Orthogonality in Partial Abelian Monoids and Applications

PEDRO MORALES AND FRANCISCO GARCIA MAZARIO

ABSTRACT. In this paper we introduce the notion of orthogonality for arbitrary families of
elements of a partial abelian monoid, we consider the special case of an effect algebra and
we study, as an application, the existence of the support of an uniform semigroup valued
measure on an effect algebra.

1. Introduction

The basic algebraic structure considered in our paper is a partial abelian monoid,
which is a partial universal algebra endowed with a nullary operation and an asso-
ciative and commutative binary partial operation. It is worth noticing that these
structures are studied from the algebraic standpoint in the papers [10], [24], [39]
and [40] and more extensively in the monography [38].

Our interest in a partial abelian monoid L is due to the fact that, for arbitrary
families of elements of L, it can be defined an orthogonality structure with nice
properties and allowing to say rigorously when L is X-complete for every infinite
cardinal number X. We consider, in particular, the orthogonality when L is an
effect algebra, we extend easily to L the notion of difference set introduced for or-
thoalgebras in [14] and [32] and we generalize its main properties. Since L carry
also orthogonally additive measures and provide new results in the rapidly devel-
oping field of non-commutative measure theory (see [9] and [18]), we consider, as
an application, the existence of the support of a positive measure on L with values
in an ordered Hausdorff uniform semigroup.

The paper is organized as follows.

In Section 2 we give an account of the basic theory of partial abelian monoids
with several non-trivial examples and a brief presentation of some of its sub-
structures: effect algebras, orthoalgebras, orthomodular posets, orthomodular lat-
tices and Boolean algebras. Section 3 studies orthogonal suites in a partial abelian
monoid using some ideas of Bourbaki [5] and we deduce several properties, some of
them appearing for an special case in [12], and another, like the generalized associa-
tive law and the generalized commutative law, appearing in [5] for a commutative
semigroup. In Section 4 we present the orthogonality for infinite families of ele-
ments of a partial abelian monoid L whose algebraic preordering is antisymmetric,
we establish its main properties and we discuss also the X-completeness of L for
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any infinite cardinal number X. Section 5 concerns the orthogonality in an effect
algebra and, since the compatibility is very difficult to verify in an effect algebra, we
use instead an extension of the notion of difference set defined in [14] and [32] for an
orthoalgebra, we generalize its main properties and we deduce a relation when the
effect algebra is X-complete that allow us to generalize the important Theorem 4.14
of [21]. Finally, in Section 6, after presenting a basic theory of uniform semigroup
and some pertinent classes of measures, we define following [33] the notion of sup-
port of a positive measure on an effect algebra with values in an ordered Hausdorff
uniform semigroup and we establish a twofold generalization of the main results of
[29] for an ordered metrizable topological group in the first statement.

2. Preliminaries

For the terminology, notation and details concerning orderings, lattices, universal
algebras and abelian groups we refer to [3], [8], [17], [19], [20] and [34].

Let L be a set containing at least one element 0 called zero of L, let L be a
symmetric binary relation on L and let (a,b) — a @b be a partial binary operation
on L of domain L. Then the partial universal algebra (L;®,0) is called a partial
abelian monoid if the following properties hold:

(Commutative Law) If a,b € L and a L b, then a ®b=b® a.
(Associative Law) If a,b,c € L,a L band (a®b) L ¢, thenbd L ¢,a L (bdc)
and (a®b)dc=a® (bDc).
(Identity Law) If a € L, then a L 0 and a & 0 = a.
We note that the identity law implies that L is not empty. If a,b € L and a L b,
we say that a and b are orthogonal. If the hypotheses of the associative law are
verified, we write a @ b @ ¢ for the element (a ®b) Bc=a @ (bP¢) in L. Clearly,
every commutative monoid (M;+,0) is a partial abelian monoid where L= M x M
and @ = +. For nice examples of commutative monoids see [22, Section 8.4, pp.
259-261].
Henceforth, L = (L; ®,0) denotes a partial abelian monoid.
L can be endowed with its algebraic preordering <., defined by the formula

a <aig b <= There exists x € L such that a L x and a &z = b.
Clearly, 0 is the least element of (L; <aig).

Lemma 2.1. Let a,b,c,d € L. Then

a) a <agbandclb=claanda®c<,zbDec.
b) a<agb, c<agdandbld=alcanda®c<m,bPd.

Proof. a) Since a <z b, there exists « € L such that ¢ L = and a ® 2 = b.
Then ¢ L (a ® z). By the associative law, we have ¢ L a, (¢c® a) L z and
c@(adr)=(c®a)®x, and therefore cd b= (c®a) ®x. Hence c P a <uy c®b.

b) By a double application of part a). ([

Let w € L. Then we say that
(1) wisa unit in L if a <, u for every a € L.
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(2) w is cancellable in L if, for all a,b € L such that ¢ L u, b L w and
a®u=>bodu, we have a = b.

(3) w is directly finite in L if, for every a € L such that a L v and a ® u = u,
we have @ = 0. (This is weaker than to say that u is cancellable in L.)

With respect to the partial abelian monoid L we say that

(1) L is unital if L possess a distinguished unit denoted by 1, and then a <, 1
for every a € L.

(2) L is cancellative if every element of L is cancellable in L.

(3) L is conical if, for all a,b € L such that a L band a®b =0, we have a =0
(and therefore b = 0).

Lemma 2.2. Assume that L is conical and every element of L is directly finite.
Then
a) (L; <alg) ts a partially ordered set.
b) Ifa,b,c,d € L, a <a3 b, c <aigd, b L danda®c=bdd, then a =b and
c=d.

Proof. a) It follows from [24, Lemma 2.3].

b) It follows from Lemma 2.1 b) that a L ¢. Since a <, b and ¢ <, d, there
exist x,y € Lsuch that a L z,c L y,a®x=band c®y =d. Sincea®c=bPd,
we have a @ c = (a® x) ® (c®y) and using the commutative and associative laws,
we can write a®c = (zDy) ® (a® ). Since every element of L is directly finite, we
get z @y = 0 and therefore x = y = 0 because L is conical. Soa=band c=d. O

Remark 2.3. We note that Lemma 2.1 b) and Lemma 2.2 b) contain [21, Lemma
2.1].

Corollary 2.4. If L is conical and every element of L is directly finite, then L
possesses at most one unit.

Assume that L is cancellative. Then if a,b € L and a <, b there exists a unique
element ¢ € L such that a 1 ¢ and a ® ¢ = b. We write ¢ = b — a and we call ¢
the difference between b and a. Clearly, a —a =0 and a — 0 = a for every a € L.
Moreover, if a,b € L and a <45 b, thena L (b—a) and a ® (b —a) = b.

Lemma 2.5. Assume that L is cancellative and let a,b,c € L. Then
a) a Lband a®b <,y c=b<qcanda <ugc—b.
b) a <agbandc<pzb—a=a<pzb—c.
c)alb=(a®b)—a=hb.

Proof. a) Since b <,1; (a ®b), we have b <, ¢. Moreover, since a ® b <, ¢, there
exists € L such that L (a®b) and (a @ b) ® x = ¢. By the commutative law, it
follows that (b@a)@®x = c. Then the associative law implies that a L z, b L (a®x)
and b @ (a @ z) = ¢. Hence a ® x = ¢ — b and therefore a <, ¢ —b.

b) Since ¢ <ug b — a, there exists y € L such that y L cand y®c = b —a.
Butb=a® (b—a). Sob=a® (y® c). By the associative law, we have a L y,
cl(a®y)and b= (a®y)®c. Then c <, band b—c=a®y and this implies
that a <, b —c.
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c) Since a <,z (a @ b), we have a @b = a @ ((a ®b) — a) and by cancellation we
get b= (a®b) —a. O

Example 2.6. Consider the real field (R;+,-,0,1) endowed with its usual total
ordering <. Let

1={(a,b) eRxR:a=0o0rb=0}U(]0,1]x]0,1])
and define

b= —— if a Lb.
a® 14+a-b ta

Then it is easy to verify that (R;®,0) is a partial abelian monoid which is conical
and every element of R different of 1 is cancellable in (R;@®,0). Since

a,beRanda <uzb < a=0o0ra=bor (a,be€]0,1] and a < b)
it follows that (R; <,i4) is a partially ordered set and (R; @, 0) is not unital.

Example 2.7. Consider the abelian group (R;+,0) endowed with its usual total
ordering < and let 400 be a symbol not belonging to R. Let M = R U {+oc0} and
we extend the binary operation 4+ on M by putting a + (+00) = (+0) + a = +00
for all @ € M. Then M = (M;+,0) is a commutative monoid which is unital with
unit 400 and every element of R is cancellable in M, but M is not conical.

Example 2.8. Let G = (G;+,0) be a non trivial abelian group and let L(G)
be the set of all subgroups of G. Under the relation of inclusion C, L(G) is a
partially ordered set. It is actually a lattice if L(G) is endowed with the two binary
operations defined by the formulae:

S1 A Sy =51N5;
51V52={a+b:a651 andbESQ}.

It is well known that (L(G); A, V) is a complete modular lattice with least element
0 and greatest element G (see [3, Theorem 11, p. 13] and [17, p. 5]).
Define
1 ={(51,52) € L(G) x L(G) : S1 A Sy =0}
and
S1® 8y =851V Syif §1 L Ss.

Then, using [38, Proposition 8.1] it is easy to show that (L(G);@®,0) is a partial
abelian monoid which is conical and every element of L(G) is directly finite. Hence
Lemma 2.2 implies that (L(G); <ai¢) is a partially ordered set (clearly, the relation

of inclusion C is weaker than <,i;). We consider two important cases:

(1) If every finite set of elements of G generates a cyclic subgroup, then it
follows from Ore’s Theorem [30, Theorem 4, p. 267] that the partial abelian
monoid (L(G); @, 0) is cancellative, but not necessarily unital (this happens,
for example, when G is the full rational group).

