KQqy X ... X KQq,.

Example 3.1.4. Let R be a stably hereditary algebra whose bound quiver (@), Iy,,)
is the following:

_ 5P g
- Bo % N
10 228 9<” gl 6—>2—>1
2 1

~ Bs ] i 7 2 Ba
A possible choice for Z(R) is Z(R) = {f1, B2, 3, f10}, and then we have

Qs = 102%9 Qs = 523

7

%

4

Bo
Qp2 = 9/ 4<BLG_>2 and Qs, = 2?1
\ Bz 1

In the following lemma, we show that when a stably hereditary algebra respects
the clock condition, it is always possible to describe it as a pullback of surjective
algebra morphisms.
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Lemma 3.1.5. Let R = KQ/Ix,. There exist K-algebras A and C and arrows
i1, Q2, ..., s € I(R) such that R is the pullback of surjective morphisms of
K-algebras A - C and KQu,y X KQuayy X ... X KQqu,, - C.

Proof. Let a1, a2, ..., ags € Z(R) be such that (Qa,;)o N (Qai].,)o = () when
J#j . Let B=KQu;, X KQu;y X ... X KQy,,, and let Q¢ be the quiver such that
(Qc)o = ER N (QB)O (and (QC)l = @) Let I(R)* = I(R)\{ail,aiz,- v ,ais} (it
follows from 3.1.3 (iv) that Z(R)* # 0). Let C = KQ¢, and A = KQa/Il4 with
@ the full subquiver of @ generated by U, ez (r)-(Qa,)o and Iy =< af | t(a) €
Er\(@B)o >.

We easily see that the connected components of Q¢ are full and convex in @ 4
and @ p, and that C' is a common quotient of A and B (see 3.1.3 (iv)). Let R’ be the
pullback of the canonical projections A - C and B — C. Then Qr = Qallg, @B
(see 1.2.1), and R' = KQpg//Ir with Ip generated by I4 and by the set p (as
described in 1.2.1).

But it follows from 3.1.3 that the quiver of R is exactly Q4 g, @B, and

I, = <af|t(a) e Xr>
= <AaB|te) € Zr\(@B)o} U{aB | t(a) € ErN(GB)o} >
= <{af|t(a) € Zr\(@B)o}Up >
= Ip.

So R = R' and R is the pullback of the canonical projections A - C and B — C.
(]

In this case, we say that R = All¢ B is the pullback associated to K(Q,,, X
KQquiy X ... x KQq,,-

We now describe (@, Is,) in a way showing that there always exist a;1, o2,
.y @5 € Z(R) such that the pullback associated to KQq;; X KQqyp X ... X KQq,,
is a Nakayama oriented pullback which respects all the conditions of 2.4 (with
B = KQu;; X KQuyp % ... X KQy,,). This description also allows us to state a
sufficient and necessary condition for (@), Iy, ) to contain a double-zero.

So, first, let

i= { a; € I(R) ‘ there exists § € (Qq, )1 such that ¢(8) € X }

and
Vo = { a; € Z(R) ‘ there exists 8 € (Qq,;)1 such that s(8) € r }

In 3.1.4, we have Vi = {2, Bio} and Vo = {1, B2, B3}

Remark 3.1.6. Let o;, a; € Vo\Vi with a; # a;. Then (Qa,)o N (Qa,)o = 0.
Indeed, if the intersection is non-empty, it follows from 3.1.3 (iv) that there exists
x € X g which is contained by both @, and Q. But this contradicts the fact that
a; and «; are both in V5\V;.

Lemma 3.1.7. Let R = KQ/Is, . Then there exists o; € V2\Vi.

Proof. Let a3 € Z(R). If ay; € Vo\V1, we are done.
If this is not the case, then (),,;, contains an arrow f;; such that ¢(8;1) € Xg.

— -
~ ~
e —>Dij] ——> o
i1 0
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Let a; € I(R)\{all} such that 621 S (Qaiz)l- If ajp € V2\V1, we are done.
Otherwise, Q,,, contains an arrow [ such that t(8;2) € X g, and so there is a
double-zero of the form

./_>pi1 %. ............. ./—>pi2 /3—'2\>. (pil ;épw by 3]_3)
i i i

We then consider a;3 € Z(R)\ {1, iz} such that 8, € (Qa)1- We repeat the
argument, and since [Z(R)| and |Xg| are finite, the statement follows by induction.
a

Lemma 3.1.8. The bound quiver (Q, Is,) contains no double-zero if and only if
Vl N V2 = @

Proof. It V1NV, # B, there exists «; € Z(R) such that Q,, contains an arrow whose
target is in ¥ g, and an arrow whose source is in X g. This implies the existence of
a double-zero in (@, Is,,).