(2) If the order of each element of G is a square-free integer, then it follows
from Kertész’s Theorem [27] that the partial abelian monoid (L(G); &, 0)
is unital with unit G, but not necessarily cancellative (this happens, for
example, when G is the additive group Z(2) x Z(2)).
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Example 2.9. Let K be any field and let V' be a vector space over K of dimension
greater than or equal to 2. Consider the set L(V') of all subspaces of V' which is
partially ordered by the inclusion relation C. Then L(V) endowed with the two
binary operations defined by the formulae:

S1 A Sy =51N85,
S1VSy={rx+y:xze€S; and y € S>}

is a complete modular lattice with least element 0 and greatest element V. If we
define

1 ={(51,52) € L(V) x L(V): S; A Sy =0}
and
S1® Sy =51V Sy if S; LSy,

then it is easy to show that (L(V'); @, 0) is a partial abelian monoid which is conical
and every element of L(V) is directly finite, and therefore (L(V'); <,i¢) is a partially

ordered set. Also every line in V' is not cancellable in L(V) and by [4, §3, n° 3,
Proposition 5, p. 37] it follows that (L(V'); &, 0) is unital with unit V.

Now suppose that L = (L; ®,0) is a partial abelian monoid.

We say that L is an effect algebra if L is conical, cancellative and unital. For ex-
ample, if (L; A, V) is a distributive lattice with least element 0 and greatest element
1, then the derived partial abelian monoid (L; @, 0) is an effect algebra.

We have the following simple result:

Proposition 2.10 ([39, Lemma 1.4]). For every partial abelian monoid L, the
following conditions are equivalent:

i) L is an effect algebra.
ii) There exists an element 1 in L, different of 0, and satisfying the following
azrioms:
(Orthosupplementation Law) For every a € L there exists a unique
be L such thata L b anda®b=1.
(Zero-One Law) If a € L and a L 1, then a = 0.

Let L be an effect algebra. If a € L then the unique element b € L such that
a L band a®b =1 is called the orthosupplement of a and denoted by a’. It is
clear that the orthosupplement has the following properties:

(1) IV =0.
(2) (/) =aforall a € L.
(3) If a,b € L and a <uig b, then b’ <, a'.
(4) Let a,b € L. Then a L b if and only if a <u4 b'.

For a list of nice examples of effect algebras we refer to [13, 4. Examples] and for
some of its properties we refer also to [1] and [12]. Another interesting example of an
effect algebra is the following: Let I be a non-empty index set and, for every i € I,
let L; = (L;;®,0,1) be an effect algebra. Form the Cartesian product L = X;e; L;
and let m; : L — L; be the canonical projection onto the i-th coordinate set. Put
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1= {(a,b) € L x L : mw;i(a) L m;(b) for all ¢ € I} and define & : L — L by the
formula

mi(a®b) = m;i(a) ® m;(b)

foralli e I. If m;(a) =0 and m;(b) =1 foralli € I, we put a =0 and b = 1. Tt is
easy to see that (L;®,0,1) is an effect algebra called the Cartesian product of the
family (L;)ie; and it is denoted by [[;c; Li-

An orthoalgebra is an effect algebra L in which the zero-one law is replaced by
the stronger

(Consistence Law) If a € L and a L a, then a = 0.

For examples and details concerning orthoalgebras we refer to [14], [29] and [32].
An orthomodular poset is an effect algebra L that satisfies the following axiom

(Coherence Law) For a,b,c¢ € L, the conditions a L b, a L cand b L ¢
imply (e ®b) L c.
Since the coherence law is stronger than the consistence law, every orthomodular
poset is an orthoalgebra.
An orthomodular lattice is an orthoalgebra L such that (L; <,i,) is a lattice.
It is easy to verify that every orthomodular lattice is an orthomodular poset.
A centerium is an orthoalgebra L that satisfies the following axiom

(Law of Compatibility) For all a,b € L there exist aj,as,c € L such that
a1 Las,ay Le,ax Le,a=a1®cand b=as e

A Boolean algebra is an orthomodular poset L that is also a centerium. It
follows from [31, Corollary 1.3.14] that L is a Boolean algebra if and only if L is a
distributive orthomodular lattice.

For terminology and details concerning orthomodular posets, orthomodular lat-
tices and Boolean algebras we refer to [2], [25] and [31].

3. Orthogonal suites

We shall denote by N the set of all natural numbers 0,1,2,... and by <; the
usual total ordering on N. Moreover, if p, ¢ € N and p <q ¢ we denote by [p, ¢, the
order interval {k € N: p <o k <g ¢} in (N; <g).

In this Section L = (L; ®,0) denotes a partial abelian monoid.

Let (a;);cr be a finite non-empty family of elements of L and let n = card(I).
From the n! different total orderings on I we choose one of them denoted by <. The
finite family (a;);er of elements of L together with the totally ordered set (I;<)
define an algebraic system called a suite in L of n elements and it is denoted by
(a:)ie(r;<)- Also we can define ig = min I and i, = min(I \ {40,1,...,i,—1}) for all
pe[l,n—1],ifn>02.

A suite in L of n elements (a;);e(r,<) is said to be orthogonal in L either n =1
or, when n >q 2, if

ai, La; and a;, L (- ((ai, © as,) Dag,)---ai, ;)
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for all p € [2,n—1],. Further, the element s of L defined respectively by the
formulae

5= Qi and s = ( o ((aio D a‘il) D ai2) o 'ain—z) D a;,_,
is called the @-join of the orthogonal suite (a;);c(r;<) and it is denoted by EBz‘eU;g) a;
or @, a; for simplicity.

For example, consider the partial abelian monoid L = (L(V); ®,0) where V is
a real infinite-dimensional vector space. Let I = (I; <) be a finite totally ordered
set with card(I) >o 3 and let (S;);cr be a family of elements of L. Then the suite
(Si)ie(r;<y is orthogonal in L if and only if, for every i € I, if S is the subspace of V'
spanned by Ujel\{i} S;, we have SN S; = 0. In this case, @, S; is the subspace
of V spanned by |J,¢; Si.

Since the void subset () of any partially ordered set (J; <) is totally ordered, it
follows that (a;);e(g;<) is a suite in L of 0 elements. Then it is convenient to accept
also that ;¢ g.<) ai = 0.

An important special case of a suite in L is the following (see [12, Definition
4.1] and [38, p. 288]): Let p,q € N be such that p <¢ ¢, let I = [p,q], and let
(ai)ier be a family of elements of L. Since card(l) = ¢ —p + 1, (ai)ic(r;<,) 15 a
suite in L of ¢ —p+ 1 elements which it will be denoted by (a;)p<yi<yq. In the case
where (a;)p<,i<,q 1 an orthogonal suite in L, the corresponding @-join is denoted
by @Di_, ai or a) @ app1 @ - © ay.

Remark 3.1. Let I = (I;<) be a finite totally ordered set with card(I) = n >¢ 2
and let (a;);er be a family of elements of L. Write igp = minl, i, = min(J \
{i0,i1,...,ip—1}) for all p € [1,n — 1], and by = a;, for all k € [0,n —1],. It is
clear that (a;)ie(r;<) is an orthogonal suite in L if and only if (bx)o<,k<on—1 is an

icl

o : -1
orthogonal suite in L. In either case, we have @,.; a; = @) _, bx-

We begin with an obvious lemma which we use sometimes without explicit men-
tion:

Lemma 3.2. Let I = (I;<) be a finite totally ordered set with card(I) = n > 2,
let i1 = max [, let I' = T\ {in—1} and let (a;);cr be a family of elements of L.
Then the following conditions are equivalent:
i) (ai)ie(r,<y is an orthogonal suite in L of n elements.
ii) (as)ic(r,<y s an orthogonal suite in L of n — 1 elements and a;, , L
(Dicr ai)-
Further, @, ai = (@iep ai) D ag,_, -
The following result gives the generalized associative law for the partial binary
operation @:
Theorem 3.3. Let p € N\ {0}, let I = (I; <) be a finite non-empty totally ordered
set which is the union of non-empty sets I, (k € [1,p],) verifying the following
condition:
1€, jeliand 1 <gk <ol <gp implyi<j (1)
and let (a;)icr be a family of elements of L. If (a;)ie(r;<y 5 an orthogonal suite in
L, then
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a) (ai)ie(r,;<) 15 an orthogonal suite in L for all k € [1,p],.
b) (@ielk ai)1< k<op is an orthogonal suite in L.
>0 >

¢) Djcrai = D= (@ie]k ai)'

Proof. We proceed by induction on n = card(I).

Let n = 1. Since every set I is non-empty, it follows that p = 1, and the
Theorem is trivial.

Let n >( 2 and suppose that the Theorem is true for every index set of cardinal
n — 1 with a decomposition satisfying (1). We distinguish two cases:

I) The set I, contains a unique element ¢,_1.

Then 4,,—; = max I and putting I’ = [; UL, U...UI,_y we have I' = I\ {ip_1}.
Hence Lemma 3.2 assures that (a;)ie(;;<y is an orthogonal suite in L of n — 1
elements such that a;, , L (B, a;) and @,c; a; = (B,cp ai) ®ai,_,. Since the
decomposition of I" satisfies the condition (1) the induction hypothesis implies tha
(ai)ie(1,;<) is an orthogonal suite in L for all k € [1,p — 1]y, (B¢, i)

1<ok<op—1
also an orthogonal suite in L and @, ., a; = @Z: (@ielk a;). Then, concerning
the orthogonal suite (a;);e(s,<), the properties a) and b) are trivially verified. Since
ai,, L (@icp ai) and @;c; a; = a;,_, the property c) follows from Lemma 3.2.

IT) The set I, contains more than one element.

Let 4,1 = max[. Then 4,_1 = maxI,. Let I’ ={i € :i < i,_1} and
let I}, = I'N I,. So card(I') = n — 1, (ai)ie(r/;<) is an orthogonal suite in L, I" =
IU...Ul, 1UI}, and this decomposition satisfies the condition (1). Then the induc-
tion hypothesis implies that (a;)ie(r;;<) and (ai)ie(r,;<) (k € [1,p — 1],) are orthog-
onal suites in L such that, for by = @, ,.<) @i (k € [1,p —1];) and b, = @ieq i,

we have that (by)1<,k<,p is an orthogonal suite in L and @, ai = @p_; bi-
So @, ai = (EBQ: (Bics, ai)) @ (@iep ai>. Then with respect to the or-
p

thogonal suite (a;)ie(r;<y in L, since a;,_, L (@i; (®i61k ai)) & (@iel; ai),
I, = I,U{i,1} and i,y = max[,, the associative law and Lemma 3.2 imply

that (a;)ie(s,;<) is an orthogonal suite in L and therefore (@ielk ai)1< k<op is
= >S0~F>0

also an orthogonal suite in L with €,.; a; = @} _; (@ielk a;), and therefore the

properties a), b) and c) are verified. O

Corollary 3.4. Let I = (I; <) be a finite totally ordered set with card(I) =n > 2,
let ig = min I and let I' = I\ {io}. If (ai)ic(r;<) is an orthogonal suite in L of n
elements, then (ai)ieu/;g) is an orthogonal suite in L of n — 1 elements such that
ai, L (e ai) and @iy ai = aiy & (Biep ai)-

Theorem 3.5. Let I = (I;<) be a finite totally ordered set with card(I) >¢ 3, let
I and Iy be two non-empty subsets of I such that Iy N Iz = and let (a;)icr be a
family of elements of L. If (ai)ic(r,;<y and (a;)ie(1,;<) are orthogonal suites in L
such that @;c;, ai L @Dicy, ais then (ai)ie(r,ur,:<) is an orthogonal suite in L and

®i€hU12 a; = (@iGH ai) ® (®i€12 ai)'
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Proof. Write b = ®i611 a;, %o = minl, and i, = min(ly \ {30,%1,...,%p—1}) for
all p € [1,n — 1], where n = card(l2). Then Remark 3.1 implies that B,.;, a; =
Qiy B ai, Bag, ®---Da;,_, Pa;, ,. Then using the associative law and Corollary
3.4 we can write in a successive process

(@ieh ai) @ (@ieb ai) =bd (a’io D (ail DD ain—l))
=0ba aio) @ (a;, ® (@i, ® - D aj,_, Da,_,))
= ((bEB aio) D ail) D (ai2 D (a‘is D Dag, , P ainfl))
= ( o ((b@ a’io) @ ai1) D---D ainfz) D a’in—l))

and we get that (a;);e(r,ur,;<) is an orthogonal suite in L such that @iehulz a; =
(Dicr, i) & (DBier, ai)- 0

Corollary 3.6. Let I = (I; <) be a finite totally ordered set with card(I) = n > 3,
let j €I, letI"=1\{j} and let (a;)icr be a family of elements of L. If (a;)ic(r;<)
is an orthogonal suite in L of n —1 elements and a; L @, ai, then (a;)ic(r,<y is
an orthogonal suite in L of n elements and @, a; = (®ie]’ ai) D aj.

Proposition 3.7. Let I = (I; <) be a finite totally ordered set with card(I) =mn >
3,letjel, let]"=1\{j} andlet (a;)ics be a family of elements of L. If (a;)ic(r;<)
is an orthogonal suite in L of n elements, then (a;);c(;;<)y s an orthogonal suite
in L of n— 1 elements and @,;c; ai = (B, ai) ® a;.

Proof. Write ig = min I and i, = min(I \ {ig,%1,...,%,—1}) for all p € [1,n — 1],.

If j =4n_1 (vesp. j = ip) then the result follows from Lemma 3.2 (resp. com-
mutative law and Corollary 3.4).

Suppose that iy < j < i,—1. Then there exists h € [1,n — 2], such that j = i.
If we put I = {io,il, - ,ih_l}, Iy = {’Lh} and I3 = {ih+1,ih+2, - ,in_l}, then
Iy, I, I3 are non-empty sets, I = I U I3 U I3 and this decomposition satisfies
the condition (1) of Theorem 3.3, and it follows that (a;);c(s,;<) is an orthogonal
suite in L for all k € [1, 3], (@ielk ai)lgokgozs is also an orthogonal suite in L and

Bicrai = (Bjer, i) & as, ® (®i€13 a;). Then the associative and commutative
laws imply that @iell a; L @iel3 a;. Since I' = Iy Ul3 and I) N I3 = 0, it
follows from Theorem 3.5 that (a;);c(r;<) is an orthogonal suite in L and clearly

Dicrai = (Diep ai) @ ai,- O
Corollary 3.8. Let I = (I; <) be a finite totally ordered set with card(I) =n > 3.
Let J be a non-empty subset of I and let (a;);cr be a family of elements of L. If
(ai)ie(r;<y is an orthogonal suite in L, then (a;)ie (<) is also an orthogonal suite
in L and @,¢ ; a; <alg Djcr ai-

The following result gives the generalized commutative law for the binary partial
operation ®:

Theorem 3.9. Let (a;);cs be a finite family of elements of L with card(I) = n > 2.
Then for any two total orderings on L, the orthogonality of the corresponding suites
holds simultaneously and the ©-joins have the same value.
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Proof. We proceed by induction on n. Clearly for n = 2 the Theorem is immediate.

Let n € N be such that n >g 3 and suppose that the Theorem is true for all
index set of cardinal n — 1.

Let <’ be a total ordering on I such that (a;);e(;;</y is an orthogonal suite
in L. Let <” be another total ordering on I and suppose that j is the greatest
element of (I;<"”). Put I’ = I'\ {j}. Then Proposition 3.7 implies that (a;);e ;<
is an orthogonal suite in L of n — 1 elements such that a; L EBZ-€<I,;§,> a; and

Dicir<nai = (@ie<1’;<'> ai> ® aj. Moreover, the induction hypothesis implies

that (a;)ie(r;<) is an orthogonal suite in L and €D, ¢ /. <y @i = Bie(1r,<1y ai- So
aj L @,e(p.<r ai and Lemma 3.2 implies that (a;);e(r;<~) is an orthogonal suite

in L and ®i€<1;§“> a; = (@i€<1/;§//> ai) S¥) a; = ®i€<1;gl> aj. O

Corollary 3.10. Let I = (I;<) be a finite totally ordered set with card(I) >¢ 2,
let o be a bijection from I onto I, let <’ be the total ordering on I defined by the
formula: i <' j if o7(i) < o7(j) and let (a;)icr be a family of elements of L. If
(@i)ie(r;<y is an orthogonal suite in L, then (a;)ic(r;<'y is an orthogonal suite in L
and Dic 1:<) 0 = Bic <) 4

Theorem 3.11. Let p € N\ {0}, let I = (I; <) be a finite non-empty totally ordered
set which is the union of non-empty pairwise disjoint sets I, (k € [1,p],) and let
(ai)icr be a family of elements of L. If (a;)ie(1,<) 15 an orthogonal suite in L, then
a) (ai)ie(r,;<) 18 an orthogonal suite in L for all k € [1,p],.
b) (Bier, ai)lSOkéop is an orthogonal suite in L.

¢) Djcyai= D (@ie]k ai)'

Proof. 1t follows from Theorem 3.9 if we choose a total ordering <’ on I such that
the decomposition of (I; <’) satisfies the condition (1) of Theorem 3.3. O

Theorem 3.12. Let I = (I; <) be a finite totally ordered set with card(I) = n >¢ 2
and let (a;)ier and (b;)ier be two families of elements of L such that a; L b; for
all i € 1. If (a; © bi)ic(r;<y is an orthogonal suite in L, then (a;)ic(r,<y and
(bi)ic(r;<y are orthogonal suites in L such that @,c;a; L @,c;bi and P, (a; ©
bi) = (@ie] ai) @ (@ie[ bi)'

Proof. We proceed by induction on n.

First we prove the Theorem for n = 2. Write I = {ig, i1} where ip < i;. Since
iy, biy, <alg (@i, ® b)) and (a;, @ b;y) L (a;, @ b;,) it follows from Lemma 2.1 a)
that (a;, @ bi,) L a;;, and (a;, ® b;,) L b;,. Then the associative and commutative
laws imply that a;, L ai,, by L by, (aiy @ aiy) L by and (a;, @ by,) ® a;, =
(@i, B aiy) B by, Since (a;, B biy) L (a;, ® biy) we get (ai, ® aq,) ® by, L b;, and
therefore (aio @ail) 1 (bzo @b“) with (aio @bio)@(ail ®b21) = (aio @ail)QB(bio @b“)

Now let n € N be such that n >g 3 and suppose that the Theorem is true for
every index set of cardinal n — 1.

Assume that card(/) = n, a; L b; for all i € I and (a;®b;);e(1;<) is an orthogonal
suite in L. Choose j € I and let I’ = I'\{j}. Then by Proposition 3.7 it follows that
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(a; © b;)ie(rr,<) is an orthogonal suite in L of n — 1 elements such that (a; @ b;) L
@D,cr(ai®b;) and @, (a; ®b;) = (B, c;(ai ® b;)) @ (a; ®b;). Then the induction
hypothesis implies that (a;);c(r;<) and (b;);e(/;<)y are orthogonal suites in L such

that @, ai L @, bi and @, (ai®b;) = (DB,cp i) ® (DB, bi). To complete
the proof it suffices to apply the special case n = 2 and Corollary 3.6. O

Corollary 3.13. Let I = (I; <) be a finite totally ordered set with card(I) =n >¢ 2
and let (a;)ier and (b;)ier be two families of elements of L such that b; <a14 a; for
alli € I. If (ai)ie(r;<y is an orthogonal suite in L, then (b;)ie(r;<) is an orthogonal
suite in L and @, b; <aig @jcy ai-

Proof. Since b; <ag a; for all i € I, we get b; L (a; — b;) and b; ® (a; — b;) = a;
for all 4 € I. Moreover, since (a;);c(r;<) is an orthogonal suite in L, it follows from
Theorem 3.12 that (b;);e(r;<y and (a; — b;);e(r;,<) are orthogonal suites in L such
that @,c;b; L P,erlai—b;) and B, ai = (Bierbi) ® (B;e;(a; — b;)). Whence
Dicrbi <alg Dicyai- 0

Theorem 3.14. Let n € N\ {0} and let (a;)1<yi<on be an orthogonal suite in L.
Then there ewists a chain by <ag b1 <alg b2 Zalg -+ Zalg bn in L such that by = 0
and b, = P a;.

Proof. Put by = 0 and let p € [1,n],. By Corollary 3.8 it follows that (a;)1<i<p
is an orthogonal suite in L. Then if we define b, = @?_, a; we get b, <aig bpt1 for
all p € [1,n — 1], and therefore by <1z b1 <alg b2 <alg -+ Zalg bn- O

Theorem 3.15. Assume that L is cancellative. Let n € N\ {0}, let by <aig b1 <alg
by <alg -+ Zalg bn be a chain in L and let a, = b, — by,_1 for allp € 1, n]o. Then
(ap)1<op<on 15 an orthogonal suite in L such that EBZZl a, = b, — bo.