On the other hand, if (@, Is,,) contains a double-zero,

we see that there exists a non-zero walk containing the arrows 8; and f». Hence
there exists a; € Z(R) such that f1, 82 € (Qa;)1, and so a; € Vi NV, O

Lemma 3.1.9. Let a;1, aua, ..., as € Vo\Vi.Then there exist K-algebras A and C
such that R is the pullback of morphisms A - C, KQu;, X KQqauy X -+ - X KQq,, —
C, and this pullback is Nakayama oriented.

Proof. The first statement was proven in 3.1.5.

We now have to verify that R, as the pullback associated to KQq,, X KQq;s X
-+ X KQy,,, satisfies the conditions of 2.1.1.

The condition saying that there is no path from (Q¢)o to (Q4)o\(Qc)o nor from
(@B)o\(Qc)o to (Qc)o is satisfied since a1, g, ..., s € Va\V4.

We easily see that the conditions (ii) and (iii) of 2.1.1 are satisfied.

The last condition (which says that there is no minimal relation of R having its
origin in (Q¢)o) is satisfied since a;1, aya, ..., a;s € Vo\Vi and B is hereditary. O

Hence, in the context of this lemma, R satisfies the conditions of 2.4 since B =
KQu;, X KQqup % -+ X KQq,, is hereditary. So we can use the results of 2.4 to
construct a tilting R-module in the next subsection.

3.2. Tilting module. To show that a stably hereditary algebra which respects
the clock condition is iterated tilted, we need a particular tilting module 7', and we
give its construction in 3.2.1. We see in 3.2.2 that End T is also a stably hereditary
algebra which respects the clock condition. Moreover, the bound quiver of End T
contains fewer relations. This is the key to the proof that R is iterated tilted.

Lemma 3.2.1. Let J C {1,...,t} be such that for all j € J, aj € Vo\Vi. Let
QJO = UjeJ(Qaj)O. Then

T:( D P(i))@( D S(p))ea( D I(k))

iEQo\QJO pEZRﬂQ.IO kEQ,}O \ER
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is a tilting R-module.

Proof. Follows from 3.1.9 and 2.4.4. O

Lemma 3.2.2. Let J C {1,...,t} be such that for all j € J, aj € Vo\Vi. Let
Qo = Ujes(Qa;)o, and

T = ( D P(i)) @( D S(p)) ® ( D I(k)).
iEQo\QJO pEZRﬂQJO kEQJO\ZR
Then EndT = KQ/Iy,, ,, with Ygnar = Le\QJ,, and (Q, sy, ) respects the
clock condition.

Proof. The first statement follows from 3.1.9 and 2.4.6. Actually, we have End T =
KQgnar/Iyg,,r With Qenar = Qa HQCS (@pBc) and Iy, . = Ia with A, B and
C as described in the proof of 3.1.9. But when R is stably hereditary, we easily see
that QA HQCS (QBC) = Q: and so Q = QEndT-

Finally, the construction of (Q), Ix,) and the fact that for all j € J, a; € V2\V4,
imply that the bound quiver (@, Is,,_,,) respects the clock condition. O

Corollary 3.2.3. If (Q, Is,) contains no double-zero, then R is tilted of type Q).
Proof. 1f (Q), Iy,,) contains no double-zero, then it follows from 3.1.8 that VNV, =

Let x € . It follows from 3.1.3 (iv) that there exist a;, a; € Z(R) such that
is contained in both @, and Q,;. So, by 3.1.6, for all x € X i, there exists a; € V>
such that 2 € (Qa;)o N X k. Therefore, for the construction of the module T as seen
in 3.2.2, we take all the a; contained in V5 (since V4 N'Va = 0), and so @, = Xg.
Hence End T is hereditary since Ygnar = Xr\QJ,. So R is tilted. O

The proof of the following lemma is similar to those of [18] (2.3) and [14] (2.6),
which are done in the contexts of gentle and special biserial algebras respectively.

Lemma 3.2.4. If (Q, Is,) contains a double-zero, then R is not tilted.
Proof. Suppose that (@), Is,) contains a double-zero of the form

— - — —
- ~ ~

1 2 3 @ ° t—2 t—1 t
with ¢ > 4.