Proof. We proceed by induction on n.

For n =1 the Theorem is trivial.

Let n € N\ {0} and suppose that the Theorem is true for n.

Let by <alg b1 <alg b2 <alg -+ Zalg bn <alg bnt1 be achainin L and let a, = b, —
bp—1 for all p € [1,n 4 1],. Then the induction hypothesis implies that (a,)1<yp<on
is an orthogonal suite in L such that @ _q Gp = by, —by. Since by <aig by, <alg bnt1,
we have b, —bg L bg, by, = (bn, —bo)@bo7 bpt1—bn L by and b1 = (byy1 —bn) ®by,.
Then b, — by <alg b, and Lemma 2.1 a) implies that b,+1 — b, L b, — bg. So
Gpy1 L @p:l a, and Lemma 3.2 implies that (ap)1<,p<on+1 is an orthogonal suite

in L and @Zi_ll ap = (@Z:l ap) ® ant1 = (bn — bo) © (bpy1 — byn). Since by =

bn S (bn+1 - bn) = (bO 2 (bn - bO)) D (bn-'rl - bn) = bO S2) ((bn - bO) S2] (bn+1 - bn))v
we get b1 — by = (b, — bo) @ (bn+1 — by) and therefore the Theorem is true for
n—+ 1. O

Remark 3.16. It is clear that Corollaries 3.10 and 3.13 and Theorems 3.3, 3.5 and
3.11 improve [12, Theorem 4.2]. Also, if E is a commutative monoid, then Theorem
3.3 (resp. 3.9) improves [5, §1, n® 3, Théorem 1] (resp. [5, §1, n° 5, Théorem 3]).
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4. Infinite orthogonal families

In this Section we assume that L = (L; @, 0) is a partial abelian monoid such that
(L; <alg) is a partially ordered set. This implies, in particular, that L is conical.

We extend first the notion of orthogonality to countably infinite families of ele-
ments of L.

Let M be an infinite subset of N and let (a;)icas be a family of elements of
L. Then the countably infinite family (a;);ens of elements of L together with the
totally ordered set (M;<,) define an algebraic system called a sequence in L and
denoted by (a;)ie ;<)

A sequence in L (ai)i€<M;§o> is said to be orthogonal in L if, for every n € N,
the suite (ai)i€§<Mﬂ[0,n]0;§g> is orthogonal in L. It is clear that if (a;)ic(am;<,) 18
an orthogonal sequence in L, then for every infinite subset NV of M, the sequence
in L (a;)ie(n;<,) is also orthogonal in L.

If (a;)ie(am;<,) is an orthogonal sequence in L and there exists \/(@ie]wﬁ[o,n]o a; |

n € N) in (L; <a1¢), we denote this element by @, ,, a; and we call it the ®-join
of the orthogonal sequence (a;);e ;<) -

For example, consider the partial abelian monoid L = (R; @, 0) of the Example
2.6, and let a; = % for all i € N. Then it is clear that (a;);c(n;<,) is an orthogonal
sequence in L. Consider the family (k;);jen of elements of N\ {0} such that ko = 2
and kj11 = 3k; — 1 for all j € N. Then it is easy to verify by induction on n
that @) ja;, = 1 — k% for all n € N. Since \/(1 — k% | n e N)=1in (I;<)

and Salg‘ =< , we conclude that the @-join of the orthogonal sequence

10,1] 10,1]
(a:i)ie(v;<,) is equal to 1.
The following simple result allow us to consider only orthogonal sequences in

L\ {0}:

Lemma 4.1. Let (a;);c(m;<y) be a sequence in L such that N = {i € M : a; # 0}
is an infinite subset of M. Then (a;)ic(m;<,) is an orthogonal sequence in L if
and only if (a;)ic(n;<,) i an orthogonal sequence in L\ {0}. Further, @, ; a; =
D, cn ai if one of these ©-joins exist in (L; <ag).

Proof. Write P = {i € M : a; = 0}. The Lemma is trivial if P = ().
Suppose P # () and let n € N be such that M N [0,n], is a non-empty set. Since
Mn0,n], = (NN[0,n],) U (P NI[0,n],), the Lemma follows from Theorems 3.5

and 3.11 noting that ®ieMﬁ[O,n]o a; = GBiENﬂ[O,n]O a;. O

We say that L is o-complete if the @-join of every orthogonal sequence in L
exists in (L; <alg)-

Corollary 4.2. If the @-join of every orthogonal sequence in L \ {0} exists in
L\ {0}, then L is o-complete.

For example, consider the partial abelian monoid L = (R; @, 0) of the Example
2.6. We shall show that L is o-complete. In fact, let (a;);c,<,) be an orthogonal
sequence in L. By Corollary 4.2 we may suppose that a; # 0 for all i € N. Since
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xz,y € L\{0} and z L y imply z,y €]0,1] and = @y €]0, 1], it follows that a; €]0,1]
for all i € N. So (@] a:),,cy s an increasing family of elements of (]0, 1]; <a1¢) and

therefore an increasing family of elements of (]0, 1]; <) because Salg‘ :g\ .
]

10,1] 0,1]
Then the @-join of the orthogonal sequence (a;);e(n;<,)y exists in (L; <ag).

The following result generalizes [24, Theorem 4.9] for m = Ng:

Theorem 4.3. Consider the following two statements:

i) There exists the supremum \/(b; | ¢ € N) for all chain by <ag b1 <aig
b2 Salg ce Salg bn Salg -+ in L.
ii) L is o-complete.

Then 1) implies ii). Further, if L is cancellative, then ii) implies ).

Proof. The implication i) = ii) follows from Theorem 3.14 and the implication ii)
= i) follows from Theorem 3.15. O

We extend now the notion of orthogonality to arbitrary infinite families of ele-
ments of L.

It is well known that to every set X a cardinal number is assigned; it is called
the cardinality of X and it is denoted by |X| or card(X) as in the case of finite
sets. We denote by <. the usual well ordering on every non-empty set of cardinal
numbers.

If X is a non-empty set, we denote by F(X) the set of all finite subsets of X.

Let I be an infinite index set and let (a;);er be a family of elements of L. We
say that (a;);es is an orthogonal family in L if, for every F' € F(I)\ {0} and every
total ordering < on F', the suite (a;);c(p;<) is orthogonal in L. In this case, if we
fix the set F, it follows from Theorem 3.9 that the corresponding @®-join @, p a;
does not depend of the choice of the total ordering < on F and we can write s(F') =
@D,;crai for all F € F(I) where s() = 0. Moreover, if there exists the supremum
VE(F) | F e F(I)) in (L; <ai), we call it the &-join of the orthogonal family
(a;)icr in L and we denote it by @,c; a;. So @,c;ai =V (Biepai | F € F(I)).
Clearly, every infinite subfamily of an orthogonal family in L is also orthogonal in
L.

Let X be an infinite cardinal number. We say that L is X-complete if the @-join
of every orthogonal family in L (a;);er with card(l) <. X exists in (L; <aig). We
say that L is complete if L is X-complete for every infinite cardinal X.

Clearly, L is o-complete if and only if L is Rg-complete. Hence the partial abelian
monoid of the Example 2.6 is Xg-complete. Consider also the partial abelian monoid
L =(L(V);®,0) of the Example 2.9 where V is an infinite-dimensional real vector
space. We shall show first that the partial orderings <., and C on L(V') coincide.
Clearly, 51,52 € L(V) and S <aig Sz imply S1 € Sa. To establish the converse, let
us suppose that S1, 52 € L(V) and S; C S5. Since L is unital there exists S € L(V)
such that SAS; =0 and S® S; = V. Choose S3 =S A Sy. Then S3 € L(V) and
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clearly S A S3 = 0. Moreover, since L(V') is a modular lattice, we get
S1®S3=51V(SAS)
=(S1VS)A S,
=V AS,
=55

and therefore S <ajz S2. Now we shall show that L is complete. Let X be an infinite
cardinal number and let (S;);er be an orthogonal family in L with card(l) <. X.
Then, for every F' € F(I)\{0} and every total ordering < on F, the suite (S;);c(r;<)
is orthogonal in L whose @-join is the subspace S(F) of V' generated by (J;cx Si-
Since L(V') is a complete lattice, the supremum \/(S(F) | F € F(I)) exists in
(L(V); C) and therefore in (L(V); <aiq)-

Theorem 4.4. Assume that L is cancellative. Let I be an infinite index set and
let (ai)ier and (b;)ier be two orthogonal families in L such that a; <ag b; for all
i € 1. If there exist @iel a; and @iel b; and they are equal, then a; = b; for all
1el.

Proof. For every ¢ € I there exists ¢; € L such that a; L ¢; and a; ® ¢; = b;.
Fix an index j in I. Let F € F(I), let Fy = F U {j} and let < be a total
ordering in Fy. Then the suites (a;)ic(m,;<) and (b;)ic(r,;<) are orthogonal in L.
Therefore, from Theorem 3.12, it follows that (c;);c(r,;<) is also an orthogonal suite
in L with @,;cp, ai L Dicp, ¢ and (@ieFo a;) ® (@ing ¢) = Dicr, bi- Since
¢; <alg @ieFo c; and @, pa; <alg @ieFo a;, it follows from Lemma 2.1 b) that
c; L@P,cpa;and ¢; @ (®i€F ai) <alg @ieFo bi <alg @,c; bi- Hence Lemma 2.5
a) implies that @, p a; <alg (@iel bi) —¢; for all F € F(I). So @, ai <ag
(@z‘el bi) —¢j, and from Lemma 2.5 b) we get that ¢; <4 (®ie] bi) — (@iel ai)
and therefore ¢; =0 for all j € I. So a; = b; for all j € I. (]

Theorem 4.5. Assume that L is cancellative. Let I be an infinite index set which
is the union of disjoint infinite sets Iy and Iy and let (a;);cr be a family of elements
of L wverifying the conditions:
i) The families (a;)icr, and (a;)icr, are orthogonal in L.
ii) There exist @;c;, ai and Py, ai in (L; <ayg)-
iii) EBieh a; L eaieh i
Then the family (a;)icr is orthogonal in L having (®i611 a;)® (®i€lz a;) as ®-join.

Proof. Write a = ;¢;, a; and b = @}, ai-

Let F' € F(I)\ {0}. We may suppose that F; = FNI; and F» = F NIy are
non-empty. Let < be a total ordering on F. Then (a;)ic(m ;<) and (a;)ie(m,;<) are
orthogonal suites in L and, using the hypothesis iii), Lemma 2.1 b) implies that
Dicr, @i L Djcr, ai- Hence it follows from Theorem 3.5 that the suite (a;)ic (r;<)
is orthogonal in L and @, .pa; = (®ieF1 ai) ® (@ie& ai). So (a;)ier is an
orthogonal family in L such that @, a; <ag (a ©b) by Lemma 2.1 b) for all F' €
F(I). Let ¢ € L be an upper bound of the set {P,cpa; : F' € F(I)} in (L; <ag).
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Let F1 € F(I1)\ {0}, Fy € F(I5)\ {0} and let < be a total ordering on Fy U F5. So
@ieFlqu a; <alg ¢ and by Theorem 3.5 we have (®iEF1 ai) & (®ieF2 ai) <alg C-
Then, if we fix Fy, Lemma 2.5 a) implies that ®ieF1 a; <alg € — (®ier ai) for
all Fi € F(I1) and therefore a <,z ¢ — @ier a;. So @ier a; <alg ¢ — a for all
F5 € F(I) and consequently b <, ¢ —a. Since ¢ L b and a ® (¢ — a) = ¢, Lemma
2.1 a) implies that a ® b <,jg c. Hence the @-join of the orthogonal family (a;)icr
exists in (L; <,1g) and it is equal to a @ b. O

Corollary 4.6. Assume that L is cancellative and complete. Let I be an infinite
index set, let (a;)icr be an orthogonal family in L and let J be an infinite subset
of I such that I\ J is also an infinite set. If a = GBjEJ aj, b= @keI\J ay and
c=@,crai, thena L b and c=a®b.

Proof. 1t suffices by Theorem 4.5 to show that a L b.

Let F} € f(J) \ {@} and let Fy € F(I\J) \ {@} Take F' = F; U Fy and
let < be a total ordering on F. By Theorem 3.11 we get D;cp, ai L Djcp, ai
and (@ieFl ai) &) (@ier ai) = @,cp @i <ag ¢. Then Lemma 2.5 a) implies that
@z‘eFl a; <alg C— GBiEFQ a; for all Fy € F(J) and therefore a <u ¢ — Gaing a;.
So ®ieF2 a; <alg ¢ —a for all F, € F(I\ J), and consequently b <., ¢ — a. Since
a L (¢—a), Lemma 2.1 a) implies that a L b. O

Theorem 4.7. Assume that L is o-complete. Let I be a set of cardinal Xg and

let (a;)ier be an orthogonal family in L. If ¢ is a bijection from N onto I and

bj = ay(;) for all j € N, then the sequence (bj)jem;<,) 5 orthogonal in L and
jen b = @Bies ai-

Proof. We shall show first that the sequence (b;);ecn;<,) is orthogonal in L. Let
n € N and let F/ = {p(j) : j € [0,n],}. Then F’ is a finite non-empty subset
of I. Define a total ordering <’ on F' putting ¢(j) <’ ¢(k) if j,k € [0,n], and
J <o k. Then (a;)ic(r/;<’y is an orthogonal suite in L. Since (0) = min F’ and
@(k) = min(F"\ {p(0),(1),...,¢(k —1)}) for all k € [1,n]; and b; = ay(;) for all
J €10,n,, it follows from Remark 3.1 that (b;)o<,j<,n is an orthogonal suite in L,
and therefore the sequence (b;);e(n;<,) is orthogonal in L.

Moreover
n
=D, < D0
69]‘20 J S iel "

for all n € N. Whence @,y bj <alg Dy ai-

To show the other inequality, let F' € F(I)\ {0} and let < be a total ordering
on F. Then ¢~ !(F) is a finite non-empty subset of N. Let n = max¢~}(F) in
(N;<o). Put F' = {¢(j) : j € [0,n],}. Then F’ € F(I) and F’ O F. Define as
above the total ordering <’ on F’. Then, using Theorem 3.9, Corollary 3.8 and
Remark 3.1, we get

@z‘ew;g @ = e92‘6<F;s'> @i Salg 69z‘e<F’;s'> 4= EB::O bj Satg @jeN bi

for all F' € F(I), and therefore @, ; a; <ag @jeN b;. O
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5. Orthogonality in effect algebras

In this Section, L = (L;®,0,1) denotes an effect algebra.
The following result will be useful for our presentation:

Lemma 5.1. Let a,b,c € L. Then
a) c<ag @ <agb=>a—c<aggb—cand (b—c)—(a—c)=b—a.
b) a <agb<agc=a<zggc—(b—a)and (c—(b—a))—a=c—b.

Proof. a) Since a = c®(a—c) and b = c&(b—c), we get c®(a—c) <alg c®(b—c) and
by [12, Theorem 2.5] we get a—c¢ <a1g b—c. On the other hand, since b = a® (b—a),
the associative law implies that b= (c® (a—¢))®d (b—a)=c D ((a—¢c) @ (b—a))
and therefore b —c=(a—c¢)®(b—a). So(b—c¢)—(a—c)=b—a.

b) Since b = a & (b — a) <aigz ¢, we get by Lemma 2.5 a) that b — a <, ¢ and
a <ag ¢—(b—a). Then by [12, Lemma 4.8 (iv)] and part a), we get (¢c—(b—a))—a =
(c—a)—(b—a)=c—hb. O

If a € L\ {0} and a L a, we say that a is an isotropic element of L. Clearly, L
is an orthoalgebra if and only if it contains no isotropic elements.

Let a € L\ {0}. We define Oa =0 and la =a. If n € N\ {0,1} and (a;)1<yi<on
is an orthogonal suite in L of n elements such that a; = a for all i € [1,n], we write

n
na =@
i=1

and we say that na is defined. If n € N\{0, 1}, na is defined and na is not orthogonal
to a, then n is called the isotropic index of a. If na is defined for all n € N\ {0,1},
we say that a has an infinite isotropic index, and, in this case if a; = a for all i € N,
then the sequence (a;);c(n;<,) is orthogonal in L.

For example, in L = R*[0, 1] every isotropic element has a finite isotropic index
>0 2. For an example of an effect algebra with elements of infinite isotropic index,
see [13, Example 4.6].

A non-empty subset Ly of L is said to be a sub-effect algebra of L if the following
axioms hold:

(1) 0 and 1 belong to L.
(2) Ifac Ly, then a’ € L.
(3) Ifa,be Ly and a L b, then a® b € Ly.

Clearly, in the induced structure, L; is an effect algebra in its own right. As such, if
L, is a Boolean algebra (resp. orthomodular poset), we call it a Boolean subalbegra
(resp. sub-orthomodular poset) of L.

For example, if L = RT[0, 1], then L; = QN|0, 1] is a sub-effect algebra of L and
Ly ={0,1} is a Boolean subalgebra of L.

A non-empty subset C of L is say to be a pairwise orthogonal set in L if a,b € C
and a # b imply a L b.

For example, if L = R*[0,1] and C = {0,%, ‘/\%1}, then C is a pairwise

orthogonal set in L.
Assume that L is an orthoalgebra and let C' be a non-empty subset of L. Recall
that
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(1) C is a compatible set in L if there exists a Boolean subalgebra L; of L such
that C' C L.
(2) Cis a jointly orthogonal set in L if C' is a pairwise orthogonal and compat-
ible set in L.
For example, if L is an orthoalgebra, n € N\ {0,1} and (a;)i<,i<,n is an orthog-
onal suite in L \ {0}, then C' = {a; : i € [1,n],} is a jointly orthogonal set in L by
[29, Theorem 2.21].

Theorem 5.2. Assume that L is an orthoalgebra and let C be a pairwise orthogonal
set in L. Then C is a jointly orthogonal set in L if and only if C is contained in a
sub-orthomodular poset of L.

Proof. The necessity is trivial.

To prove the sufficiency, suppose that there exists a sub-orthomodular poset
Ly of L such that C C Ly. Let FF € F(C) \ {0}. Then F is a finite pairwise
orthogonal set in Ly and [21, Corollary 2.11] implies that the sub-orthoalgebra Lo
of L; generated by F' is Boolean. So Ls is a Boolean subalgebra of L such that
F C Lo, and therefore F is a jointly orthogonal set in L. By [21, Theorem 3.4] it
follows that C' is a jointly orthogonal set in L. O

Corollary 5.3. Assume that L is an orthomodular poset. Then a non-empty subset
C of L is a jointly orthogonal set in L if and only if C is a pairwise orthogonal set
in L.

Example 5.4. Consider the set L = {0,1}" with zero 0 = (0,0,0,...,0,...) and
unit 1= (1,1,1,...,1,...). For two elements e = (¢;);en and f = (f;)ien of L we
define e L f if e;f; = 0 for all i € N and, in this case, we put e & f = (e; + fi)ien-
Then it is easy to show that L = (L;®,0,1) is an orthomodular poset. For every
n € N consider the element a,, of L defined by the formula a,, = (0,;);eny Where
0ni = 0if i # n and 6,, = 1. It is clear that a, # a,, if and only if n #% m. We
shall show that C = {a, : n € N} is a jointly orthogonal set in L\ {0}. In fact,
let n,m € N be such that n % m. If ¢ = n, then ¢ # m and therefore d,,; = 0; if
i = m, then ¢ # n and therefore §,; = 0; if i # n and ¢ # m, then §,; = 0 and
dmi = 0. Since this implies that §,;0,,; = 0 for all i € N, it follows that a,, L a.,.
Then Corollary 5.3 implies that C' is a jointly orthogonal set in L and it is trivial
that a, # 0 for all n € N.

Now we extend the notion of difference set considered in [14] and [32] for or-
thoalgebras and we establish its main properties.

Let n € N\ {0} and let D be a finite subset of L\ {0} such that card(D) = n.
We say that D is a difference set in L of cardinality n if there exists a finite strictly
increasing family (b;)ic(o,n), in (L; <alg) such that D = {b; —b;—1 : i € [1,n]y} and,
in this case, we say that the family (bi)ie[O,n]o yields the difference set D.

For example, if L = RT[0,1] and D = {a, 2a, 3a,4a} where a = %, then D is a
difference set in L of cardinality four, because

0 <alg @ <alg 3a <alg 6a <alg 10a
in (L; <ag) and a = a — 0, 2a = 3a — a, 3a = 6a — 3a and 4a = 10a — 6a.
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Lemma 5.5. Every difference set in L is a pairwise orthogonal set in L\ {0}.