Since R is monomial, if ¢ = 4, then, by [9](1.2), gl.dim R > 2, hence R is not
tilted.

Thus, suppose that t > 5, and let M be the indecomposable R-module of support

3 t—2
such that M (z) = K for all & such that 3 < x < t—2 (this indecomposable module
exists since R is monomial).

Let s be the source of Supp M such that there exists a path from s to ¢t — 2 in
Supp M. Since R is monomial, we see that the kernel of the canonical morphism
P(s) = M has a non-projective direct summand and hence pd M > 1.

Similarly, one proves that id N > 1. Thus, by [11|(III 2.3), R is not quasi-tilted,
and therefore is not tilted. O

It is now possible to prove the main result of this section:

Theorem 3.2.5. Let R = KQ/Iy;,, be a stably hereditary algebra. Then
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(1) R is iterated tilted if and only if (Q, Is,) satisfies the clock condition. In this
case the type of R is Q.

(ii) R is tilted if and only if (Q, Is,) satisfies the clock condition and does not
contain any double-zero.

Proof. The first statement follows from 3.1.7, 3.2.1, 3.2.2, from [24](cor.1) and from
the fact that |Yg| is finite. The second statement follows from 3.2.3 and 3.2.4. O

We easily obtain the following corollary, which, in particular, proves a conjecture
of Dieter Happel saying that an algebra R = K@Q/I with @ a tree and such that
rad® R = 0 is iterated tilted.

Corollary 3.2.6. Let R = KQ/Is, be a stably hereditary algebra with Q) a tree.
Then R is iterated tilted of type Q, and is tilted if and only if (Q, Iyx,) does not
contain any double-zero. U

Let R = KQ/I be an algebra with @ a tree and such that I is generated by
paths of length two, and such that (@, I) does not contain any double-zero. If R
is not stably hereditary, then it is not tilted in general, as is shown in the following
example.

Example 3.2.7. Let (Q), I) be the following quiver:

4

/
\

6

7
bound by fra; = 0, fraz = 0, faa; = 0 and Bsas = 0. Then R = KQ/I is
isomorphic to Ry = H[S(3)][S(3)] with H the hereditary algebra with ordinary
quiver

52\A e

A
By the proof of [4](3.2), the component of FAI containing S(3) is not directed.
Hence, it follows from [21](3.7) that for A; to be tilted, this component should

be quasi-serial or obtained from a quasi-serial translation quiver by ray or coray
insertions, which is not the case. Therefore A; = H[S(3)][S(3)] is not tilted.

Example 3.2.8. Let R = KQ/Iy,, be the stably hereditary algebra seen in 3.1.4:

Bo B3
/§10 / _ 7 \ ,3; -~
—
- \ By / B2 B1
8 —
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We have ¥ = {2,4,5,9}, and {81, 52, 03,510} is a possible choice for Z(R

).
Hence Vi = {B2,B810}, Vo = {B1, P2, 03} and Vo\Vi = {B1, B3}, Qu, = (@s,)o U
(@ss)0=11,2,3,4,5}, Er N Qy, = {2,4,5} and thus by 3.2.1

10
T, = (@ P(i)) ®S(5) @ S(4) ®S(2) ®I(3) @ I(1)

is a tilting R-module. Moreover, by 3.2.2 we have EndT} = KQ/Iyg,,,, with
Ypnary = Er\(Zr N (Qp,)o) = {9}. Therefore (Q, Iy, , ) is the following bound
quiver:

_ 504
10 2% g Ry S S
- \ / B2 B1
Bs N g B B

We see that End T; is stably hereditary. A possible choice for Z(R) is {51, 10},
and then Vi = {B10}, V2 = {f1} and thus V1 N'Vy = ). Hence by 3.1.8 (Q, Iy, )
does not contain any double-zero, and therefore it follows from 3.2.3 that End T} is
a tilted algebra of type @, and so R is iterated tilted of type Q.

Acknowledgments. This paper is part of my Ph.D. thesis. I would like to thank Professor
1. Assem for his precious help and direction, and Professors D. Zacharia and S. Liu for useful
discussions. I would also like to thank the N.S.E.R.C. (Gov. of Canada), F.C.A.R (Gov. of
Québec) and L.S.M. (Institut des Sciences Mathématiques) for financial support.