Proof. Let n € N\ {0} and let D be a difference set in L of cardinality n yielded by
the finite strictly increasing family (bi)iE[O,n]O in (L; <alg). Then D = {b; — b;_ :
i € [1,n],}. By Theorem 3.15 it follows that (b; — bj—1)1<yi<,n is an orthogonal
suite in L \ {0} and since card(D) = n we have b; —b;_; # b; —b;_1 if i # j. Then
if J = {i,j}, Corollary 3.8 implies that the suite (by — bx—1)re(s;<,) is orthogonal
in L, and therefore bz — bi—l 1 bj — bj—1~ O

Lemma 5.6. Let n € N\ {0, 1}, let D be a difference set of cardinality n and let
d e D. Then D\ {d} is a difference set in L of cardinality n — 1.

Proof. Suppose that D is yielded by the finite strictly increasing family (b;)ic(o,n),
in (L; <aig). Then there exists k € [1,n], such that d = by, — by_;. Define

Cj = bj lf] S [O,k* 1]0 and Cj = bj+1 —d lfj € [k,nf 1]0
with [k,n—1]; = 0 if k = n. By Lemma 5.1, (¢;)jejo,n—1), i a finite strictly
increasing family in (L; <,,) and D\ {d} = {¢; —c¢j—1 : j € [1,n —1],}. Hence
D\ {d} is a difference set in L of cardinality n — 1. O

Corollary 5.7. Every non-empty subset of a difference set in L is a difference set
in L.

Lemma 5.8. Let n € N\ {0} and let D be a difference set of cardinality n. If
(bi)icjo,n), and (¢j)jejom), are finite strictly increasing families in (L; <ag) both of
which yield the difference set D, then b, — b, = ¢, — ¢g-

Proof. We may suppose that n >¢ 2.

Write d; = b; — bji—1 and e; = ¢; — ¢;—1 for all ¢ € [1,n],. By Theorem 3.15
(di)1<gi<on and (e;)1<yi<,n are orthogonal suites in L \ {0} such that @] _, d; =
by, — by and @, e; = ¢, — ¢o. Since

D={d;:ie[l,n],} ={e:1€[1,n],}
there exists a bijection o from [1,7n], onto [1,n], such that e; = dg(i) for all i €
[1,n],. Define a total ordering < on [1,n], putting i < j if o71(i) <o o1(j).
Then by Corollary 3.10 it follows that (d;)ie(n [1,n],;<) 18 an orthogonal suite in L
and @;_; di = D, nly;<) di- Since [L, n]o = {o(i) : i € 1,n]y} and o(1) <
0(2) <+ < o(n), we have B¢ (1), ,<) di = D; 1 doiy = Piq i = cn — ¢ and
therefore b,, — by = ¢, — ¢g. [l

Let n € N\ {0} and let D be a difference set in L of cardinality n yielded by the
finite strictly increasing family (b;)icjo,n], i (L; <alg). We define

B D = b, —bo

noting that @ D is well-defined by Lemma 5.8.
If we consider the void subset @) of L as a difference set in L of cardinality zero,

we can define
@o=o.
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For example, if L = R*[0,1] and D = {4, %, 5}, then it is easy to see that D is
a difference set in L of cardinality three with @ D = 1.

Lemma 5.9. Let n € N\ {0,1} and let D be a difference set in L of cardinality n.
Ifde D, then (D\{d}) L d and @D =@P(D \ {d}) & d.

Proof. Let (bi)ic[0,n), De a finite strictly increasing family in (L; <a1g) which yields
the difference set D in L and let k € [1,n], be such that d = by, — by_;.

Suppose that £ = n. Then D\ {d} = {b; —bi—1 : i € [1,n — 1]} and therefore
DD\ {d}) = bp—1 — bg. Since by <aig bn—1 <alg by it follows from [12, Remark
4.10 ()] that b,—1 —bg L by, — bp—1 and (bp—1 — bg) B (b, — byu—1) = by, — bg. Hence
d L @D\ {d}) and (D \{d}) & d =P D.

Suppose that 1 <y k <g n. Then, by the proof of Lemma 5.6, we have
D\{d} ={¢j —cj-1:j€[lin—1]}
where Co = bo, Cc1 = bl, ey C1 = bkfl, C = bk+1 — d, vy Cp—_1 = bn —d. So
DD\ {d}) = (b, —d) —by. Since d L b, —d and (b,, — d) — by <aig br, — d, we get
by Lemma 2.1 a) that d L (b, — d) — by and therefore d L @ (D \ {d}). Moreover,
by [12, Lemma 4.8 (iv)] it follows that (b, — d) — by = (b, — by) — d and therefore
DD\ {d}) & d = D D. O

Lemma 5.10. Let n € N\ {0}, let D be a difference set in L of cardinality n and
let d be an element of L\ {0} such that d ¢ D andd L @ D. Then DU {d} is a
difference set in L of cardinality n+ 1 and @(D U {d}) = (@ D) & d.

Proof. Let (bi)icjo,n), be a finite strictly increasing family in (L; <alg) which yields
the difference set D. Then

D= {bz —b;_q1:1€ [1,n]0}

and @ D = b, — by. Define cg =0, ¢c; = by —bg, ..., ¢ = by, — b and ¢, 41 =
(bp — bo) @ d because d L @ D. Then ¢;—1 <ajg ¢; and ¢; — ¢;—1 = b; — b;_1 for
all i € [1,n], by Lemma 5.1 and ¢, <alg cn+1 because d # 0 and ¢pq1 — ¢, = d by
Lemma 2.5 ¢). So DU{d} = {¢; —ci—1:i € [l,n+1],} and since d ¢ D, DU {d}
is a difference set in L of cardinality n+ 1 such that @(DU{d}) = (P D)dd. O

Lemma 5.11. Let I = (I;<) be a finite total ordered set with card(l) = n >¢ 2
and let (a;)icr be a family of pairwise different elements of L\ {0}. Then D =
{a; 1 i € I} is a difference set in L of cardinality n if and only if (a;)ie(r;<) is an
orthogonal suite in L. Furthermore, @ D = @, p a;.

Proof. It remains to prove the necessity. Write 44 = min/ and ¢, = min(J \
{i1,i2,...,ip—1}) for all p € [2,n], and ¢}, = a;, for all k € [1,n],. By Remark 3.1,
(ck)1<ok<on is an orthogonal suite in L\ {0} such that @ _, ¢x = @, a;. Clearly,

D ={cy:kell,n]}

i€l

Put
k
bp = 0 and by, = @‘_1 ¢c; for all k € [1,n],.
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Then (bi)ico,n), is a finite strictly increasing family in (L; <aig) such that c; =
b — br—1 for k € [1,n],. So D = {by, — bp—1 : k € [1,n],} is a difference set in L of
cardinality n such that @ D = @, ; a;. O

Lemma 5.12. If D and E are two difference sets in L such that DNE = () and
DD L EPE, then DUE is also a difference set in L such that @(D U E) =

(@ D)o (@ E).

Proof. Let n,m € N\ {0} and suppose that card(D) = n and card(E) = m. Then
we can write D = {dy,da,...,d,} and E = {e1,e2,...,en} and since DN E = (),
the n+m elements of L\ {0} dy,da,...,dn,e1,€2,..., e, are pairwise different and
its union gives the set DU E. Moreover, the suites (d;)1<,i<on and (€;)1<yj<om are
orthogonal in L as was indicated in the proof of Lemma 5.5. Define

c1=di,...,cp =dp,Cny1 =€1,...,Cnpm = €m
and put [; = [1,n],and I, = [n + 1,n + m],. Then [1,n +m], = [Uly, [1NI; =0,
(ci)ie(ri<oy and (¢i)ic(ry;<,) are orthogonal suites in L\ {0} such that @, ¢ L
@Dicr, ¢i- By Theorem 3.5 it follows that (¢i)ie((1,n+m],;<,) 15 an orthogonal suite

in L such that e
@1:1 G = (@iell Ci) @ (691512 Ci) '

Then Lemma 5.11 implies that D U E is a difference set in L of cardinality n + m
such that G(DUE) = (D) ® (P E). O

Theorem 5.13. Let X be an infinite cardinal number. Consider the following
statements:
i) L is X-complete.
it) For every pairwise orthogonal set C in L\{0} with card(C) <. X and whose
finite subsets are difference sets in L there exists the supremum \/(P D |
D e F(C)) in (L; <alg)-
Then 1) implies ii). Further, if L is an orthoalgebra, then ii) implies ).

Proof. 1) = ii). Let C' be a pairwise orthogonal set in L \ {0} with card(C) <. X%
and whose finite subsets are difference sets in L. For every ¢ € C put a; = 1.
Then (a;)icc is a family of elements of L \ {0} such that C = {a; : i € C}. Let
D e F(C)\ {0} and let < be a total ordering on D. Then D = {a; : i € D}
is a difference set in L, and therefore the suite (a;);c(p;<) is orthogonal in L. So
(a;)iec is an orthogonal family in L and since L is X-complete, we deduce that the
supremum \/(P D | D € F(C)) exists in (L; <aig).

ii) = i). Let (a;);ecr be an orthogonal family in L\ {0} such that card(J) <. X.
Then the set C' = {a; : ¢ € I} is a pairwise orthogonal set in L\ {0} and since L
is an orthoalgebra it follows that (a;);cr is a family of pairwise different elements
of L'\ {0}. Then it follows from Lemma 5.11 that every finite subset of C is a
difference set in L and therefore, by the hypothesis, there exists the supremum
V(@D | D e F(C)) in (Li Zu).

It remains to show that the @-join of the orthogonal family (a;);cr is V(D D |
D e F(C)). Clearly \/(p D | D € F(C)) is an upper bound of the set {€D,.p a; :
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F ¢ F(I)}. Suppose u € L\ {0} and P,cpa; <ag u if F € F(I) and < is a
total ordering of F. Then D = {a; : i € F} is a difference set in L such that
@ D = P, ai, and therefore \/ (P D | D € F(C)) <ag u. O

Note that if L is an orthoalgebra and C' is a finite non-empty jointly orthogonal
set in L, then D = C'\ {0} is a difference set in L, and we can define

Gdc=o.

Let X be an infinite cardinal number. Following [21] an orthoalgebra L is said
to be X-orthosummable if, for every jointly orthogonal set C' in L with card(C) <,
X, there exists the supremum \/(PF | F € F(C)) in (L;<a,). If L is Ro-
orthosummable we call it a o-orthoalgebra.

Corollary 5.14. Assume that L is an orthoalgebra and let X be an infinite cardinal
number. Then the following statements are equivalent:

i) L is X-complete.

ii) L is X-orthosummable

Proof. Tt follows from Theorems 5.2 and 5.13 and [32, Theorem 2.1]. O

Theorem 5.15. Assume that L is an orthoalgebra. Then the following statements
are equivalent:

i) L is a o-orthoalgebra.
i) L is o-complete.
ili) Every countable chain in L has o supremum in (L; <aig).

Proof. 1t follows from Corollary 5.14 and Theorem 4.3. d
Remark 5.16. Theorem 5.15 contains [21, Theorem 4.14].

As an illustration we prove that the effect algebra L = RT[0, 1] is complete. Let
X be an infinite cardinal number and let (a;);e; be an orthogonal family in L\ {0}
with card(I) <. X. Let F € F(I)\ {0} and let < be a total ordering on F. Then
(a:i)ie(r;<)y is an orthogonal suite in L, and therefore @, pa; = D ,cpai <ag 1.
So Y epa; < 1forall F € F(I). By [7, Chapitre IV, §7, n® 1, Théoreme 1, p.
171], the family (a;)ics is summable in R and @, ;a; = Y ;c;ai <aig 1. So the
@-join of the orthogonal family (a;);er exists in (L; <u15). Then L is X-complete.

6. The support of a measure

Let L = (L;®,0) be a partial abelian monoid and let M = (M;+,0) be a
commutative monoid. An element p of M is said to be a measure on L with
values in M if p(0) = 0 and p(a ®b) = u(a) + p(b) whenever a,b € L and a L b.
We denote by a(L, M) the set of all measures on L with values in M.

If 4 € a(L, M), we note the following additional properties of p:

(1) wis finitely additive, that is, if (I; <) is a finite non-empty totally ordered set
and (a;);e(1;<) is an orthogonal suite in L, then p (P,c; ai) = > ;c; plai).
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(2) Suppose that L is cancellative. If a,b € L and a <u b, then pu(b) =
(@) + (b — a).
We consider the following interesting examples:

Example 6.1. Consider the partial abelian monoid L = (R; ®, 0) of Example 2.6
and the commutative monoid M = (M;+,0) of Example 2.7. Define p: L — M
by the formulae:

pa) =th ta ifael0,1]
(1) =400
wla)=0 ifaeR\[0,1].

Then the additive formula for hyperbolic tangent implies that y is a measure on L
with values in M.

Example 6.2. Recall that a refinement monoid is a commutative monoid M =
(M;+,0) satisfying the following axiom
(Refinement Law) For all ag, a1, bg, by € M such that ag+a; = by+by there
exist elements ¢;; € M (i,7 =0, 1) with a; = ¢;0 + ¢;1 and b; = ¢o; + ¢1; for
all i =0,1.
For example, the usual commutative monoid (N U {+o00};+,0) is a refinement
monoid.
Following [10] an element p € a(L, M) is a V-measure if M is a conical refinement
monoid and the following axioms hold:
(1) If a € L and p(a) =0, then a = 0.
(2) fae L, x1,20 € M and p(a) = x1 + x2, then there exist ay,as € L such
that a; L as, a = a1 ® ag and p(a;) = z; for i =1,2.
For example, if X is any non-empty set, then the counting measure over X is a
V-measure (see [11, p. 54]).

Following [3] we call po-monoid a commutative monoid M = (M;+,0) endowed
with a partial ordering < on M such that a,b,c € M and a < b imply a+c < b+,
and we write M = (M;+,0, <). For example, every ordered abelian group is a po-
monoid. Moreover, consider the submonoid (R4 U{+00};+,0) of the commutative
monoid given in the Example 2.7. Then (R4 U{+o00};+,0, <,ig) is a po-monoid by
Lemma 2.1.

Let M = (M;+,0, <) be a po-monoid and let 1 € a(L, M). Then we say that u
is a positive measure if 0 < u(a) for all @ € L. Clearly, if u is a positive measure
on L, then 4 is an increasing function from (L; <,,) into (M; <).

Unexplained topological terminology is that of [26].

Following [35] a wniform semigroup is a commutative monoid S = (S;+,0)
endowed with a uniformity U for S such that the function (a,b) — a+b is uniformly
continuous from S x S into S, and it is denoted by (S;+, 0,U).

Examples 6.3. 1) Every abelian topological group is a uniform semigroup by [7,
Chapitre ITI, §3, n° 3, Théoreme 2].
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2) Consider the commutative monoid S, = (RyU{+0o0}; +,0) and let Uy, be the
uniformity for S, generated by the metric py, defined by the formula p(z,y) =
T~ 1j‘iy| with the convention % = 1. Noting that p., satisfies the following
semi-invariant property: poo(+y, 2’ +y") < poo(@, ")+ oo (y, y') for all z, 2’ y, 3y’ €
Soo, we can show that (Soo; +,0,Uso) is a uniform semigroup. In fact, let U € Uy.
We may suppose that U = U, = {(x,¥) : poo(z,y) < €} for some € > 0. Since the
elements of a base for the product uniformity for S, X S are of the form

W(U’ V) = {(x,y), (x’,y’)) : (33,.13,) € U and (y’y/) € V}

it suffices to choose W = W (Uy, Us.) to have f(W) C U where f((z,y), (z',y')) =
(z+y, 2" +y).

3) Let G be an abelian topological group and let A'(0) be the neighbourhood
system of the identity 0. On the set S = 2¢ \ {()} consider the binary operation
Si+S={z+y:z €5 and y € So}. Then § = (S;+, {0}) is a commutative
monoid. For every V € N(0) put U(V) = {(51,52) € S xS : S; C S5_; for
i = 1,2}. Then it is easy to show that the set {U(V) : V € N(0)} is a base for a
uniformity U for S such that (S;+, {0},U) is a uniform semigroup.

Let S = (S;+,0,U) be a uniform semigroup. It is well known that there exists
a family P of pseudo-metrics p on S which are semi-invariant and if U(p,e) =
{(z,y) € S xS : p(x,y) < €}, then the set {U(p,e) : p € P,e > 0} is a subbase
for the uniformity U (see [15], [36] and [37]). Clearly if 7 denotes the topology
generated by U, then the topological space (S,7) is Hausdorff if and only if the
condition p(z,y) = 0 for all p € P and z,y € S imply x = y. In this case we say
that the uniform semigroup S is Hausdorff.

Let S = (S;+,0,U) be a Hausdorff uniform semigroup and let 7 be the topology
generated by U. Following [16], a family (a;);er of elements of L is summable in
S if the net (Y ;cp ai)pe(r(1);2) 18 T-convergent and we write 7-limg ), pa; =
> icr @i~ It is easy to prove that a family (a;)cr in S is summable to an element
s € S if and only if, for every p € P and every € > 0, there exists Fy € F(I)
such that F' € F(I) and F D Fy imply p(3>_,cp @i, s) < €. Moreover, if (a;);cr and
(b;)ier are summable families in S, then the family (a; + b;);cs is summable in S
and 3 e (@i +bi) = 2 iep @i+ Xiey bi-

Lemma 6.4. Let (a;);c; be a family of elements of S and let Iy and Iy be non-
empty and disjoint sets whose union is 1. If the subfamilies (a;)icr, and (a;)icr,
are summable in S, then (a;)ier is also summable in S and ), ;a; = Zieh a; +

Zielz ag.

Proof. Let p € P and let € > 0. Put
Sp = Zie[,c a; for k=1,2.

Then there exists F) € F(Ij) such that Fj, € F(Iy) and Fj, D FY imply

1
D (ZieFk ai,sk) < 5€ for k=1,2.
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Let Fy = FY U FY and let F € F(I) be such that F O Fy. Then F NI, € F(I}),
FNI, OF) (k=1,2),F=(FNhL)U(FNlk)and (FNL)N(FNI)=0. So

(ZieFﬂll i 51) TP (ZiEFﬂlg @i 52)

1
€ 26

A IN
QI Y S

Hence the family (a;)ies is summable in S and ), ; a; = s1 + s2. O

Lemma 6.5. Let (x;);er be a summable family in S, let o be a bijection from an
index set K onto I and let yp = w5y for all k € K. Then (yr)rerx is a summable

family in S and Y, e Yk = D i Ti-
Proof. Let p € P and let € > 0. Put

5= E 2.
ier ™’

Then there exists Fy € F(I) such that F € F(I) and F 2 Fy imply p (3;cp @i, 8) <
e. Let Hy = 0~ Y(Fp). Then Hy € F(K). Let H € F(K) be such that H 2 H,.
Then o(H) € F(I) and o(H) 2 o(Hp) = Fy, and therefore

p <Zi€U(H) X, s> < €.

Write H = {ko,k1,...,kn} where n € N. Then o(H) = {o(ko),0(k1),...,0(kn)}
and the generalized commutative law for (S; @, 0) imply that

ZjeH Yi = Z:‘L:o Yk = Zj:o To(ki) = ZiEJ(H) i
p (ZjeH Yis S) <€

Consequently, the family (yx)rex is summable in S and ), yx = s. O

and therefore

Let L = (L; ®,0) be a partial abelian monoid, let S = (S;+,0,U) be a Hausdorff
uniform semigroup and let u € a(L, S). We say that

(1) pis s-bounded if T-lim,, p(a,) = 0 for every orthogonal sequence (an )ne v;<,)
in L.

(2) p is countably additive if, for every orthogonal sequence (a;);cn;<,) such
that the @-join @,y a; exists in (L; <ayg), the family (u(a;))ien is sum-
mable in S and p (P, ey ai) = ey 1(as)-

(3) pis completely additive if, for every orthogonal family (a;);cs in L such that
the @-join P, a; exists in (L; <aig), the family (u(a;))ier is summable in
S and p (@ie[ a;) = Dicr Haq).

For a nice example of an element of a(L,.S), where L is an effect algebra and S
is a Hausdorff abelian topological group, see [9, Example 4.4 (2)].
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Remarks 6.6. (1) Tt is clear that every element of a(L,.S) which is completely
additive is also countably additive.