REFERENCES

[1] Arnold, D. M.: Finitely generated modules over pullback rings and algebras, Advances in
algebra and model theory (Essen, 1994; Dresden, 1995), Algebra Logic Appl., Vol. 9, 401-
414, Gordon and Breach, Amsterdam (1997).

[2] Assem, L.: Tilted algebras of type A, , Comm. Algebra 10(19), 2121-2139 (1982).

[3] Assem, L.: Tilting theory - an introduction, Topics in algebra, Banach Center Publ. 26, Vol.
1, 127-180 (PWN. Warsaw, 1990).

[4] Assem, I. and Skowronski, A.: Algebras with cycle-finite derived categories, Math. Ann., Vol.
280, 441-463 (1988).

[5] Auslander, M., Reiten, I. and Smalg, S.O.: Representation theory of Artin Algebra, Cam-
bridge University Press, 1995.

[6] Bongartz, K. and Riedtmann, C.: Algébres stablement héréditaires, C. R. Acad. Sci. Paris
Sér. A-B 288, No 15, 703-706 (1988).

[7] Bélanger, J. andt Tosar, C.: Shod String Algebras, Comm. Algebra, Vol. 33, No 8 (2005).

[8] Facchini, A., Vamos, P.: Injective modules over pullbacks, J. London Math. Soc. (2) 31, No
3, 425-438 (1985).

[9] Green, E., Happel, D. and Zacharia, D.: Projective resolutions over artin algebras with zero
relations, Ill. J. Math., Vol. 29, No 1, 180-190 (1985).

[10] Happel, D.: Triangulated categories in the representation theory of finite dimensional alge-
bras, London Math. Soc. Lecture Note Series 119, Cambridge Univ. Press (1988).

[11] Happel, D., Reiten, I. and Smalg, S.O.: Tilting in abelian categories and quasitilted algebras,
Mem. Amer. Math. Soc., Vol. 120, No 575 (1996).

[12] Happel, D. and Ringel, C.M.: Tilted algebras, Trans. Amer. Math. Soc., Vol. 274, No 2,
399-443 (1982).

[13] Huard, F.: Tilted gentle algebras, Comm. Algebra, Vol. 26, No 1, 63-72 (1998).

[14] Huard, F. and Liu, S.: Tilted string algebras, Journal of Pure and Applied Algebra, Vol. 153,
No 2, 151-164 (2000).



18
[15]
[16]
(17]

[18]
[19]

[20]
[21]

[22]
(23]
[24]

25]

JESSICA LEVESQUE

Huard, F. and Liu, S.: Tilted special biserial algebras, J. Algebra, Vol. 217, No 2, 679-700
(1999).

Igusa, K., Platzeck, M. I., Todorov, G. and Zacharia, D.: Auslander algebras of finite
reprensentation type, Comm. Algebra, Vol. 15, No 1-2, 377-424 (1987).

Jagadeeshan, S., and Kleiner, M.: Projectively stable Artin algebras: representation theory
and quivers with relations, Comm. Algebra, Vol. 27, No 5, 2277-2316 (1999).

Lévesque, J.: Tilted algebras of type An , Comm. Algebra, Vol. 31, No 2, 545-552 (2003).
Lévesque, J.: Iterated tilted and tilted stably hereditary algebras, Colloq. Math. 98, No 1,
49-62 (2003).

Lévesque, J.: Produits fibrés d’algébres et inclinaison, Ph.D. thesis, Sherbrooke (2004).

Liu, S.: The connected components of the Auslander-Reiten quiver of a tilted algebra, J.
Algebra, Vol. 161, No 2, 505-523 (1993).

Milnor, J. W.: Introduction to algebraic K -theory, Annals of Mathematics Studies, Vol. 72,
Princeton Univ. Press, Princeton, NJ (1971).

Ringel, C.M.: Tame algebras and integral quadratic forms, Springer Lecture Notes 1099
(1984).

Skowronski, A.: Generalization of Yamagata’s theorem on trivial extensions, Arch. Math.,
Vol. 48, 68-76 (1987).

Wiseman, A. N.: Projective modules over pullback rings, Math. Proc. Cambridge Philos.
Soc., Vol. 97, No 3, 399-406 (1985).

Jessica Lévesque
Département de SIMQG
Université de Sherbrooke
Sherbrooke, Québec
J1K 2R1, Canada

E-mail: jlevesque@adm.usherbrooke.ca




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