(2) If S is a Hausdorff abelian topological group and L is a o-complete effect
algebra, then every element of a(L,S) which is countably additive is also
s-bounded (see [18, Lemma 3.1]). But it is not true if S is a uniform semi-
group. For example, consider the commutative monoid (N U {+o0}; +,0)
and let U be the uniformity for NU{+oco} determined by the semi-invariant
metric p(z,y) = |7 — ﬁ| with the convention % = 1. Then
(NU {400}; +,0,U) is a Hausdorff uniform semigroup. Let the usual
complete Boolean algebra L = (2V:N,U) and consider the counting mea-
sure u over N. Then p is countably additive, but not s-bounded because
pu({n}) = 1 for any n € N and ({n})nem;<,) is an orthogonal sequence in
L.

(3) There are also elements of a(L,.S) which are s-bounded but not countably
additive, even if L is a complete effect algebra and S is a Hausdorff abelian
topological group (see [18, Example 3.2]).

A uniform semigroup S = (S;+,0,U) is said to be ordered if there exists a
partial ordering < on S such that (S;+,0,<) is a po-monoid and we write S =
(S;4,0,U, <). For example, (Ss;+,0,Uss, <alg) is an ordered uniform semigroup.

Recall that, following [23], an ordered topological group is an ordered abelian
group which is also a topological group. For nice examples of positive measures
on an orthoalgebra with values in an ordered Hausdorff topological group, see [29,
Examples 5.1].

In the remainder of this Section, L = (L;®,0, 1) denotes an effect algebra and
S = (S;+,0,U, <) denotes an ordered Hausdorff uniform semigroup.

If u € a(L,S), then the subset of L kerpy = {a € L : u(a) = 0} is called the
kernel of p and clearly 0 € ker p.

Let 4 be a positive element of a(L, S). Following [33], we say that

(1) pis a Jauch-Piron measure if every finite subset M of ker u has an upper
bound in ker y.

(2) p has a support if there exists an element s € L such that ker u = [0, s'].
The support of u, when it exists, is unique, and will be denoted by supp(u).

Example 6.7. For every i € N consider the effect algebra L, = RT[0,1] and let
L = [];en L with zero 0 = (0,0,0,...) and unit T = (1,1,1,...). Choose the usual
ordered Hausdorff uniform semigroup S = S,. For every element a = (a;);en of L

put
o0
wa) = a;.
i=0
Clearly, u is a positive measure of a(L, S). Moreover, since ker u = {0}, it follows
that p is a Jauch-Piron measure with support 1.

Example 6.8. Let H be a complex Hilbert space of dimension not less than 3
with inner product (- | -), let I be the identity operator on H, let By, (H) be the
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additive abelian group of all self-adjoint operators on H ordered by the positive cone
Bso(H)T = {A € Byo(H) : (Ap | ) > 0 for all p € H}. Clearly, 0,1 € By (H)"
and 0 < I. Then we can define the effect algebra

E(H) = Byo(H)™[0,1]

called the standard effect algebra on H. Let L = G(H) be the sub-effect algebra
of £(H) consisting of all idempotent elements in £(H). Let ¢ € H be such that
llell =1 and let S be the usual ordered additive topological group of real numbers.
For every operator P in L put

u(P) = (Pe | ).
Then it is easy to see that u is a positive measure on L with values in S. Moreover,

keru={PeL:(Pp|y)=0}

and since
(P | @) = (P*o | ¢)
= (Py | P*p)
= (Py | Py)
we get

kery={P € L: Pp=0}.
Let @ be the element of L defined by the formula
QY= | p)p forall ¢ € H.
Let P € ker p. Since

(QP)Y = Q(PY)

=(PY | o)y
= | Po)p
=0

we get that (I — Q)P = P. Then [2, Theorem 4.5, p. 112] implies that P < I — @,
and therefore

ker u = 10,1 — Q).
So the support of p exists and it is equal to @), which is a one-dimensional projector
acting in H.

The main results of this Section are the following:

Theorem 6.9. Assume that L is complete and the uniform space (S,U) is metriz-
able. If 11 is a positive s-bounded countably additive element of a(L, S) with support,
then p is a completely additive Jauch-Piron measure.

Proof. Write s = supp(u). Let M be a finite subset of ker p. So M C ker = [0, s'],
and therefore ;u(s’) = 0 and m € M implies m <, s’. Hence u is a Jauch-Piron
measure.
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Let (a;)ier be an orthogonal family in L \ {0}. Since L is a complete effect
algebra, there exists the @-join of the orthogonal family (a;)icr in (L; <aig). Write
a=@,c;aand J = {i € I : p(a;) # 0}. We may suppose that .J is infinite.
Since the uniform space (S,U) is metrizable, it follows from [26, 13 Metrization
Theorem, p. 186] that the uniformity U/ has a countable base {U,, : n € N}. Then
{Un]0] : n € N} is a countable base for the neighbourhood system A(0) of the
identity 0. For every n € N, let J,, = {i € J : p(a;) ¢ U,[0]}. We shall show that
every J, is finite. Suppose that there exists m € N such that J,, is infinite. By [6,
§6, n° 1, Lemma 1, p. 67] there exists a countably infinite subset K of J,,,. Let o
be a bijection from N onto K. Write by = aq(x) for all £ € N. Then (br)ken 1is a
subfamily of (a;)ics, and therefore (by)re(n;<,) is an orthogonal sequence in L\ {0}.
Since p is s-bounded, it follows that 7-limy, p(by) = 0, a contradiction with the fact
that p(bg) ¢ Un[0] for all k € N.

Since S is a Hausdorff uniform semigroup, it follows that (), U,[0] = {0}, and
therefore J C UZOZO Jn. Hence J is a countably infinite set. Write b = @z‘e ; a; and
¢ =&,en s ai- By Corollary 4.6 we have b L cand a = b&c. So p(a) = pu(b)+p(c).

Let F € F(I\ J). By the finite additivity of x it follows that

a (@ieF ai) - ZiEF ulai) = 0.

Hence @, - a; <aig s' forall F € F(I\J). Soc=\ (B,cpai | F € F(I\J)) <ag
s'. Since p is positive and p(s’) = 0, we have p(c) = 0. Moreover, since u(a;) =0
for all i € I'\ J, it follows that the family (u(a;))icr\ s is trivially summable in S
and ZieI\J p(ai) = 0= p(c).

On the other hand, let ¢ be a bijection from N onto J and put by = a, ) for all
k € N. Then by Theorem 4.7 it follows that (bx)rev;<,) is an orthogonal sequence
in L\ {0} such that @,cybr = D,c;a; = b. Since p is countably additive, we
get that the family (u(br))ren is summable in S and ;. p(bx) = p(b). Put
xp, = pu(bg) for all k € N and 0 = p~!. Then o is a bijection from J onto N. Let
Yj = To(y) for all j € J. So y; = u(by(;)) = u(ay) for all j € J. By Lemma 6.5 it
follows that the family (y(a;));jes is summable in S and >, ; p(a;) = pu(b). Then
Lemma 6.4 implies that the family (u(a;))ies is summable in S and ), ; pu(a;) =
() + u(c) = p(a) proving that p is completely additive. O

Theorem 6.10. Assume that L is complete and let p be an element of a(L, S). If
w 1s a positive completely additive Jauch-Piron measure, then u has a support.

Proof. We may suppose that there exists a € L\ {0} such that u(a) = 0. Consider
the partially ordered set (C, C), where C = {C € 2\{0} : C is a pairwise orthogonal
set in L \ {0} whose finite subsets are difference sets in L such that u(b) = 0 for
all b € C}. Since C = {a} € C, the set C is non-empty. Let Cy be a totally
ordered subset of C and let Cp = |J{C : C € Cp}. Clearly Cj is a non-empty
subset of L \ {0} such that u(b) = 0 for all b € Cy. Let D be a finite subset of
Cy. Since (Cp; C) is a totally ordered set, there exists C' € Cy such that D C C,
and therefore D is a difference set in L. To show that Cj is a pairwise orthogonal
set in L\ {0}, let a1, a2 € Cy be such that a; # as. Then there exist C1,Csy € C
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such that a; € C1, and ay € C5. We may suppose that C; C Cs. Then a1, a2 € Cs
and therefore a; L as. Consequently, Cj is an upper bound of the set Cy and
by Zorn Lemma, the partially ordered set (C; C) contains a maximal element Ej.
For every i € Ey put a; = i. Then (a;)icp, is a family of elements of L\ {0}
such that Ey = {a; : i € Eg}. Since L is complete, the proof of Theorem 5.13
implies that the family (ai)icr, is orthogonal in L and there exists s = D, @i
in (L; <a1g). Since p is completely additive, the family (u(a;))ick, is summable in
S and >, pop(a;) = p(s). Since p(a;) = 0 for all i € Ey we get pu(s) = 0, and
therefore s € ker p.

We shall show that s’ = supp(u). For this we must prove that ker u = [0, s].
Let ¢ € ker p. Choose M = {s,c}. Since u is a Jauch-Piron measure, there exists
d € ker pr such that s <, d and ¢ <, d. Write e = d —s. Then e L s. Since
a; <aig s for all i € Ey, it follows from Lemma 2.1 a) that e L a; for all ¢ € Ey.
Moreover, since  is positive, u(d) = 0 and e <, d, it follows that p(e) = 0. Since
¢ <alg d, to prove that ¢ <, s, it suffices to establish that e = 0.

Suppose that e # 0 and let E = Ey U {e}. Then E is a pairwise orthogonal
set in L \ {0} such that p(b) = 0 for all b € E. Moreover, let D € F(E). Then
D\ {e} € F(Ey) is a difference set in L such that @ (D \ {e}) <aiz s and therefore
DD\ {e}) L e. By Lemma 5.10 it follows that D is a difference set in L. Then
the set E belongs to C and strictly contains Ey. This contradicts the maximality
of Ey. So e = 0 and the proof is complete. O

Remark 6.11. It is clear that Theorem 6.10 is a twofold generalization of [29, The-
orem 5.7] and Theorem 6.9 is a twofold generalization of [29, Theorem 5.6] for the
case of an ordered metrizable topological group. Consequently, they are improve-
ments of an interesting result of Maeda [28, Proposition 1.11, p. 239].
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